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RELAXATION TECHNIQUE AS APPLIED TO ELECTRI- 
CAL NETWORK PROBLEM OF “RING DISTRIBUTOR" 
s. N. iJirrrA 

UU'MENT or AI’I’MKD l*II\hHS, ('VL(l'l'l’\ rM\I.HNn^ 

(Htn tiu'd Ntm-mlm' 10, llMin) 

ABSTRACT T’liis [dipoi Wjlli tin* iitliLMil loual »>( tln' (li a “ Kiii^ 

L)isl I ilnil m ’’ Jii this jiinlliorl a set ol Iummi siiinill aiituuis (M|)iiiliiins iji oIiIliijuuI usiJi^f J'iii’- 
I'lmll s Itiw^ III iialw'di k'M, ami llicsn (M|ualioiLH air sulvaal bs iriii \,i I loii mrllaifl 1l lON'raK 
I'lui iis(‘l iibii'Ss ol Mio l•al(^^alloll.ll sohilioil ol an\ piohJriii loi wliali a. DUiiihri ol lijii^ai Mmiil- 
l.iurnus (uuMlmuN (.)ii hr (lr\r1o|>((| aiul Imlhri il a numliri ol i(i||i|iiril iiiloi mal loiis 

smiiiltaiiroiisly TIik is liluslralnl willi an rxiiiujilo ami Iho irsiihs thus ohlaiucil aio i om* 
paiiiil with (hos(' r ilrulatnl hv ronvoul uuial mol Inal oi uolwork .iiiiilysih 


T N T n () D U (’, T i () \ 


Fii low voltaf'o I) C). ])OAvrir (li.strilmtioii, tlio lling Dislrilnilor (Siarr, l!)4(l 
rollon. ID-lS), is UH('(1 in jncfcnMUc to ol.Jior h\ stems loi uniniiTTiipt.otl 

siip|ilv mill a iiiiiiiiiuiin eviieiidiiiire on Iraiismissioii lin(‘s oi reiMlers .lieiausi* 
in tins sYsle.JU any load iiia\ Ik* su])plj(‘d ovesn if then* is a hi'eaK in transmission 
liiK'S Tins ])rol)le,ni can lie. solved by tin* eoiUMmijonal metliods nsisl in noluoiJi 
analysis But tJiost^ metliods )M‘eome laborious with tlu', iiiereast'. oJ’ tluj loading 
points 'Pliis paper suggests a luotliod based on relaxation tiirliiiupie (Allen, 
1954), and shows the utility of its ajijduiation for siioh probJimis 



Here a ea.se of n symmetrieal eire.iiit i e eae-h wire of eaeJi pair of Imo.s having 
tJie same re.siRtanee as shown in Fig. 1 , is dealt with It can be furtliui simphlied 
by assuming that one wire ring has zero rosistance and that each wire m tin*, other 
ring lias twice its atdual value of the resistaiue, so that thi^ equivalent circuit 
diagram can be drawn as shown in fig 2. 
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Til Uiis iiuiUjdd a iiuiuljei iincai’ .siiiiiiltaiic‘()u.s ctjuatioiis arc obtained using 
Kirciiot'j ”s laws at (‘acli nodal jioini ol Fig TIichc cijiuitions air solved very 
casdy applying r(‘laxation itietliod 
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l^i’oin the (apiivaleiil eircuit diagrani td tlie iiidwork sli(»\ni in thg 2, the 
lollowiiig liiK'ar simuKaiieous (Mpiatioii.s < an he vviitti'-n eonsidi'iing the dd'feient 
nt»fl,il pfunts VI/ --I H (' h ami E 
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Hrhtxafio}) Technique an Applied lo Elect rind Xahcorlc, etc. 

Thr altovi' sc1 (if (M|uii,tions afU'i siiii])lilic!il kmi mav lie ^vnllcn af- fiilldW:^ , 

I A J .i(f/ u' i './ah) ! ^ rV.rc' I nUin - t'\ ^ 

I’c(f/ic 1 ^ nUjtc !<’ A’j I 

I 

I It ^lAUnc i 1 a’lnc !- 1 p:Ubk - e, -- h\ ^ ... (2) 

I V/jj£ - ■ IV//)/: - E\ \ 

1 aUad a 7j(f/a7jH'f/i>/i' i r/w)-'- I “ V{, J 

and Fr^ an* tlu* i(‘'<idual.s. 1 1n* iKiiiidatmji ol vvliu li vinlds Ihi' 
llllkn(l^^'n (plant jI.K'S conlairK'd in 1 Ihm (‘ latinn (2) In li(piidatin(i them the napiiriMl 
li.isii mill l)](M'k, ^roup ()p(Ta1i()n lalil(‘S and tin* r(da\riti()n talilc can la^ ])in])aiod 
( '\ lie'll ll)r»4) In liaKK' mill operation talili' tlin ( lianifi's n( llu' rcsidiiaks dm' in 
I'liii pnsd iv(' mcTciiK'iit In tiu' \ aim* nl ilic iinknoM n an w iiiti'ii (Talilc I , npc'raimii 
nuinlicr I in fi) Tn lilnik npt'raiion (‘(pial imn'im'nis in lunK* iluin one unknown 
.ire appli('d sinmliam'oush' (Talili' I. o^X'iaiion iiundicr (I and 7) and in ^ronp 
opmatiori mu'cpial inci ('irn'iiis aie added .siimdtaiH'ouKl y to the various un- 
knowns (Talik' r opi'iation nniiilx'r (S) So ilu' snilalile o|)('ra/iion hlmki oi 
u;ion])s t.o liring alioni the diangi's in one or inon' residuals wiihoiit aiteeting the 
K'niaJinng residuals can he easil> written and with ilu* hel[i ol Ihis o^iera.tion 
iahlo(Tal)le 1) ilu* n'laxalion table (Table' IF) can be obtaine'il to ge'1 the' residuals 
liepiidate'd epiieklv . Tins is eleai Iv show n W'llh an iJIusiraiion given below 

I L I, r S T l; A T I () \ 

An example w'orked out h> the e onvi'iitional nie't hod (Mem Sialf De'pt. 
Kleei, h]ng MTT, lOb:!) is iakiMi for illustiaiion Avhe'ie I , 2:i() volts. V ^ 

22(1 volts, - 100(1 amps - IbOOainps /?/, — 0 4 ohm P OOOHohni, 
line - 0 001) nhni JijiE - 0 OOb ohm -- 0 01 ohm P 0 OOS ohm are 

LOve'ii. It is reepiire'd to ealenlnte the line enrrents, load euire'iils voltages lesis- 
lanet'S a ml ge*neM'at.or enrrents 

Substituting the lUinieTieal values in the lelation (2) il e an be* wTitlen as 
^'ollow^s 

/ 1 hl25Fo-f - 0 F^ 

-2S)2Vc I 04490 
Jfl + 1b7F"c4 107 7:US0 

lOOT"^, 207 r;j-h:ir>240 
- 227 .f) Vff f 100 Vji 1-28700 
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-Iji Mi(j aljove illiistraiioii Uut block and ^roux* performed after 

( iircfiil Ktiidv'^ and oljservation of the unit oxjcration ta})le bVom tlioMe oXDora- 
tion tables linal relaxation tables is obtained Tlui actual x>r()coclure followed 
to obtain the block and j'rou]) oxjpration or liquidation af the residuals is shown 
lun tlie brackiit | 1 and the oxjiuation iiiimber in unit, block, or group opera- 

tion tables and liijuidatnni stepj in lelaxatioii tables are sbown within the 
hraclcijt ( ). 

Aft(ii liipiidation of tlui residuals tJie generator currents anti the load 

voltiige.s ai’o obtained dire-itly bom the relaxation tabJ(‘ Kroin those and 
the sii])])lied valiuis oT th(i gmiei atoi voltages, load euiieiits and tlie line resis- 
taneiis, the recjuirod Inut enrients and load lesistames and also the load current 
can be calculated as shown below 

-- 2I102.b74 amps 
-=- 749.73h ” 

Vo ^ 220.830 volts 
Vjj 220.727 ” 

Vff 214.034 ” 

— J 142.873 aniiis, wlieri'. Yj,. is tho eurrent floudng in the line joining llu' 
generator .4 and tho load C 

/,c= Iif.9.87r. , .. 

D 


1,,,,.: (i07.2<m , , . 




load D 

,...E 

^ nc 

=- -142.700 ,, , 

^l)C 




generator B 

.. .J). 

h, 

331 SIS . 

1 1 , of tho load i> 


Hr 

0.221 ohm, where is the lesistance of the load C 

- 

Hw 

0 143 


..E. 


The above, values are siuui to bi' in very good agrpemont with those 
obtained by eonventioiial methods of network analysis sliown in the table below 
(Table llf) 

In the Table XL! iiu4hods 1, II and HI mean tho Rtdaxation method, conventional 
method of iiotworli analysis and the eonvontional method followed (with some 
aiJXiroxmiations) in the book (Mem. Staff Doiit Elec. Eng., M.I T , 1953) res- 
pectively. 
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TABT.K rn 


\ iiiiir.s (il lln< UJjKnoMii ■(IJJIMI Jfs oh(;iiJi«iiJ 
( I'llkjMJW'JI - - - - - — - 

i|iiiiii( il.K's Molliod I Vr^tlicifl II ATo(Iif»(l III 


1.1 


071 

Amps 

2.101 

000 

Anijis 

2300 

000 

Amjes 

'/( 

7-10 

7:10 


717 

000 


700 

000 


kir 

J MJ 

7S-| 


1 M3 

000 


1 100 

000 


h\i) 

1 1 10 

M71 


U17 

787 


1 J70 

000 


h)E 

(|07 

200 


(»07 

000 


1)20 

000 


ijiC 

-142 

700 


M2 

007 


-200 

000 


i/iw 

K'M) 

o:i;t 


soo 

330 


SHO 

000 


'n 

111 

SIS 


1.) 1 

HO 2 


.7.70 

000 


Vr 

220 

SKi 

\’olls 

220 

HKi 

Veils 

221 

000 

Voll.s 

V/j 

220 

727 


220 

737 


221 

000 

,, 

V;. 

21 1 

0:) 1 


2M 

0.7 S 


217 

000 


Ke 

n 

221 

(linn 

0 

221 

nliia 

0 

221 

oliin 

l!„ 

(1 

1 1:1 


(1 

1 13 


0 

1 13 




1) 

I S (' 1 

' s s 

1 0 : 

s: 





This ])ini('i shows Ihr of irlax.ition iiirlhofl iii ilu' sense that it yiolfls 

a nninhi'i' oC iisi'fiil iiiloi niatioiis (^eiieialor v oltage-, load volta^i*, ot( ) snind- 
tan(Maisl\ Also tins method |)io\ i\s to he o| ^r(*al ad\^anta.^(> ov(‘r lli(^ oilier 
iiieihods w hen the mimhi'r of nodal i»oiii1s inenvises h\ the ehan^n^ of iielwoik 
eondilions siu h as iin lease of the lo.idin^ points el( Some iliffereiiees in tlie, 
v.'iliK's ohtaiiK'd lie tins iiieihod jmkI that in the hook (IVlem, Storff. l)('pt Klee. 
Kn^ MIT.IOoli), eiin he aecoiinted for In the fact that iii the eonvmi- 
tion.d iin'thod lollowed in that hook the values are rounded oil' eonsi(h*rin|^ the 
praetieal aspeid of tin* dlust iatnifi iirohleui 

\ (■ K \ () U I. K 1) a M K N T 

The- aiithoi lakes this oppoi t iinita to convex' his dee]) ap])jeeiation .iiid 
^ rate full I ess ici Picd A Ix . Seiif^iipta I) Sc .\ M I K K, (London), TTead of thc‘ 
Depart nieiit ol Ap]ilie(l I’hx'^sies (’alentta I hiiversit y. foi his ^iiidaiiee and help 
tlirou^luuit the [iro|i;rcvss oi the work lie is also thankful to l)i‘ H N Basil 
and Dr. iS. Iv, Hasii, hotli ot the above dejiartineiil (novx' in (kiiiada) for their valu- 
ahl(^ diseussioiis 


It K K E K E X ( ' E S 

\lliMi. 1) X (!('<; . I !l.-»4 Hcla ififioti MilhotL t’lmiitoi 1 A' ‘J. (MitimwHill, New Ymk) 
(’o(ii)ii. II,, nils. Tin 7’;'f/a'.ao.s.voa anti Jiistnlmtiun of Eftff rinil Eiuncp/, Chnpioi 11 
Tlin PioMasilu's l*ivss Ltd. Ltmdon. 

ALanlieis nf Ihc' Slull ot Ihi' l)e])iiitmenl ot Elc'i-tiicul Faif^menrinf?, Miissiielm.sott liisli- 
Ude ol 'I’l'i'liuolo^N . l!f»H I'JIvftnc f.'crnn/s. 1.1(1, (Tlic' Teduiology Pre.s.'i, I T ) 
Sinn, V 'P l\)4V). Hi in >tt/nni, Tmn.'tmt-^.sion itorl rnhffitioii of EIrrt? mil Poirrr, Chip)- 
tia' TI, Sir Lssiie TMimvn \ Sous Ltd, Loudon. 
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RELAXATION METHOD OF SOLVING ELECTRICAL 
NETWORK PROBLEM OF “TWO WIRE D- C. 
TRANSMISSION LINES" 

« N DITTA 

Dl'.l’ VHTMIJN'I' OJ VlTLII I) I'insKS (‘\1,C I ‘l‘T V I N I \ 

(llivtirnf Xoi'uhIki III 

ABSTRACT ’^riii jU'i'Si'llf |iii|M‘i slu)\^s 1 |j< il |iplii !■ I ion ()l I t'liINfl/Hoii nirllioil iji l|ii> 
'^oliil lull 111 j) (' 'I'wu 'I'l nsnnssion ol Kliiljii.il I’ow*! williuii iHusi i ii i kpii 'Flu |iimi- 

1 i|jI(‘ III I I'lii v,i ( lonii 1 sol 111 11)11 ni 1 ) I ' in I v\ oi Us liii \ iii^ ii '•iiii I t I’l ml i oin 111 loiis is ill ilisn I 'I'lic 
K sails ola, Ilia'll llii'ii'liv (111 I oinpiii'i'il \^llll lliosr i ii(« iiUilnil liv llu' i i)ii\ I'lil loiiii I Jiicllioil ol 
iii'f \Mn U .iiiiilysis h also jnniil s mil I la- iil ilil v ol inlnv.i I kiii nwl IioiI hi i iisi ,s \\ In ir a, iiiniiliri 
III iiilm 111,1 1 ima> aii vuiiitril snnull •iiimnish 

1 N T i: O J) l (’ T J () \ 

Tlic uihiilritioiis III I)(i 'I’w'ii Will' TmuimiiIisskui lijic.s wliPi) (ojidilioiis ill 
till' s('ii(lin;j, ciiid ii'icivin^f I'lid.s iiir i^inch, uic (|uili‘ lainiliar ^rimic .in ddlrriuij 
uii'lliiids foi HiJi li calculal loius and tlii* prdlilrin.s i .in In' siilvi'd aci ordino; lo tlm 
suiiiiJii'd iiifonnal Kins ol llio spiidin^ and ri'irivinv md (‘ondilions 




Wlion l-lio riMiiiving ond terminals of a (),(_! d\vo Wire Ti'aii.smiKKioii line, 
netM’^oik are toijiiinati'd hy load resu'^tanee as sIiovmi in Fig I tlie saini' nelwoik 
I an 1)(5 trail, sloniK'd into a eonvenie.iit lorin as shown in Kig li, '^I’liis lonn of iie-t- 
vvoik IS soKod hy relax.itioji method and d is shown that such a, ridaxalaonal 
soluimn gives a numlier of nsefii) mfoimations siinnllaneously. 

Jvelaxation method \\as aiiplieil hy Southwell and Hlaik (MUllS), lo solve tlie 
])iol)lem 6f 1) r. networks and tlie utility of the axiphcation of lelaxatioji ti'i li 
ni(|U(* for solving tlu' netwoik shown in Fig. is eleuily .show’jj heie. 

7 
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T>RINGIPLE OF THE METHOD 

fii thih JiiclJiud an cdt'ctiieal theorem in regard to the heating effects of steady 
currents ))jis lioon used (Houtlivccll and Black, 1038), which is enunciated below: 

'dll a tudwnrk nf conductors to whicli specjli(‘.d ( unciits are supplied at Wo 
oi nioj‘c nodal points, tlic actual distribution of currents is such that the total 
giMKM’ation of luiat less twice tlie enirgy expended in supplying the siiecifiorl cur- 
I cuts lioni a source at datum potential has its niinininm value consistent with t lu' 
satisfaction of Kin liol f ’iS si'cond law " 

bet tw'o nodal jioiiits A and (\ joined by a coiifluetiir of lesistance he 

considoi ('ll a,s sliowii in tlu‘ ludwork dingiain reproscnteil by Fig 2 Tf 1'^ ^ and 

V(i b(^ llic poicntial at A and (\ hy Ohm s law a cunent. i-d will flow 

from A (;o(^ 1 >cuoting the cun cuts flowing towards yl amlf'hyf^j and 

l.ivciy, it can he wnft.cn as 

UAiA^A l'c)> vdiere ryjf -- 1//?^^ 

Oonsideriiig all the condetors connected to A, it is olitained as, 

S ifAoi^'v * /l) I ^/lo 
a 

w’heie stands for the (urrent sujijilied to A from outside. The heal generated 
in A(l IS measured hy (f V i F(i)“ and so the total gmieraiiori ol heat in the net- 
work is given hy, 

2H -AL g^^,{V^~VaY^ - (2) 

m 

wIk'i'o H (huiotes a summation extending to evoi-y conductor, Also if the ouiTont 

is supplied to A from an out side source at datum potential P'q the rate of expend!- 
Iriire of energy is measured hy /ao( ~ ^o) total ('>xpenditui'e of energy 

IK measured hy, 

- O) 

71 

^vdle^e ^ denotes a summation extending to every nodal poiut.So eipiation (1) 
IS tj'^iical of tlu» conditions for a niinmiiim value of the cpiantity. 


Q - 7/d R — d 2 ^IacA'a ^ n)l 

111 n 


UK if is enuivalcnf to. 


8Q _ _ S 

SVa 


(/7d n 


(4) 


As tlu’i soiirci' of R M F., i e. gencralor is involved it may bo assumed that the 
vhole 1*1 TM F., of the source is utilized to pass ciiri'ont to earth through its own 
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ri'sistaiicr iuicl Iho clatuin distrjbulioii f«)r tlio kiicnvii ourront to oiitor and it) loavo 
tlie TiatM’ork a( nodal jjOJiiis is (»l)iaiiu*d Afti rM-ards it is riuiuirod to aal- 

ciilatci and suiiorjxiso tlio (frocis of neutralising eurients at those points. With 
tins jiiodifieat ion the jirolileiii can he. suKod eonveuieiitJy hv lelaxation method 
taking tile Jielp of t]i(\ ahove theoiem. 

If A and B l)e joined hy a wire of zero resistance, shown by dotted lino, the cur- 
rt'iit passing through the souree tl frinn A to 7f would letiirn by that wiU', and 
lienee in tlio datum distiibution a eurrent i»f enteis the system at A and 

h aies at' /i wliere fiV; is tlu' internal resistunee oj' Die generator *iNo\\ it is 
i'e(jmr(‘d lo eaJeiilate and suj)erj»ose the current disti ibiition which uiunv tlio 
neutralising euiients and —ElIt^^nTV supplu^d at H and A to Die not- 

woik altei the souiee ot EM F is removed. 

flsing lajuation (4), th(v exjiK'.s.sion foi (J and tin' residuals can bo written as 
follows ; 


‘2Q - 


At' 


■ Vjjf 


(Fx VjiV 

Ita 


K 

lin 


{f\ ■y3-{y«-yA)) 


(0) 


w liei o 


tti I-Hl _ ji 

LC* r: ~ 


Hem o, 

_ 

ov,/- 


^4' ^ _ 0 ^ Eq niitialJy 

ttjiC 


^ _ Hr Jji _ 

lia It a 

- Y.C ~ ^ -1 ^ 

fi' I j{ Ejifj R(j E^j 


__ E initially ^ 


Ejt initially 


Nou on lupndating the lesiduals obtained iniLially the nnpiired values of 
voltages at A, B and C ran In* found out The method is illustrated by the 
following examjile. 


1 L L U S T Jt A T 1 O N 

For illustration the following tfxamjile workeil by Doreoran (1949), using 
a different method is eoiisidered. 

In the arraiigciiient of the Two Wire D C. Transmission of Eloetrieal Power 
sliOAvn in Fig. 1, tlu' generated voltage E - 11(1 volts, internal resistanee of Die 


2 
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U^, -- () 1 (jJiin and tlic lino iL-Hisiain o Hi — 0 0 oJnn and tin* l(»ad it-.sis- 
ian(’(' 7?/^ IS sn adjusted Mnil Vj'jy I0(» vulls Tin- ('.fficuMioy of Iransini.ssion 
iiiul (lio vnUuiro ic^iilalinn of tin liansiniKKinn lino luo to l»o found out 

Tlio value (d'lln* fjtid leisislance ( Jin lie ( uloiilaicd to bo 10 ohms hoiii tho. 
Kiijjpliod data, 'riion usin^ the ivlalions (.i) and (b) tho basie o])cration table 
(Table I) oan bo I'asily obtanu'il (Allt'ji 1054) 

III till' bash o|)orat ions suitablr positn t^ nioronionts an^ fi;ivon 1o the unknowns 
and tlio (■oTros]iondinff oliauKos in tbo lesidiials are found out (Table 1, opoiaition 
Muinbor 1 t(<i O) 'Plu' blooK o|>oia1ion (Tabli II, opoaaiion nunibiM' 2) in wbieb 
ocjiial inoioiiiont.s an' addl'd to inoio than one unknown simultaiu'-ouslv to brin^ 
about till' ebanai'S iii tbr residuals cpneklv isoaiiied on Milk tbo help ol the bask 
o[)era1ions In pM'parmij tbo n'la\ation table (d’ablt' II) both tlu' basu o])eiation 
and tbe bloi k o[)('ia1ion air used and tbe losiduals are ln|iiidat('d in only t\\t» 
slops (Tabb' II opi'ralmn nuinbei I and ’2) 


TABLR I 

Basie Operation Tubli' 


(IjM'lH.llDll 

Ninrilirt 

.s\V 

6V , 


cS I’V- 

.Sl'k 

(S 

1 

‘{ 

ri Cl 

u IS 

S IS 

1 

1 

.1 

S4 r. 

1 

:i4 r* 


TABJ.K 11 
Kolaxation Table 

I 6 \'v; t’j, 1 ’, Vf. 

\ (< \ I \ n U 0 . 1100 IKK) 

<1 - lo'l O JO 10 10 

(I ■»! 1 r>i “» o 0 0 


( )]iri 111 lull 
N lOIlti'i 




-M r, 
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TABLK IIT 

Cninparisdii (li \ ulurs 


\'^h1u«'s ( 'uU'iilatrd l)\ Nnlin's (’iili iilalt'd liy 
Ki'lax.il Kin Mi'llind ( 'i*ii\ i-iil uma I Mi'IIkkI 
n| Ni'lvdvlv ViaiKsis 

l!]ni( iniu'^ 

'rra/iMiiis,- 0 ‘MS (l ‘MS 

\’iillaj.'a Ki'i^iil.itin 0 (M) 0 (Ml 


Hi'iicL- (he jioliMiLml of Id with irsiieet to .1 i.s Ml!) volts and that ol (' relative 
to J IS 54 5 volts. ndiiMidoM* r^/, Ml!) volts so thid the (dlideiK y ol traiisinis- 
.sioii IS 0 !I1S and the \olta^(‘ i(“SJ(ulatioii ol li ansmission line is is 0 (I!) Tlu'se value's 
art' exactly tlu' saint' as tliost' tihtaint'il hy (In* fonvi'iil itnnd nietlmd ol network 
analysis shtiwn hy Table FIT 

I ) I S ( ' M s S I () N 

Tilt' niethotl deseiihetl in thisim))('i is a nsi'fiil one' as il j^ivt's out a niiiiihei’ o1‘ 
inltinnations at a t-inie viz jMitentials at 1, Ji anil t'' snnidtain'oiisly Also ditli 
SOUK' ])! ai'tiei' of relaxation met hotl theialiletan hi' olilaineil w'lth little difFi( iilty 
and Inmcf' littli' time is reijiued for the hole o])t'rataon eom|)an‘d to other 
methods Hut this method leqnires tin' value of the mti'rnal i ('sistance of thc) 
souiee oi ii? ill or t hi' ri'sistanee oi tlu' ])ath J /Mti faleulate the eiui't'iil. in tin' 
datum distrihiition 


\ (' K \M) w I, 1C Im; M 1C N T 

The authtn takes this oiifioj tnnitv to reeord his ili'e]) aiijnet lation ami p:rati- 
tude It) I’rof A K Si'ii^ipta D St A M.l 10 K (lamdon). Tleail ol the l)(‘])art- 
ini'iit ol Applied Mhysies, (^ihutta l^niveisitv, lor hisht'lp and guidance throii^h- 
ont the progress ol the work He rs also thanklul to I)i It N Basil and 
Dr S 1\. Basil, both of the above denial tnient (nmv in (Canada) lor then 
valuable i lisenssions 

K K P K H K X r IC S 

Allt'ii. 1) N tln(! , Mirj-l. Ifrlfiuition MifhoiL (’li.t|ilri I iV 1 (McCniiw Hill Monk t'n . 
Mtwv A'ni'k), 

Hlat'k, A. N tiinl Sniidiwcll, It V Ml.'lS, Ii<lriia1imi Mitlinds A />i>hrd (o IfJ ii(ii}irni n(j 
Prohh'tns II /Jo.sn Throni v'lUi A/tfjJmihun In iSiirm/intf find lo Kli'rtucnl 
{M^'tuai tiiid fCittn'>ion In Oif}ostfiliv mA Prat Jtm/ So( (A) 164, I* ttV 

('orcorun, G F , 1!)4‘). J3a.<,ir Ehctuffd hj}niin<vrin<i, Cli.iplcr AM .Jolm AVilli'V <t (Sons , 
New A^'ork 

Soul, 1) well, R V . , Rtdaxntion M vthod" tn IJmfineei irni Scioivc. ('Imptoi AM, Oxford 
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INTERMOLECULAR POTENTIAL OF KRYPTON AND 
XENON ON THE CORE MODEL 

A N. ilOY A.N-i) H K T>KJi 

INIHAN AHy<»fllATION TTIK (‘lTJ.TJV \ I'lOK Oh S« (L\l,f'I T'I'A-32. 

{Rrrt'ivcd A'ort'itihrr 10, 1‘Miri) 

ABSTRACT 'I’hn ,..,1, niiHal pj.r.un''I('r.>- f«ii ilu> coiN' liiivn hann olO.ainoil for 

Icryjjloii Jiiid voiuiti Ity iisiiifr ,mtiiti1lari«*(Mrih Ou' \ isriisn y jmkJ lln* mi- ojuI vii i.il fotOlicu'iit diila. 
Tlio yioloiiiial (ur\'^c'< thus uhtinnod uiu (|Uili’ clow lo I ho (d.ilinialc mni'l oi of 

( JiiaaiMihoiin uiul Ml (Jliisiniii 'fho s itis/ufloi v •'.f'K'ouu'nl tlic ('■vpi'iimnit ul diilu. 

HJid I'lio ^.lhl(H mid I h'“ r tniijMiuFn'olv siiuplo hum of llio i'okj polooluil I’niso llio 

p(jssd)di(iV of uHiiipj d lu tfi(' phu o of inuo (,oinmonl^ iisisl Ia'iiuiu d-.loiiOK (I2(>) uud oxji-O 
potiOnf.ialw 

Tin* liniiliitioHS of Iho (Mmi]).u’tiiivrly simnlo inlicrniolm ular jiotoiilials likt' 
Loiniiird-.luiu'H (12 (i) aiid t.lu‘ iiiotlols arc lunv well rotioffniscil (Kiliara 

11)511. 11)55: (j!u^"(‘iiliciui and Mc(*lasliiiii IfMiO) Tloucvcr. more f'laborafc and 
comijliealied i»otontials (e ^ six-parinuetcT potential oKjInf^iiculioim andMedlaslian) 
arc net convenient particularly lor the ealcnlation o! collision integrals foi rc]mj' 
Honting ti‘aiis])ort properties of gasi^s. (^msequcntly it js necessary to obtain 
an intormolocular jiotentnO model winch is coinjiar.itivoly simple in form and af. 
the same i.ime, represent the potimtial adequately flt'cent ealcuilation by BarluM’ 
(IIKU) for argon on the core inorLel of Kihaia is faiily successful in tlu'so regards. 
Tli(’ cure jioteiitial with a splnuTeal e.ore of diaimde.r 2o may he rcjiiescnted as, 


♦<'1— 


(la) 


0(7‘) - 00 r ^ 2rf ... (Ih) 

Avhere rr is the value of r for which f/j(r) - 0 and f is t lu' dojitli of tlie potcaitial W(dl. 
'fhe addition of fh(^ term a makes tin* core jiotential more flexible than the Loiniaid- 
,)oiics (12 (j) ]iofential and at the same time the miithc‘.ma,tical .siinpliiity is re 
tamed Kiliaru (ll)5.‘l) olitained the .second virial coeflicient -f^T) on the core 
model and very roteiitly Haikcr (llHM) has ohtaiiiel tli(‘ eollisioii integrals on this 
model liv eomhinmg V>(7’) and the vi.si'o.sity data Baiktu (196J) has obtained the 
forc(^ coiistant.s foi argon on the core model and the potential energy eurvo thus 
ohluiiied is iiuite close to the elaborate six-parauu'ter potential of Guggonlioim 
and McGliishau (ifl(iO). Tiio eoustaiits thus obtained can explain all the gaseous 
properties of argon sati.sfai torily Tfio suecoss aehicve.d foi argon with tho core 
model raises the jiossihility of replacing the Lenuard -Jones (12 : 6) potential by 

12 
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the core potmtinl Consequently, we have thouglil ii woithwhili' to obtain the 
interniol(M’iilai‘ potentials uJ'Ki' anil Xe on the loie iinulel and lest its suitability 
Recently, vSlieruood and Pransnitz (JtKiJ) have o]>ltimed llie Ituee evnislanls ior 
the inert ^ases on ihi* core niodid, TTouevei as shou n b\ -Kellc'i and Zuniiiio 
(Ihni)) Ji{T) data aloni^ cannot detennnie the force paiauielers uiiupiely In 
t Ills papio* luiA’^e ealcniated the lone j>aiajiieters foi’ kjyplon and veiion h\ nli- 
lisjiie boll) siM ond virial eoeffij-ient and viseosit \ dat-a d’Ju' ( ojislant s t Inis olilaaniul 
have lieiui ehecki^d liy ealinlatm^ various otlier properties 

V A I. (' V L V 'J‘ I () N \ V I) i: K ,s t' L T S 

Foi the dotenuinat ion of the tbree iiaraineteis \v»- shall use siinult ain'ousK 
the second virial eoeffieient and the viseosit\ data 'Pile \iscositv // nuy\ la* re- 
jin-senti'd as (Tlnsehlelder (hirtiss aiul liirdt 


?/\ 10 ' 




y'jV7' 

ar^U<- 


(^) 


wlieri' Jl/ IS t Ju^, nioliuMdai \M‘iu;I\t and Q*^' mlc'jjial as ( aluilated 
by liarkoi (Ihtkl) 'Die second virial eoefln lent 7^(7’) ni.iy be writti n as, 

W) - T*) ( 3 ) 


whole 


2nN(r^ 


a* - 


'2a 

O' -2a 


. 7'^ - 


K7^ 


( 4 ) 


and T*) ^ • a*F.iT*)-] 3 . F^{T*) 

I H-r/*) 

^ . t)y-{ ,s 

'^( V) 

From Eijs (2) and (3) 


H'in 


/;*(„♦ 7 '*, 

n*(a* 7”*) 


lo^^fT-k log fi 




( 6 ) 


( 7 ) 


where o — 206.93 X “ 7ri\\/J/ X 10 -’ 


and 


log T = log T*+ log 


(8) 
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a ( li<t,Hi*ri value il is jiorisihle to detei’inme rr and (jK from Eqs (7) 

arifl (S) hy tljc tiiujiliiial melliod (IMawoii and Rid* 1054) 1’he stit of values of 
o* e/A rr wliicli Ti'iu'eseulod tlie (‘X])n nneiitiil data liest- wei’c- takiui as the c-orreet 
iore(! |)araui('i(U's 4Mie results thus ohtained are shown in Table 1 The. poten- 
tial energy f iirvu-s Itir lvrv|il.on aiui xenon as ohtainerl on thi‘ eore model ar(‘ shown 
lofiether witli those lor tin* J jennard-Jones (12 <i) and the six-jiarameter potentials 

ari'. shown In h’l^s 1 and 2 

(J () M V A U I S O JS’ \V I T II K X V E T\ 1 M IC N T 

(ih) JCrf/'/>/o/t 

TJie avera^(“ (h'vuition between the ex])erjmonta.i and the ealonlaterl values ot 
the thermal eoiidueti vity (ivannubnk and (barman, 11)02 tern |jeratin‘e ran;^e 1 95 ' 
to 579' K) and viseosit>' ((Clifton I9(i3 teinjim'aturii ran^^e 1100' to 1)90' Iv) is 0 S% 
a,nd r(‘S|)e(l ivelv- LT]ito 47ir'K the apreiMiient with the experniu'utal seeond 
virial (.oefdcKuit <laiu. is within 2% The, a^ieemenl beeomi^H worse at highei’ 
inmpeial ores This iirobablv means that ihe effeetive eori’ diauietiu is e, handed 
at higher teiuperaiures. For all Ihesi* jirojierties the agreement with thci (‘xperi- 
menlal values is hettei' than that obtained liy using the ('onstauts obtained by 
iSluTvvi.od and Ib-ausuit/, (191)4) irom tin* second virial eoeiyieuMit data onl>'. 

(b) Xenon 

For xenon the average ileviation betAveen tlie (‘xpernntuital and th(' caleu- 
latnd Auilues of thermal eoiifluetivitv ( Kaimulmk and Oarman, 1952) and A^seosity 
(Trautz TVla\ and itoherg ITebejling, I9‘{4) is Avithni 4% and 2% res))eetiA’-ely Jn 
botJi the eases tin* calculated Am-lues are JoAi ei than tlie experimental values wliieli 
may he ])aitly due to the fact that xenon alA\nys contains a e(Ttain percentage of 
krypton as iuipinitv. For second Aorial eoeflficiont the agTi'iuiu'nt betAveen oxpei- 
inent-a] and tin* ealeulateil A’.dues is excellent (aveiage doAuation 2%) oaut the 
teinjKMiiture lauge 290 -572' K It is inteiissting to not(‘ that the agieement with 
the ex])<‘7 nnental /^(V') data is bc'ttei than those obtained b,A" using SlierAvoorl ami 
Frau/nitz (I9(M) who usimI 7^(7^) data foi ealiidating tlie forei‘ pniameters. 

(e) 77 / oy/ \^{ri(t( ( hicjfiriott 

It has been ])ointed out by firaben and Pri'sent (1902) t hat three-bodA'^ inter- 
actions cannot be negli'eted in the calculation ef the third \irial eoefficjent The 
tJiree body inteiact ion elfi'ct has been ealculaled a]>proxnnat(‘lv by NheriA oorl and 
Prausnitz (1904) for lh(‘ core potential The third virial coefficient f* may lie 
expri'SSiHl as the, sum of tin* contributions of paii-wise interactions and the non- 
additive interactions i e. 


r7«-j-Ar‘ 


(9) 


^ — 


2 




AA'hore, 


( 10 ) 
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/.- <-i- (- f'; ) 


-- os>-i ( 11 ’) 

luMlIf* t lio (llStl\lU-(‘ iK'lwriMl 1 \U)Uh“IiIi‘S t .111(1 ) l'l^|)l('S(M»l t lu' ( 1 1 U(‘ 

lif'i \\’(‘cji llic t l)rt'(‘-))()(l,i iijl('JMcti()Ti cncr'ii' and (lu* Mini (»l ])aif (‘in'r^ics 

Far ohiiunuiii AT /vilnira (f}>r).S) lias cxjK ndrd in h*/;n,s dI I Iu^ jinlan- 
/aliilili a iilncli ni.iv !»(' w niti'ii as 


A( ' --- Jt • 


• ( ) ' 

\ dot /a Ml 


(i:t) 


n(^^l(M't\nJr lujiluM ten nis. 

( '()nx(M(iit‘n( Jy f in llic. l■(■(ln(((l (nun is giv(‘ii liy 




0^) 


The (|naiit.iti((s and a”' * ^ j (a-on ta.)mJai(‘d l»y iSJiunionrl and 

I'lucsintz (l()(i-() loi ilit* core [intcntial. 'I’ln* results obtanu'd l)v us Ini llic tinrd 
1 iiial ( nL‘ffieU“iit hv usin^ the eahnlated i onstants -i.u*- sliniin in ^rahli' II 


TAl^LK 1 

Fnree eonstants for kryjiton and xenon 


ki fai 


I’oKMit ijil lurid 


o- 111 A , 


/ 


( ui n |)ul rut 1 ) 1 1 
l-<'iiniii(|..Iodrs ( 1 U (i) 


:{ u7U 
;) (>l 


201 0 0 IJ 

100 0 


.‘1 ')J2 
4 Our, 


non I, 0 2 

220 0 
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TABLE TI 

ThJiri vinal cot iTiLif jit 


r"/r 

Ki'vja <*n 

Xnjion 



1 IrtlciiJiilod 
(i‘i /mulo)- 

Uxpnrirntitil.d 

(cf/jH'>lo)' 

('0 

(t;c/molo)2 (('c'/niolo)2 

(b) 



J(»l 1 

7‘J4 i 

0077 

:\2:i 


22112 

7100 

5314 

:mk 

2 IMS 

20711 

(.300 

4041 

:j7:i 

20.33 

I1M.5 

572 1 

4120 

lias 

lOOS 

1K45 

.5233 

3744 

i‘j:t 

ISI 1 

I7.i') 

4777 

3474 

44 H 

1721 

1071 

1444 

3244 

473 

i (150 

1584 

4170 

3035 

ItlS 

MIOI 

1042 

3007 

2H73 

aiiij 

J 553 

1 57S> 

3710 

208H 

ops 

1513 

1.503 

35 10 

2.52S 

573 

1 17(5 

1(112 

3378 

242(> 

(ri) li(>.illn) 
(?>) b(Ml,Unv 

. .1 .\ Biiorloy, 4 
, ,I A. IJ.irriaiill , 

S anti 14)0 I'liiiill , 
It J , bfioiloy, 4 

, IL 4 , 1052. 

.S , 10.51. 



I) I H C U S S 1 () Ts’ () b' H \i SUL S 

From i anfl '2 it may Ik' sccii Ibal ilm aoro poWnlial as dorivivl from 

iIk- i^asaous |)td]K‘i I irs is close' to llic claleoiatc six-paivuiu'te'i poti'iitial oi 
lu'im and lVli( Jlaslian (U.llin) As alsct oL.se'i'vcel ley BaiKcr (J0(i4) for argon tin* 
|)oiL'.iL( lal ciiiMgy curve as obtained on tluM-orc jjolcntial is epiilc difforcuit fioin that 
on tli(' J.i'nn.ird-Joncs ( 1 (i) pole'nlial 'Plie* conccjit of introducing a haul core 
most probably luaUi's the ‘[lotcntial fiim-tion morn ticxiblo and icalislic than the 
niou' cemnnonh nse'd la'iinard-Jones (12 . 0) and ex]i-t) potentials. However, 

since' tlu' e'lleelive- diiUiicler eil the haul core sliouM depi'ud on tiu' I'lie^rgy oT 
tlu- eeiUiding molei iih'S i t' on ti'ni|)erat uu-. the sanu' set e»l paraniet cis cannot pro- 
bably u'])res('nt })ot('ntu\l luu'rgy curve' ovei a wide range of teiuperaturos 

The laleulaiions perJbiim’d for kr\^>tou anil xi'iion togetluu' Avith results ob- 
lanu'd by Biirki*r (KHil) ioi aigon .show that tlu' e'ori' })otential can represent the 
A'.irious macidscoim' 7 a’operti('s satisfactorily In A'ioAA’ <if the comparatively 
simple form of the i oi i' poti'nlial. it may be pos.sible to use it in plai’e of usual 
Lennard-doncs (12 b) jiotentud which is too much restricted as pointed out by 
(Juggenheiiu and jMedlashan (IIUW)). 
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l^v I PoU'iiliiil oiu>i^r> f>ii cliiloiojil inoilulh. 



Fig. 2. Potential energy curves for xenon on tJiflbrezit moduls. 

Tabic If it may bo seen that by eoiiHideriji^ noii-aflditivo intcmctionn 
It JH ])i)ssible t(j j'cpnvsiMit \a‘iy sutisfactorily tin*, third viiial cncflicacnt data of 
krypton The disayrceim’iit bctvvcrn the ex])(»ihm.‘idnl and the caleidattMl values 
u| fj for xoiioii is quite hii^e. Ojic rcriKoTi foi tins disagieeiuent juay he due to 
presence of krypton as an inquirity Jii xenon Another fuetoj wbidi is prohahl.> 
more important is that in ( aleulating the uon addilive pari of (' the, rejiulsive 
pari o(‘ the potiaduil has not been eoiisifleriMl (iSherwooil and PrauHiiitz, I9tl4) 
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DEDUCTION OF GENERALISED KRICHHOFF’S LAWS 
FROM THE BASIC PRINCIPLES OF 
ELECTROMAGNETISM 

S. K MTTRA AND T. ROY* 

rNDf\V iSrATlbTK'Al. InSTI'J'I "I’l' 

Dvctnilm IK. 1904; livnuhnnittil Si'pt 22, llUiri) 

ABSTRACT I ■'Ijr ul sdhilioii of tho cliiHHKMil l)inuitUiiy v’hIul* pi’oblt'm of 

->(.o.i(l_v rmroiil flow jji u «‘oii1 iiuioiis sonii-«‘oii(Juc‘tiiig iiiodium oiidt'v Ohm’s Jjhw ih proviul 
tirjiii I, ho l'’io(lliolm T’hoorv of Intotiiul ICipinfiooH Tluni^h tlu ^olulioii of the o(piii- 

l Kills I’om.iiiis lU'hihni'v, I ho .solution of lh«> homuhiiv \nluo prohlimi hiis boon hIiowu to bo 
uTiUjuo UK it should bo Fiom primu fur lo aif'umontH A uiikiuo lohit.ioii bol-woon tlio ourroiitH 
thi'ouKh tlu' oloi trodos mid thoir potoiiliuls is also osliililisluid l‘’urlhor, an oxpioHKioii for 
Iho oro,s.s-( urroiilH flowing liotwisni two oloctiodos i.s dodu'od from tliooi\ loading to tho uhuhI 
Kiri'lihoff’s Laws loi Iiik^ I'onduct or,s 

I M 'V li () I) 1) V T I () JvJ 

HMie w(‘.]l-kii()\\Ti KrioliliolT’s Ijsuvk (loKml)o ilio (‘iiiTwnl v()U-a^^^ rc/lalionship.s in 
ti iK't-work containing roHintoTK Tlicsc.lawKaro basorl on (a) thomacroKcopic (JofiiiK, 
Ohm’sLatVAvhidi says that the total cniTcnt flinving across a resist' ir iHpro]M)T- 
tional to tho (lilh‘iont;o ol potential at its omls, and socoiiflly (h) on tlio princi^ilo 
til steady state condition ol eloetroinagiK^tisni nndt'.r wJiit'h any litat volume- chargo 
dn(*s not appear The two laws nf Kiri'hhol'l are obvious eonsequoncoH of those 
ht'o principles TJio question of d(‘'lu(!tion of these two at ceiitevl ‘laws' of Kire-hhoff 
appears to bti .sojneAvhat jirtqifisttjrous at lirst .siglit But then* aie two things 
whicli are nornially overlooked, vi7. . tho resistors in Kirchliofl's Laws are ‘wires’ 
n hitli aio idealised one-dnnensional lines and Ohm’s Law which is applietl to these 
vires” IS but a limiting approximation of the mieroseopie Ohm’s Lav lor eontn 
nuous media Strictly speaking, the Lav^s are to be deduced from th(‘ fundamental 
oka troniagnetie equations for a eontiniioiis resistive medium under tho steady 
state conditions and then extended to the. ‘line’ conductors as a limiting ease. 
As this was not done before, the natural form of the Kirehhoff 's Laws never bo(;ame 
a])parcnt As a ri^siilt in the accepted form of Kirehhoff ’s Laws then*- are numiu ous 
redundant variables, which are difficult to eliminate in ai*tual calculations. TJu^ 
powerful topological tool of Graph Theory has in recent years been extensively 
employed by circuit analysts to remove this difficulty We shall show in this 
paper that tho Krichhoff ’s La-ws take a simple natural form if (ieduc(*,d as a parti- 
cular case of the more general laws for the continuous medium, v'hich vt; have 

*.Tadavpur Univeraif-y 
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(isUililiKhod from tlui fun (lain oi>tal C'qiiationH of (‘lertroiiiagnotLsiii. Tlio laws fake 
a M'od Lon\Ma)irii1 from wliifli all tJa* mliincltiiit variables disappoar. Tlio 

a( (('plof| forDi of tjj( Kin irlioff ’s Laws can a1 once la* draluml from thaso 
,i;(incTal ri'Jaticmshijrs as n sjM*cial case, but the* roeorse process is not at all obvious, 
bccaiiw^ of tlic prc.soiico (tf tlic roduiidaid variables. 

Tbc pioblcm of sUuuly curroiii How in a semi-( oodiictinti medium obeying 
Ohm’s J.«av eas Hrsl formulated by Kriclilioff (l.SH'l) Ho showed from physical 
pi inci-|)leH that thi* i urvonts through llu* <‘loctrodes and then potentials arc 
coniuM'ted through hiieai lelations. as in the c asi* ol charges and })oti.mtials for 
a, system ol ( ondiictors shown earliei by IVlaxuell 'flic main purpose ot this 
ivork IS to show rigorously that the siHution of tin* boundary \oilue pioblein of 
Kirchhoft always exists and though the Iniidame.ntal solution has sonu' irremov- 
able ailhtraiiu'ss. theii' (*xists a unirpic linear ii'lation betw een tlie ciirrents and 
])otcntials on tin' ol(M-tToih»s The- existein ol eross-i iirrents betaveen any tsvo 
(>,!('( trodes and tlnur relation wutli the potentials are also deduced as a eonsoijuence 
from the (^xisteiiei* theorem. 

S 'r \ T R M E N T () K T ]1 E P l< () H L i\ ]NT 

111 a (inite senii-conduetiug mediiiin of uniform S])ecific eonduetivilv s led 
tlu'iri' he m eh'ctrodoK Tlu' el(‘eti‘odes are perfect eoinliietors hy didinitioii. 'Lid. 



the bounding sui’fae(!S of the eleetrodes 1)0 aS._, ... Lot /Sf,, be the hounding 

Hiirfaee of the medium. TJie surfaces aS'^, ASb, ... arc all enclosed within the 
ouii'r surface >Sb X^et Ca, . be the loustaut potentials on the respec- 

tive ch'ctrodc surfaces. Lot c he the current density at any }ioint P of the 
medium and 0(P) be the potential at P The steady state condition gives. 


divc = 0 . (1) 

and Olmi’s Law gives. 

c = — If grad^i ... ( 2 ) 

From those ('quations, follows the Laplace’s Equation 


( 3 ) 
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TJk" houiidai*)' loudilions f<n- the ^n-oliloni iiri' 

0 — (•(iiisiu.nt — v’y, . v',„ . . (4,1) 


oit tJ)i“ (4(>(‘tri)(l(' .surfuic's iS'^, #S\. . . *S'„, iiiid tJu* iioriiial i-KiiipoiuMil nl thr ( iinriit 
(k’lisity oti 1 ho ('iH*l(>sin|j surt.ico Khnll vninsh hct imso no t \ini'nt crtii mil 
()l Uio iiii'diiim lli.'il is 


II n soliilion of tins bdundurv valiios prohlnn omsIs llion it cun )u' shoAvn by 
(_b'ccn“s Th(M)iciii that tins niust be uiii(|iic (.sim‘ A]»piMulix I) FiiiIImm il nnisl 
siitisly till' c«|iiiili()n (»l c()iislranit, vi/, 

S n ( '’t f f i 


IMtOOli’ OF THE EXIST 1C NMM^ OF S O 1, li T I O N 

lAdlowiii^ tlio w (ill-known method nl Frodhnlm Im the pinni nl (iMstaMicc ol 
^nhltlnn nl‘ lli(‘ nii iclilot s and Neumann's prnbleius iii J*nl(‘ntiid 'riuioiy. w(i shall 
shnw that lli(‘ snlution ol tlie boundary value iimbbiui twists, in lh(‘ iollowinj^ W(‘ 
shall tollow the notatjon of iSternbory; (J!)52). Lei us assume lhal the potiuitial is 
due to a .surlatits distTibution (t{Q) on the surla((‘s where rr„((i)) shall indieaL(‘ (hi 
sinfaec density on the oiitm (melosing surface (S',,, cr,((,>) be tlu^ sanui on the tdetilrode 
surliK (' iS', and so on Obviously, o'(^) can be looked upon as a-n {ni ! I ) dimenHioiuil 
AU'cloi having the (tn \ I) e-oinponeiits froiQ), . . o'„,{Q} nn tli(‘ Hurliiees a.Tid 

has \nbies only if Q is a ])oiiit on the. Hiirfaetxs It such a surlaet* dislrduition 
exists 171 geiiei'al, which satisfies the boundary eondilions then (lie snbition oJ 
the problem exists also, Further, such a solution has to be unitiuti 
The ])otoiilial at any i»oint P inside the legioii is givmi by. 

nl 

0(7") ^ ^ I I f/(S’ (h) 

This potential is (ontinuous in erossing the surfaces tS',, ... hurtlu*r 

by a Mi'll-kno'wn theorem of the Newtonian I*oteritial Theoiy, the discontinuity 
ol the normal derivative of the potential is given by (Stern h(iig et al. ]!)r)2). 

+27r(r(«) ■ ■ (7.1) 

dn dUg 


d<j)^ _ 

dn. 


-~2n(T{a) 


(7.2) 
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wliore luoauB tho iiormal denvativo from 

from ouisidt' tjio surfaco, and ^ nioanH the ^ 
(In.^ 




surface. Thus, (oj* any .surface 



C f 

i='0 




i 


Now, l)y the l)Ouiidary eondiiionH (4 2), 


\ d7> />' 


27rfr„(A) 1 


yy 0 

d'tlg 


II 

,Vi 


(rm 


> d,S 


rurthci , .since the ijottmliai luncii«u» (l>{P) is etnisiant oji the surfaces iS'j. S,., .. 
by the boundary eonditiou (4.1), then it minst be constant throughout the volume 
emdosed by e.acili of tlui.so closed surfaces according to the continuity pro^Jerty 
of the potential function for a surfaces distribution Thendbre, 


for each Kurfa(;e. 


^ \ — 0, i =- 0, 1 , 2, ... m 

\ On / Si 


(H) 


Tims by (7 I) (t^{s) must satisfy tin* saim^ homogeneous integral equation on 
all th(‘ HUT faces. 


27nr,(.v)-l 


in 

Cill 

* Cl 


^liQ) 

r,o 


d>i -- 0 


(9) 


If non-trivial .solution of this Hy.stem of homogenwms integral equations exists, 
then the iiotinilial formed from this surface distribution will a.utomatically satisfy 
the boundary conditions (4 1) and (4.2), as also tlie equation of constraint (5). 
h'or integrating tbc surface density a'„((i>) over tlio eneJosing .surface in (9) gives 



Thus, 


Dll >Ti(Q)dS = 0 

Si 
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' 'r 


1 , 2 . ... m 


2fl (?.•)," " 

^ v , r . 

Tlu^ pj‘()l>l(MU JS thuh analogous lo tlu- Nouiuanii s Intrnoi' Problem ol" 

P(»t(‘iitijil Tlniory l^’ollow'-ing iJn* st-o])s (»f KnMMlhoJiu wo sliall now show that, the 
Molutjoii oi these eoiq)l(‘.rl system of (w/ |- I) homogeiKMius hitegral e.(|iiiitif)ns exists 
111 giMioral and l.luMo are exactly (/// I 1 )) linearly indepe-ndiMit solutions c-orres- 
pondnig lo the eigt'ii \ ahie - I. 

following iSte>nil>erg (1952) let us dcMiote liy 


K{Q. .1) - 

J 

2n 

diig \ 

‘J 

(10) 

A-(.s, Q) . 

1 

27T 

’’ ( 
drig \ 


(10) 


then tho e(piatioii (9) takes the form 
m 

2]^ I f «■(«. 0 (11) 

.-0 

The corresponding transposed system of integral equations is, 
m 

[ 1 Q)fH{Q)(l^ = 0 ■■ ( 12 ) 

By Gauss’s Theorem, 

fij{s) -- 1 and /q(.9) — 0 is a non-trivial solution Thus, 
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iiro (w-|-l) linoarJy iridopoiidont solutions (*orrcsj)oiidiiig to tlio eigou value— 1. 
Tliendort! by l^^’i'twllioliii’s tiieoionv {m-\ 1) linoaily indejiondent S(jlutions of the 
ti'aiis|)osod jjomogerioiiK jutegral lupiation (11) always exist, 'finis 1) linearly 
iiid(^peij(l(Mit solutions ol the I'undaiuontal integral e/quation (9) e.xist 

Cicineral solution will )j(i a linear eomhination of these (m-f-l) hneaily inde- 
])endent solutions, Avitli (m+l) arbitrary eoiistants to bo detormiiied from the 
values oJ'the potential given on the m eleetrode surfaeos. One arbitral y cionstant 
(ainnot b(> (lei.i'i tuined beiiause tlu' boundary rendition on the iMie.losing suilate. 
(Otli suifan*) IS satisherl autoniatieally tiiroiigli the integral e-quations (9). lint 
by tlie. UnitpuMiesK 'fheoi'eni the potential liinrtion should be nifhqic-ndent of this 
undetenninnble. constant 

Furthe.j' eiK h 1‘undami‘ulal solution of the integral equation (11) must satisly 
1lui iMpuitijui ol ( onstraml (o) aulomatii'ally Ixioaiise expT(‘Ssion fb)satisftes Laplrures 
Equation 


Ud Vo('<), Vi(.s‘) V2(s), V;„(.s) . (14) 

be the (ui 1 I) linearly indiqu'ndenl visdor solutions ol the integral laiuation 
(11) IGaeli ol these solutions satisllos tin* <x|uatioii ol eonstranit (o) Ivet iis 
call by iV(.'<) the (ui-l l)x(ix -(-l) Joatrix. ' 

WM -.(v-v) Cw) (15) 

The suIfarl^ density n-(.s') will he a linear eomhination ol these solutions, viv. . 


rr(.s-) -- •♦•|>v«(.s)-f.r,vi(.v)4 + 

— N{s)x .. (lb) 

M'heie ,q,, .r,. , 1 ., .lie (ut-l 1) arbitrary constants to be determmed from the 

boundary i-ouditioiis ol the piobleiii The potential at any point P is thus 


f ('«'■ ’k 


1 


)N(Q)dS ]■ 


f/{P)A- 


(17) 


where 


( ' 

\ r-f>go 




rpq^,, / 


IS a lOM' vector ami the row veetoi 


p'iP) ' 


X) »««» 


( 18 ) 
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IS ilu' i 111 i( la mental .solution of tlio problem from wiiicli partieubir solutions are 

loniiofl with (liflereiit values of j; Aeeordiii^; to the bouiulary eonditioiis (4 1) 
(^r) assumes tin; values r, v.. . mi tiu* laeetrode.s This laii he ('xpre.sscd 

ve( loi u ally as 



^1 


j 1 Km xmdN 






whm e H{Q) i.s a N'ct angular maliix of m row.s and {m ! I) eohimiis, viz, 


(lb) 


jV(i 


1 




I J 


J({Q) - 


rtSiQiy 




r'^'iQtu 


( 2 ( 1 ) 


J _1 I 


Let us denote tlio matrix witli i on.stant coeffieients 

u im mQ)d!^ 

WX(wi-l-l) (iil) 

for brevity. Here P is obviously a roetaiigular matrix of m. rows and (m-|-l) 
eolnnins. bMie ooefiieients of tins matrix are completely diitermined Irom tliefunda- 
numtal solutions of the integral equation and from tJie geometry ol tlic system. 
Tlio {m 1 1) arhitray coiLstants are to be determined from the m (Hpiations (lb) 
VIZ., 



h Px 


( 22 ) 
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li iw ol)Vi()UB that ojiJy m of the (wi-| 1) arbitrary uoustants 
ran 1)0 (Ictoriuinod iroin tJicBo m cciuations in tonus of v^, v.^, v.j ... One ahri- 
t.raiy l oiistarit will roinain iiTKlotciruiinod Tlic solution thorofore roniuins appa- 
iciiLly arbitniry lor ojjo ai biliary ronstani, whit.b it should not accordin^^ to llio 
uni ipionosK t lioi uc i u . 

W(- shall slio\i' later, that though the surfaee, don.sitics eaniiot he imiipicly 
(letei ininofl, tlie matrix /* .satislies sojiie. general conditions so that the potential 
I unction h(‘( oiues uni(|ue Helore doing this, we .shall show tha.t a iinupu^ relation 
hetween tlie total curre-nts through the electrode.s anti their potiaitials exists, if 
w e make use of the fheen’s Reciprocal 'IMieoieni. The. total current I'l on the 
/-th electrodt* is given by, 



Let us call the w ''(?/H-l-) matrix 

J J :VW)fi)S' ... (2f) 
being ioiiued Iroiii N(Q) by rtuiuiving its first rt)W . 


Thus, 


I _ K(J,r 


(25) 


By tho e((uatiun ot constraint (b) the .sum o(‘ the (‘lenionts ot a column ol must be 
zero, that is, the rows ol (^> are linearly dependtMit. 

Thai, is 

( 1 , 1 . 0 ... ( 20 ) 


or 


I 



I 


(20') 


II N I Q U 1'] |{ K L A 1 () N M E T W E E N (' U H H E N 'l' S A N D 

V () T K N T J A E S 

L(*t (r be anotlier system ol' potentials anti y the corre.S])onding currents anti 
be the (‘(nTc.spoiiding potential at a point /*. 

Thou by tJreen’.s Theorem. 

Ill 

ElK ^ dn ^ On ) 


111 

'' ri 
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^ ^ rf}, 


or 

AVnv 

TJiuh, 

or 


}r i ~ } ir — v’ j y V 

r = 7*.r and w — Pi/ («ay) 
? ~ kQ.v iind j — KQif (aay) 

^r' ? — K i/'P'Q.k )' r - Ktf'(/ i\i 


for tiny arbitrary a- aiul y. Thoroforo 

P'(? == Q'P {P'QY 

i>r P'Q is a symmotrio matrix of (wH-l)x(wH-l) order. 
A^raiii from (22) (2.'i) and (27) 

cj^ - Q'px -- p'(J^ - ' 


(27) 


Tims ol)iam I-Ik* important ivsnlt. 

K(fv ^ (2K) 

That IS, tlie 1 elation between the potentials on t])e elt'elrodes and the enrients 
flow^ing tluongh them is uniqne and fn^o from the inherent ar)>itrarini‘ss. 

TJie enrrents i eaii be linearly expressed in tc'rnis of tin*, potentials v from this 
e(]nation (28). Multiplying both sides of equation (28) by P and rkirioting by U 
tile Legendre Transform of P i.e., 

U-^PP' ... (29) 

\V(^ obtain 

kPQ'v — P P'i 

TJie {rn Km) matrix U is non-singular (iSoo Appendix II), and thus 


i KU-^pqv 


... (30) 
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Jl <’un als(j ho hIjoavji that tlio niatnx is syiTUiioinc (Appendix IJ) Tims, 


, - kJJ-'^PQ'v ~ aQP'J^-h^ 


(:a) 


Wiion the iioientials . /•„, on the olool i ikIos llav(^ tin* samo value, say Wo 

then it follows from (20') thal 


i — kU"^PQ' 


which means physic, ally that no current will how through tin*, electrodes, if they 
me kej)t a.t tin*, sfinn* poU*n1.ial 

(I () M J* [. M T I'] S (> L V T 1 O .N () K T IT H I' U () H L ^r 

It has hei'ii shown in Section that all the {m. 1-1) arhitiary constants .r„, 
jCi, x.y cannot he tlctermined fiom the boundary (,oiiditious and one of those 
will remain arbitrary. Instead o( choosing any partieula-r one of these constants 
.1 1 ... as arbitrary wc (an introduce a new arhitrary constant which axipoars 
in a natural way. There ar(*> ni (Hpiatioiis in (22), and there arc, (m-hl) unknowns 
to 1)0 deterinined Multixjlying both sid(^s of ec(uation (22) by P' which is a (ni-l- 1) 
X?a matrix, we got (m-1-1) liiu^ar cc^uatioiis . 

- P'Pl? 


Here P'P is a (ni,-h 1) (’^H- • ) matrix and is of rank rn. It can be shown that the 

solution of tlicsc tM)uations alway.s exists (See Appimdix Til) and the .solution is, 

... (32) 

whcic a IS an arbitrary i-onstant and tin* vewtor j/ having (w,-|“J) elements satis- 
fies tin* honiogenooiis ecpiation 

P'J^^O ... (33) 

l^’nrther (/ is not a null-vector 

This vector r/ has some iiitorestiiig properties Lot us foiui a particular 
.surface distribution (ii(.s’) by jintting .v — g in (lb), 

c.)(.s) N{s)g . . . (34) 

Since (See Appendix III) 

pif ^ 0 , - 0 


V = Pg =-- 0 and i — nQg ~ 0 


( 35 ) 



29 


Deduction of (leneralised Kriclihoffs hawfi^ etc. 

'I’liis meaiift that tins ijiutidilai jum-trnml aurliUM'-ilislnhut ion 7o(.s) i^ivoh i isr to 
null polontialw on tliooUntroile siirlaces <S'.j . . at tlio Hiinii' I iiiu* 1 lud un onts 
Mon ijif^ tliron^li tlio lOoi trodcs also vanish This a.pjii'avs lo 1 ki jiai'iidoxial at 
lirsl sight But \vv can idinitiry this pocuhai (listrihulion n 1th tli(> holp of relations 
(7.1) and (7.2) Simu' thu potential ^^(.v) vaiiishos on Iho idorlrodo suvlaios so by 
Ch'i'on’s Thoori‘ 111 , 

JJJ( I 0 I “-! ^ JJJ div (</) grad 0)^7 

’ « A’, 

- 0 

d’lius, I grad r/>|^ - 0 (‘voi vw'lnnr- sliich in(*aiis that (j) 0 cNUM Vn luac insido 

>S'„ This nuians jiarticuhirly. 



t''joni (7.1) and (7 2) it lolloM's, 

(.),(-*.) — d, 1 ^ \ . 2, 3, ... m (:i(i) 

and from (11), 

J J «) ^>^oiQ)dS - 0 (:n) 

>S'n 

'I’lns integral iMiuation has a. non trivial sohition according lo thc^ Erodholin 
TIk'oiv.* MoC*') thc'Tcdorc exists niatlioniatically Snuc' tlu* potontial fnncdion 
\ ani.shi'S thi'onghout the* ivgion insido and as it is oontiiniouM on *S'„, the onclos- 
iiig snrracc lioeonios an ecjuipotential siirfaco ndth zoi'o jiotcuitial duo to tins 
particular disti ihut ion. Tho sui-faco distrihution o)„(.s) is identical to (ho dislri- 
hutioii which n ill hc^. formed if the surface well' a jierfc^c t conductoi. groundod 
and suhject to inductive^ infliicnicca oi’ tlic fiedd due to outside' bodies or in olhiM 
\Mirds il were an (dectrical shield lor the internal conductors Thus such a 
snrfat e distri-hiition phvsicially can exi.st. Bim-e tins surfaces distribution t.)(.s) 
gives rise* t.o z(*ro potential thi'onghout the region inside then fioni (17) 

= 0(^) = (:^H) 

loi tins particular surface distribution. Now, when tho potcuitinls on the olec;- 
t-rodes are given to be v.^, ... ?;„, the arbitrary eonstants ,x„, .I'j, x.^. .. x„i, can 

be detorniinod coniplotoly from the equation (29) but for an arbiti ary constant 

Of From (16) the surface density rr(s) can bo expressed in terms of the electrode 

*Ar a non-invial solution of ils Tran>ipn.sofl oquatioii exists. 
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f)(il (‘iiti.i Is / r.^. . . Itiil iml Miil(|iirlv tlu* avluii n.T y cDustant a ifMiiaius 

1111(1(1 ri inincfl lf'(un llu Imki tidai \' coiirlii ions, thus 

7r(s) A>7,.‘ \ riXisyj ... (;»)) 

From (17), tlm ])otr*iitial I'mictum 0(/*) at' tln^ ])oiiit 1 * ih 

r/.(P)^7/(i> 

^ - p'{P)P’ lT~^V-\ OLp'{P)q 

-r-~if/{P)P’V-^ ... (40) 

tlic siicond tc'rm vanishes ns has hocm shown just now. This is lju' coiuiih'tc' solu- 
tion o| tJui lioiimhiry valiu' prohh^m and it is also iiniqiio 1'h(‘ apiiaKUit paradox 
IS thus i i'iiiovf'd. Thoiiji'h the surf.n (‘ disti ilmtioii ( annol he (hhmiuiiie'd unujiieily, 
th(! XKjUuiiiiil fumtioii can ho doterii lined niiifjmdy from t he liouiidary conditions. 

iSmee //(P) asHiimos tlio valiums 'Py.'p>,. . ulum tho point /' lies on tho 


oloctrodes, tJu^ scalar jivoducts p/f/iJ Vz 0^ • • Vm V should vuiuisli according to 
(35). Or in othor Avords 

-- 0 

winch has Ikh'ii jiroved indejamdontly in A])pendi\ ITT. 

I N I N I r M i. Y E X E N I) 11 D M E 1) 1 V A N 1) ( ' O 1{ li K S- 

1* () K I) i: N V E NV I T ir T IF E IM A X W E L J/S C O E E F 1 (’ I 1'] N T S 
O F A P \ (’ I T Y 

A\dion th(' semi-coiidiieting iiu^liiim oxtoiids to infinity, the. jirohlem hoeoines 
somew hat modifi(‘d. The hounding siii’Taeo aS’^ no longer exists and thoroforo tho 
houndai v condition (4 2) is not mnterial ni this ease, and has to" he ropTacod by 
tho usual iegiilarit;\' conditions for tin* Newtonian Potential at infinity. Ac- 
cordingly, the equation of constraint (5), does not exist for this case. ITonco 
tho probhan hoconu’S identical Avitli the 'Diriehlet’s Exterior Th’ohlejn for many 
bodies and its solution is Avell knowm (Maxwell) Thus it loduees to the electrostatic 
prohlom lor many bodies diseiisscd by Maxw'oll. Tho matri cos P and both bc- 
eomo regular si^uare iiiatrice.s of ?wx«? order. Oonsequently, 

"7 - Kf^p-V V ^ ^ PQ~'^~t 


in this ease. The matrix QP~^ howewer, still remains symmetrie, because Green’s 
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llfciprocal TJicorciu can slill he aiiplicil The ehanents cil are obvioiialy 

the usual MaxxM^ll’s Coellic lents oi eapaeilx (.leans, 

T il K r 11 "X S l (’ A L 1 X T K 11 ]* II M T A 'I' 1 () \ () I’ 1’ II M S () L l’- 
1’ I (j N \ \ I) (■ K u s ,s-(’ I" j{ K I-; \ T s n K T \^ i: i: x 
E L 1-: (’ T 11 O 1) M S 

Tli(! eiirreuis ilowing tlirongh the elceiindes and ilie ]ii)ientials nl ihe elee- 
ti'ixles all's the only ohseivahJe physical nuanlilic^s The naliiral ciiieslion is henv 
lo (lelemiine the iiiaLiiee.s 7* and Q or tliinr Innelions lioni those ohsei'vahlo i|niin- 
lities h'lrst Jollowing Ivirehholf (1S1)3) lei ns give the lii si elei tiodi^ unit 
jiotential k('e[)ing the rest al zi'i'o ]»otential and designate the i on es])on(ling i niri'iits 
Ihiongh them as e,^, ... These currents must satistx tlii' lundauu'iitaJ 

jir<)])erly that their sum is zero, tliat is. 

*'iiH ^aiH *.n i I ^‘«ii " 

ol 

*'ii "^’oi ' ^'ii • 

IMiysieally it is oh\ ions tliat no ero.ss-einTents (wliitli havi' not. vet Iummi deliiied 
m.itliomatn ally) i an flow hotueen the second and the Ihird eliMli'odes and so 
on, hei ause they are at the same ])otential AeUially, the lauient uhieh enters 
(he first eliatiodc' leaves thiongli the other elea'tro(le.s 1’jie. euriiMit that (‘liters 
through tliii si'cond electrode is and theieloie the eross-eui rent ' hetwiion the 
first and tlui seiMind eleeirocU' is and so on Jjet us call f’nj,, r,,^. . r,,,.. 

till' enrients flowing thioiigli the eh'ctrodes w Inui the second is kept .it. unit ])oten- 
tial and the lost at zero potential and so on. Tlieii from llie liindamental i elation 



] 

0 

- P' 

('ll 

c-n 

. xQ' 

0 

0 

P' 

Cr- 

C2‘.i 


() 


(^inl 


0 




I (1 

0 1 

0. 

(I 

.0 

0 


('ll 

i'il 

<'ii 
<•-2 ■ 

* ^’un 

^‘iUl 

0 0 

(I., 

..1 

('ini 

^112 -• 

• %lv) 


that is, where k(/ — P'C say, where 0 - {Cy) ... (41) 

IMiysieally, tlie non-diagonal elements of this matrix rejiresent the rexoi si*, eioss- 
I UlTCllts. 



32 


S. K. Mitra and T. Roy 


Abilin lioTu (4J) and (20) and Appendix IJ, 

k/y/ pp' a - (k: 

or (_! kV-^PQ' - k{I1-^PQ')' ^ C ... (42) 

iijid Ij'om (2(i') 

I 

r; ' 

I 

'riniiS (' IS ii syjimuitnc iiiatri.v Pliy,si( ally tins meaTis tJiat the cj oss-cuMont 
tliai ilows IVojii the siicoiul ele(;tro(l(‘. to tJjci lirsl wIk'ii tho iirst is at unit j)oii)ntial 
is (ujiial to l la‘ cross-uiiTont that IUavs horn tho Inst to tho socond when tho 
sf!0<ni(l IK JvOjil ,it nint jadontial anil so on. 

(So iar tJio ( ouc‘oj)t o/ oi os'S-cnriinitK is ipiito ohvious unrl suiipli' TJio next 
ipuistion is voliat are tlio cioss ouiroiits wJuni tin; hist, soooiifl , oioi-tT’odoK have 
any poti'jvtials I'j, I’j, o.j ... iOiysnany siioh oj’ohs ciirii'jitH lunst exist and 
slnill luivi' the proiiorts’^ that tho cnrront which ontevs an oIim tTodo must hra-ncli 
out as (J’oss-i urroiil s lo olhiir cloi trodos Fuitlici thi^y will have- aiiti-syiiiiiK'- 
ti'K! pioporty t liat is, ci oss-ouri'oiit JVoni tlio, first to tlu* siuiond (deetrode*, ,wdl 
ho equal and ojiposite to tliat from the, second to tho Iirst Our task is to spot 
this cross-curieiit matrix. Now from (21) 



1 

kJJ ^PQ' 

1 

1 


T kV--^PQ'v-- 


'<q 0 0 ... 0 


1 

0 Vz 0 .. 0 


1 

0 0 


1 

— — 


— — 


-CV 


M'hori' I IS llio diagonal matrix 


0 0..,0 

0 Va 0 , ..[0 

0 0 173 ...0 


(» 0 (I.. 


(44) 


(45) 
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«^7>i X m = CV — VC ... (46 ) 

Tlii.s m a RkfVA'-syiumutric matrix and 


1 

1 

- fJV 

1 

- VC 

1 

1 

1 


J 


J 


(^'r liojH (48) 

- r from (44) 

.h‘j. I 1 •• t-./j/h ■- 'i’ J‘M liaa l - 'a 

Til, it IS, tiu' jiiiiliix ./ liJis lilt* nM|iiisiU‘ liindaiiK'jital jiroimity t-liat tlin sum ni tlu' 
iMiis." ( imrjits hiam lim^ out limii an <•!«*( trod(‘ i.s (Ujuul to Die ( mi'ciil that chUts 
I t FiiTtlior llio miiLriN ,7 i (‘(luccss In llic roJimiii va.M*1m‘s ol (' \\ liini /'j I ) - d, 

r;j - d, r,)i -- d tJiuL js, Uh‘> )>(‘(‘(>jiio jdaiitKiil willi tljd ( loss-duriaiits lor 
till' pliNSirallv <tl)vious tact luoutiomMl at Uu* Ix'tjmmuj; ol this sixtion Movr 
ox^jlidily, tho c ross- Luri (‘lit matrix ./ is 

0 CiaK "i) t'laC'V- ^i) ••• CimKn-n) 

'’ll) '\0 

(47) 

^'»rt2(''2 ^' tn ) ^ 

Tho skoM symnmtry is consistent witli tJic |)liysic;dl ])ioporty ol ( ross-ciiircuts, 
VI'/. tln‘ cross- r-nricnt from the liisl cicctiodc to tlio scm ond is the rovc-ise ot tlial 
tloAving lioiii the second to the first 

The Tvircldioff s Laiv.s take tJie follcneiiig from for eontiniions modiii : 

J - cv~vr (48) 

... ( 59 ) 

^vhcrp C IS the conductivit}' and V the diagonal matrix defined earlier. 
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Pljysically, iho Ohmic heat goncratod >jy the hyptithctical cross-cun'ontfi 
will ho 

m m trt m tii m 

i ^ ^ Jpg i^'p~ ^'g) ~ £ 21 Vj^ Jpg ~ ^ S Jpq 

P-l g-‘l p. 1 <j 1 g..] p^l 


--’A \ \ 2: Vqlq 

P-^‘1 q - 1 


\vhi( ii IS i(l(Mil.ical with tlu* c\])rc.ssi()n for the nctnal h(*tii gmioiati'd. Thus, 
physiciillv the cioss-curriuits can replace the electrodes currents for all purposiss 

M A ^1’ M b] M A ^1' 1 (’ \ I- IN '1' K P V R E T A T TON O F T H E 
S () J. U 'J’ J O N A N J) E X 1 S T E N C E O F ( ' JT O S S-C E It J1 E N T S 

Jn the pi ('ceding se-etion we (hsinonstrated this existenets of c,roBS- currents 
Iroin purely physical (Muisidcrations The cross-ciiirent matrix did not come out 
automatically iioni the solution of the, integral ecjuatioiis (11) We shall now^ 
])rovc, hy suiluhlc choice o( the solution of the integral equations (14). the- exis- 
tence ol ( ioss-(Miircnts as also the matrix e(|iiation (4S) satisfied hy thorn. 

Any linear coinlnnation of the {m-\ 1) linearly indejieiidont solutions Vo(a'). 
Vj(s), ... v„,(''') siiuultaneoiis homogeneous integral equations (il) is a solu- 

tion Since these (m q 1) solutions ari' all Imcaily independent exactly (m-j-l) 
linearly indejiend(*nt solutions can he constructed thiough linear cumbinatioiis 
<iF 1he.se solutions This iu'm .set of snlutions can he taken a.s the lundamental 
set. VVe (hoo.se foi the hist solution v„(.s‘) the ])eeuliar characteristic solution 
(.)(«) of the })rohlcin (114) Thus, 

v„„(.s) --= (.)„(, S-), v,„(.s) -- (.)i(.v) - h v,nn(''-’) d 

Through this choice ol solution the (1-th columns of the. both the mX (7/1+1) 
matrix P and (J luuome null vectors. Let us denote by IT the //?, X m square 
matrix which is rornu^d from /* leaving the (t-th colunin which has boeome a null 
vi'.etioi. The rank of this m\m matrix II is full as the rank of the mX'(w,+l) 
matrix P was ]i roved to hi', /// Let us form a now set ot lineai'ly indepondont solu- 
tions 
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by linear combinations ol Vi(a’), V2(-s). .. v^(a-) 

A{s) _ /‘7^(A‘).A^(.v)n-n 

(W“|-l)x(mH 1) \ (wJ l)x;w/ 

For this fundamental solution lot us donoto l>y tlie matrix 0 the intogral, 

/// > m 

0 - .fj A^iQ)dS 


lly (lunco of tliis fuiidaiuentul solution A (•''') matrix I* deliiUMl in (21) becomes 
llie idiaitity matrix f„, with null vector as its h-tli «‘oluinu Thus tlic symmetry 
I elation (27). 


redni'cs in tliis ease to 


P'Q (?'/* 
w ^ 0 ' 


ami the relation (32) rodiici^s simply to 



/ 1 

1 


0 

1 1 

^ 

'h 

f 


e.> 

r 

+a 0 


V,n 1 

\ 0 


Tims the vector 



The diagonal matrix dia (x’j, x.^, ... a;^) is 

dia (r,, x.^, ... x^) = dia (v,, v.^, ... v^) = V 

and irom (41) 

C =K© 

By this transformation, the Q matrix lieconies a scpiare aiifl symmetric matrix 
0. The eurront flowing through the first electrode is given 


^ J J (r^{Q^d8 ^ / f X,,{Q)dS^-x., J J ...\ 

— ■ "1 ^i»r*'»j} 


= *^{^21(^2 — ®i)~l“^3i(% ^*^i)} 

= K{(a;a— Xj) / / A2fQ)dS-{-{Xz—Xi) f f A3i(Q)dj9-l~...} 

S, S, 
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Mai lioiiiatJcally tliiK reflation iiU'aiiK iJiat tli(‘ ‘?urla((‘ iiiLogral o\’'er the first 
»!l(M siu fat (* js (■(Mitnbiitcfl by a siuji of sin lam nitci/i ais ov(^T’ aJJ tli(‘ oltiutrodijs 

smiacfs (*.x:f (3])iiug llu^ fits! oik*. TIk* .surface mt(‘gra] f J (T^{Q)dS rcjjresonts 

'Si 

t h(‘. lohil ciimmi bowing Ironi Hk* tirsl olcc trodo A^luch etjuals tlio sum of oinrents 
(lowing t liTimgb t Ik* oUk r (‘It'drodr Kurtiu-cs Tims. 

.fv, ,,) f I A,jKJ)r/A' - K(,, ~.r,)a,, 

,s\ 

T('.pr(*s(*nts till*. (‘I'o.ss-cuniail. Ilouiiig (I’oiii tlu* In.sl to ilic* soioiul cloitta'orle surface 
svlui'Ai lias ia*i n (((‘imtcd by Tbi (‘voss-cmivnl matrix \s obviously. 

J !<:(-) (Lia f-i,, . 1 ^ .. I cha (.r,, .i\, .. 

rr lY' 

I) I S (' II S S I () .\' OK 'I' II K \r \ I \ I! K S 0 L T S 

Bolon*. .ittompting to dcilucc*. the usual Ixii (lilmft 's Laws if will bc^ piolitablo 
to loc.apitulati* tlic nuportant insults already deduced 

(a) Wc, have deduced in S(a*tion L tliat wlu'ii t.lu3 electrodes are ki^iil at the 

same, potential no currents will How from tliem This confirms to thi* physical 
I'ai-t. , 

(b) TJjo algidiraic sum of the currents flowing tlirough all the elocdrodes is 
nil. 

(a) Tlio alg(5biaic sum of the currents lloiring in and flowing oii( finin an 
eleclrofle is nil ^filiation (-19) 

(d) TIkv cros.s-current bowing between any two eh'ctiodes is jiroportional 
to the difference, ol ])otentials hetwiM-u the.si* eloctiodes. Equation (4S). 

Thi;sc are sunimai ised in the iollownig formulae already deduced wliii h 
(■orri*s])ond to Kiriilihotf's Laws lor a. contiimoiis niediimi ■ 


./ . (48) 

■f ^ ... (40) 

wheu^ r - f'. T’ ^ dia (I'l, f'a, ,, r,„) ... (50) 

and (L L .. l)r ^ 0 ... (51) 


TJie eoeilicients ol tlu; couductivity matrix O nro difficult to calculate mathev 
maticiilly fiom the geometry of the system Tixpewi men tally cnicli eoc^.ffieii'iit 
»d t he matrix ciiu be deti'-riumed by keeping the* /-th cdectrodc', at*uiiit potential and 
the* remaining ele(*trodes conneeted to ground through ammoters. The. current 
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tlrjAviiig from tho Z-th olcnliUKlo tiiToiifih tho .nuinolor to lht‘ i»ri)uii<l Uio (‘roBR- 
cuTiciil froin tlio ?-1Ii i^*loctro(io to t-lu' Z'-ili cloi-li’odt' and ns In liiis Avay all 

tJio clmiKMilR of C can Ix' oxpnrimontally flctorniiiiod. 

Tlie lioiuidary value ]nol>linn can likcv'iso be aolvetl v lu n the total cinvenlH 
llow nif!: throuKli- tbe olettrodes arc speedied instead of the potentials on tlu‘ elec- 
1, rodiss rt can also be solv(*d when ])otentials arc* spi'cified on some oi lin' clc(.- 
(lofle.s and tjie total cuiTcjdj.s are Hp(‘cified for tin' reinaiin'^ tdin i rod(\s, .As it aviII 
make this pajiei’ too len^tli^' tbe solutions ;ue not ]»rcNenli‘d liere 

f’oi disiussiny; the usual Kircliliofl ‘s I^aws it is in‘ci'!ssary lo i onsnliM- a special 
eas(' ol the iiroblem. It is quite possible^ that only a. lew ol the ai' idi'ctrodes arc kejit 
livi ’ that js connected to sonices ol Muistant potential, the rmnaining are kcqit 
(loatine '^I’liis udll not alfect the r oininci ivitA matrix t ' wJin li is ( iit iri'lA ^mverned 
))\ tJie ^eonii'tiA' oi tin' systmii Sinci' tJiesc dciid eleitiodi'S cannot diau an_\ 
(iiiriml IVoni any soiiici', no cniieiit can flou into tinmi FI ni' enunnuale 
tlu'-RC dead e-lectrodos troni /r onwards up to m. then 

If, - (I q. , , - (h - b 

Hoa\(*v('i, < loss-currents will lion from them acc,ordin^ to equation (-IS). The 
])otential on tlit'se dead ehs tvodes can bo detejiiiiiuxl Irom tin' ('(jiiation. 


— 



q 


'’i 

^*-1 

r- (’ 


(i 



(i 



b 



— — 


— 


ill td'nis of the ^iA'^en Vj, v., . . - i\..i If the cnnoiitH q. ... q.., an' N]iecilir’id, 
tlie potontjals can also ho detormineil by ]>a.rliti oiling the niatiix f'. 

J) J) IMi T I () N OF THF IJ S U A 1. K Mt C irH O K F’S I. A W S 
K O K L T X K C O X D IT V T O it S 

Any net-Acork ol rc.si.stors is actually some, coiitinuons nu'dia haA^'ing some 
ueometncal form If ire imagine tbe tj’pical WJieatstone-s Bridgi* NctAvoi’k a.s 
a i ontinnous medium, it AA’ill be soiiiev'liat like the lolJowing diagram : 

Tbeie ari^ four electrodes embedotl in the seiiu-eondiioting medium iiaviiig five 
lobes The Iavo ch'ctrodcs (I) ami (2) aie i onnected to liattcrios and are at poten- 
tials Vj and the tAA^o others (.’1) and (4) are, ‘dead’ elootrodes, but nre at unknown 
jioteiitials and to be, determined. The croBB- currents floAsung betAAceu tlio 
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oldflroflcH ( I ) and ( 3 ) Mathomalicalty, Cjg is difficult to deter- 

niinri froni tins gooinotry ol tlio K 3 '^Btom. Since we aie not interested in the micros- 



cojjic disti*il)utioji of'cnirKMitK in tlie inatfiruil wc tak(‘ the niacroHcejiic Oliin’s Law. 
H iij., he tin* lumporl rivsistaiK-e the lohe, tluMi niaci oscopic Ohm’s Law states 
Unit the current liotweon tlie (doetrodes ( 1 ) and ( 3 ) is (r,- v.^)lR-^^ that is, 


A _ 'h 
3i^ - 


From tins relation we can at once get the value of the eoefficiciit C|;, (d the 
(sonductivity matrix C l(»r this case. Thus 


vdiieh is idtuitic al wdh the total ronduetanee of the lohe lSlmila^l 3 ^ wo can lind 
the olhe.i elements o(' the (J matrix, if two electrodes are not (>onma!ted through 
a loho. then tlu^ corresponding coefficimit will h(‘ zero, i e. - h in this case, 
because tlie electotles ( 1 ) and ( 2 ) are not connected by any lobi' of the matrial. 
TJius the conductivity matrix in this case is 


- ( L K ) 


'* ■ ( /{,, + /f,, ) 


1 




I 


{ R,., + iJ,, R,, ) 


1 


I 

R.. 


1 

R.^ 


i 


■( K,. + /J34 ) 


The number of independent current variables is 2—1 = 1 in this case. 
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All the equatioiiB clediicod for tlio eontimions media remain tlio same. It js 
i\o\\ ajipaient that equation (40) oxpreaaes KirchlioffV Nodal Law The uaual 
Mesh Law folloAA's as an obvious eonaoquences of the matrix etjuntion (48) if the 
eonduettances are, replaeed by resistances . 

Ji'or alternating eurrent. eircmita eojitaiiung eapaeitora anti induetunees besides 
resistors, the usual Kirelihoff's LaAvs are extended by analog}'. Tluoiigh analogy 
etpiations (48) and (49) eaii also be extended to the ease of allernating 
cun cuts. The only diftereiice will be Hull tiic poti-nt lals and ciirrents Avail be 
t;omplex tpiantities and tlui elements ot the eoiidiietivity matiix (' will also b(‘ 

( onqilex This admittanee niaiiix (' AVill, hoAvevei, remain syniiiit', trie and all 
othei etpiations will itunain the same The eomi»lex (‘Itaiieiits of Hus admiHaiieti 
matrix can likewise be t aleulated fiom the branch inipetlances 'riiis will be 
(list nsst'd ill a future tiommunicatiou 

'I’he number of iiideiit'ndent variables are at once Jipparent from Hit! gt'iieralised 
form ol KhchhoFi s Laws Tf there are n live tdectrodes. tlie number of inde- 
ptuident vollaue vanalilt's is a and the numbtu of in(le])endent currtuit vaiml)l(!S 
in ti ■ I 


APPENDIX 1 

H N 1 Q 3'". N F. S S O 1’ S O L P 1’ J O N 
Suppose j/t be anotlier solution besides ^ 

bet X 

Thus. ^ 

and X ~ '^i* also 


Noav' 


div (y grad y) r- (grad XY 

By Green’s Theorem, 

fJJ (grad y2)!idT JfJ div(y grad y)rfT 



dS 


= 0 
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Tlua'oforo 

o>, 


SlIUlO 


gl ad - 0 

(ji — i/y ^ X I onsiaijt — - 0 

X 0 , oil >S\, . iS',„ 


IIoiicc 0 ^ 

iCquatioih of cutisiKinif 

Since V^0 d 111 llic riigioij (oiiiuiil liy the surtiici^s S’,,, iS'o, . . . >S'„, ihmi 
hy (jlrcoii'iS Tlicorcni. 



dH 


Kiiicc liy the lioimdai's coiiddioii (4-. 2) 


- d 


N 




S', 


Kvory soKdioji ol Ihc limmdary valiu* jnoldoiii lias to hatisly tliis oijiiaiioii of 
( (iiisti aitit l’hysiciill> tins iiioans tliat Llic algcliraic siuii o( tJic total (urrcrits 
(lowing tliroiigli tlic i-Jcctiodo innsl viiiu-sh. 


4I»PENDTX IT 

i: v: (! V h A H I r y o v t ti lo m a t k l a 


Since V is a iiiidiix ol' {m \ J) rows and m c.olnnins, tlu^ nnitiix VP' ~ U 
Jias ni roAi.s and m colnoins and is syininoiTic sipiarc. matrix. Let p\,, ... 
denote tlie in uiw eectois ul J* Let us siifjjiose that there is a lineal- dependunoc 
amongst tJuan, vi/... 

< iV'i 1 1 - d 

Bui IVoiu tJie lumiidary conditions (22), 




PoiV^-i r-. 
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Multiplying hy c^. Cg, ... respectively tliese equations and adding. 
Ci«;i+C2i’2+... + c»,Vm = 


— 0 1)A’^ the hI)ovo as.siniiptmri 

n tJi(^ assuiiiptitni is true then there must nhrays l»e a (hdniile liiu'nr relation 
l)(‘tu'(Hm tli(‘. potentials of tlie electrodes, u'liieli is alisurd Tins will mean that if 
w<^ give a potential to one eleidrode keeping tlie remaining at zero ])ot(intial tlie 
solution Avill not exist The poteiitials on the electrodes, however can he urhi- 
trarily given This is contradictoi y to the Existeaice Theorcmi alnnnly provcsl 
Thus then' cannot l)c any linear dependence amongst th(^ ni row via-tors of 
TJie rank of P is tlnnefoi e full (-onsefpienMv. tlu' rank ol its Legendre ^riansforin 
FI*' IS also full, that is FF' is a nonsingular matrix Tims F' ’ exists. 

Symmetry of U~^FQ’ 

Since fioin (27) 

F’Q -- Q’F 

UQ . FFV PQ'f* 


thus. 

Q = V~^PQ’P since 

V-^ exists 

Or, 

Thus. 

Qp> ,, U~^PQ'PP' 


Again, 

QP'U~^ - IJ-^PQ’ 

[QP'F-^y 


(U-^PQ'Y -- QP'TJ-^ 

U-^P(/ 


Therol'ore, the inatriees QF’IJ ^ and V ^FQ' are .svinme.tric and identical. More- 
over (^P' and PC?' arc connected hy a similarity transform ation 

APPENDIX ID 

Ah has been proved in Appendix JI the rank of the mx(7n-|-l) matrix P 
is m, and ihoreforo the equation 

V = Px 

can always bo solved for Xq, x^, ... x,n, but with an arbitrary constant. Multi- 

plying the above equation by P' we get 
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XI('n! J*’J^ js ii (/«-)' i) x(w + 1) Mjujuo ijiainx. Inil of rank ?n. Tims one and only 
OIK*' iion-invial .soluLion of tho hoiiiogonoous equation, 

p'Pi = 0 

cxiHts affording to tlio Fiiudainontal Tli(‘oi(*m of Liiuvar Algebra ) Let iis 
dtauite this noil tiivial aoliitioii by tj wJiicb lavs (//i | I ) elements. Now, 


np^ pp'p 


thus 


lfP(j -- P{P'P)f/ - (I 

>Sinee f'-’ (.xists as shown in Ajqieudix 11, thereloie. 

h/ =--- 0 

(Ir in other woids the veetoi i/ is nithogoual to the m io\\ vectors ol P. viz, 

yi/, ... wliieh liave (mH-1) clenients oaeb Obviously, tlu^ elements of ij 
are jirojioi tional to tin*, (luterniiiiantR, 


Pll Vvi Plt)i I j ?b(| Pi 2 • ■ PlM ‘ 

P21 ■ ■ Piin ' P 2 » ih‘l Vw 


Pmi Villi ■■■ Piilni Vm» Pul 2 ■■■ Piiuii 

liee.xiise Ijy the well-known tbeonon ol determ inants. 


7b 0 7bi Vi2- ■ Vim 


! 


/bo /bi 7bi!---7b». ' 
7bo /bi V 12 ■ ■ Vivi j 


7b 1 ?b2---7b,« 
7*21 V22 • ■ • Pint 


PlO X 1 


! 


7^010 JPwli Pvii • ■ • Prnni 


Pm Pull ■ ■ Pmrfl 


-VnX 


Pm Vm • Prut 

Pm 7*23 ■ • ■ Piw 


Pm Pni2---PfntA 


I 
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as the two tows are ideaitieal 
Fiirtlmi , 


UQcj = {PP'Qh 


l)oi-anse Iron) (‘21) f^'Q 

Since., //-i e.ixsts. 


- (PQ’P)tl 

P and li-oin the result |usl pro\eil. vi/.., /'f/ " th 

GQn - d 


(fu- d 

llict'eloT) tin* \’^(‘(t(n (j js iilso oillio^onal to tin* nt low ve< tois ol Q. 


Aj^ain, siiKo P'P is a. svjnnn*tij( matrix. <j is also a solntjon ol' tin* traiiS])osed 
eainatioii tlini is 

[P'P)^- pn~q d 


rhiitlii'i iJn* siadar pioduot. 


-- (/^)V . d 

lieciHise Pq — 0 By the Kiiiidaineiilal Tln^oiem ol Ijincivi Aluelnii the solution 
ol the inhoniogenoons ocjiiatioii 


P'v ^ P P 


nu> ayiS (^xists Avhatevei v is 

Since all tin* nt rows of the reetangiihir matrix P are linear Iv in(hi)K'‘.inl(ait, 
the right inverse of P exists tZnriuulil, 1902) Let this he T'l^ that is 

PW T,„ 

w'herc; is the identity matrix ol m oleiiionts. and W is a (m-j 1) / rn matrix. 
Obviously, 


W - PT7-^ 

PW =- PPT/-1 ^ IW-^ - 7,^ 


because. 



44 


S, K. Mitra and T. Roy 


Thus the general solution of the inhomogeneous equation is, 

X = Wv-\-CLg 

— P'TJ-H-^cLg 

where a jh any arhitraiy eonHtant wIikjIi eannot be cleterniinecl from the boumlary 
r:onflitious 


R E F K K E N (J K S 

Couront mid Jlilliorl-, Mf'thodcn dir MolJumutischen Phy/iikt Rd I, 2iid oditioii 1931, 

pp Ti-d 

•loiins, Matlicuiulityil 'I’/iinn/ aj EhHriritii taid Maymtimn ttli (idiliou. 1923, 
1) 312, 350-352 

KiK’ldjdd', 0 O'! ammo hi) Aljlmiidluiigim jjp 33. J51 (Aino tho uii/ioles ))y K. Auotluub ni 
Wiiikohiiimii’.s Haiidbiuli der F/n/tiilr Vol 3, Part 1, 1893 p 204. and ai’tidc by P. 
Jlobyo 111 Lbn V' mydopadie (Ur malhorn Ui.Hchen Wi»'*c}iachaf(,(in, Bd V. 2, 
p 395 ot HOij 

Maxwoll, 'J'rcdtisi on JCJrcJncitif Mng)V'.Ham 3rd odd, ion, Vol I. (.Jhaptor ITT. 
JCiuinubI, Mfdnwin, 3rd (mIMioii 1902, ])p 110-117. 

Slornborg and Smith, Thronj of Pofenhal and Sphartcal lien motiiC’f<, 1952, Chap V, 
p 145. Chap XL 
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ON THE TRANSFER OF ELECTRONIC EXCITATION 
ENERGY IN LIQUIDS 

M K T\'1A(^ITWF, ,1 ANh K (SOPALA KUISHN^X 

Dki’AHtmidn'i oI'' I'iivsk s anu Astihhmis sh .s. 1'Nivj;Hsit\ hi Dmaii 

(Bereived July ii(i. 1005 ; Re^mbimtUd Oit. IH. Jtl 05 ) 

(^uM'cnl'i'iiLjon ((Ufiiichin^ ol tliioTcscc'iici! in solutjonH .1 cojjvt'jiii'iil 

nu'Uiod f'ui lh(‘ .sl'iulv ot tiaiisUn »»( clrclionu oxcilutiDJi (‘iicrgy The (liKn.sioii 
tJuiory (il < oiici'iitration (Atiiuiioii ol lluon'sciMicc woi-IumI omI hy h’liiiik Wawilnw 
.111(1 Svt'shmkn taking Jiito .iccnmil tiu' lirowuian niolion oI tlii' iiaitidcs and 
( (jlliKions ni IjIk' mnond kind, givi's Uk! lollinMiig (•(juiition . 

[ -1- H 

h '.hitr^cr^ 

and L arc tlic yjiOds ol fluon scciKc 111 lli(‘ inic\Uiiguislu’d and (‘xtjiignisliod 
.sdliitions, }i tlio j)T’()l)ii))ility oT cxtiiudion diiriiig om; ((illisioii, K Mu; liolt/nninn 
(Jonstant. 7 ’ tJic abisolutr U‘in]K‘ralun‘ (' the niiinlicj ol nndci iilos in unit volnnio. 
7 ? I’adni.s ol tlio splicj'o ol activity cr, and the kinetic ladii ol the eollidnig niole^ 
enles and vy tlie coefficient nl Ms((»sity HoAvevei, the (ixpernneidal lesnlis on 
till', (jnencliiiig (d dnoi-t'S'i eio-e nidnatc' that the aliovi; nieelianisni ol tlie traiiHler 
ol ejK'igy l»y itsi'll i.s not adequate to ex[)lajn the iilienoinenon Forsti'i lias shown 
that as a coiiscijnence ol tlie flin tiialions in the distj'ihiition ot the nioletules ol 
th(>, lluon'seeiit niatcTial in sohitions which are viscous, the concentration extinc- 
tion ol Hnore,S(;en<'(^, lor nidividnal excited niolecules tak(*s jilar witli ditleient 
[irohabilities. The r ontiilintnm due to this towaids (pienc-liiiig is teinied staitii id 
extinction’. The jii^'^'Wcaii luea sn rein ei its of lluore.seence yu'ld with varying 
eoiiLentrations of dye stutfs 111 .solutions hai ing diilerent vis(osjti(‘s have hec'ii 
iiiiclortaken to confirm the ahovc. 


46 



46 


Letters to the Editor 


The cAX'f'i’Jiiif'ntal .sot-up i.s th(j fiamo as describorl earlier (Machwo et aL, 1()64). 
Tlic (lyes used in tlio jireHent inve.stigation are Rodiuni fluorescein and acraflavin. 
TIjc solv(‘iit viMioHily IS vaiied by tnknig suitable glycenn(^-\\ atc'r mixtures. Tlu' 
ex(iting radiation is llie un|K»lari.M(’d Ilg line A 4Ijr)SA. In Fig.s and 4 



J Filial I 'lt'iuH l3ti])oiul(Mii'o fif yn‘)«l on ••oik eiii ui, lion in (J) u'litor, (2) wfitor 
f>:lv< oniio 10 <‘|), (11) WJiOn I Klyeoriiio 100 fp mnJ (1) Rlyconno 1.100 cp. 



f Fnj. J Acrujlaviii . Dopondoin'o of yield on coiirontmtion in I he .Siiine solvents us fig. 1. 

aie rexirediieed the date obtained In ii.s. Figs 1 and 2 sliow the dependence ol 
tlnmesuMiei’- yield on thi* eonecnitration (f) ot tile dissolved .snbstanee in 

dirierenl solvents Inudng viseosities in the rangi* of 1 ep to 1500 ( p Figs 3 and 4 
slunv the (l(‘X)(‘ndenee of \ leld [L„!L) on the M.seosilv [tj) nt the solvent 
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Tt will bo scon frfnn. llio graph that, in tlio conconlratum region soloclod, a 
linear relationship exists botween the fluoiesLonie yield {LJL) and concent rat ion 
{(') This agroc’S well with the results obtained on the basis ni the dirfiisuni theory 
and indicates t)ie oecnin'iieo of eollisions of the soooiul hind. Fui a lixc cl value (d 
//. /> in E(]n. 1 remains constant and thcrclorc, the statical extinction iNdl have 
no {dfoct on the. linear rtdation between LqIL and C. 

The diffusion tlu'orv, Kon 1. also invdiets a linear relationship betnei'ii IjJL 
and l-'/y, but our measurennnita (Figs. and 4) show a cUniation iiom sm li a reda- 



Fig. 3. Fluorescein • Bopomlouco of yield on viscofeity ot solvorit. 



Fig. 4. Acrafiavin : Dopondenco of yield on viscosity of solvont . 
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tKjiiRlu]) Tins sliowH that ihv, rliflusioii tlieoiy is not atloquato l)y itself in ox- 
|)lainin{< ilie losiilts, wJien in Bqn 1 is asmiiued (.onstant. But ii one considers 
in addition a statical extinction, tin* value o( p will diaii^e with t/ anfl can exjilain 
the, nonlini'ar relationslii]) hetwa^en LJLiwi \jf/ Snnilai results wane olitaiinal hy 
us in the (,ase ol jhod.iniin (Machwe and of anthraeinio liy iSveslinilvoy 

if nl (lOnti) So it IS |■oasonahle to assiinie tliat in tlie ease of lluoresiiein anrl 
.icralhivin solutions also (he translei of excitation eiK'r^v takes place tliioii^h tlie 
ni(‘elirinisiu ol dilliision theoiy as modiiied hy eonsideiatioiis of fliu t nations in 
the dist'i ihiition of the solute inoleeiiles in solutions 

It E !•’ E E J\’ tJ E S 

Poifltor, T., Jy40‘ Hh. Nalurfornch., 4a, 3iJl. 

Miu'hwo, M Iv, rt ttf, 15)Ij4, Cun. Set , 10, 301 

Svusluiilvov', II Yii , iiml 'rinhflioukd, (t A , lUoO, Opltka S j)(‘L(rnf>kaj)ui, 2. ITi.") 
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STUDY OF ELECTRON AFFINITY FROM GAUSSIAN FORM 
REPULSION TERM POTENTIAL FUNCTION FOR 
POLAR DIATOMIC MOLECULES 

H ? TANBON. M. 1>. BHITISA and K TANBBN* 

I’lTYSK AU LADORATOllIE'.S, UNIMlUaiTV OF .loDDPl U. JoUHpru. InD) \ 

{lincived June ] I, Iflfln ; Tfc^iuhnnttrJ Sepfnnher 1. l%ri anil Knv 3, HlftT)) 

Tliuovutical iiiutliofls (l*riU-bai(l. 1953) yiuld very divuiffuiit values ol (‘leutron 
afyinitv of ulouiuiils. ulnch an* also not m «oo(l aKi'uuiueut witli llu* uxpuTnuuntal 
A allies Present comimiiiieation iTports a inethoil “I ealuiilating tlie eledioii 
iiflinily <d an (*leni(‘nl in tin* I’ase of ]»olar inoleinles usln;^ ^aiisHian form Te])ulsioii 
teiin ])ote]itial fiinefion 

The stiidv of ‘|)ot('ntial fiinitions (llleielv and IVlaver 1934, Kunnnuni I9;)9, 
Iviei* and Kleinpen'i , 1957 Vaishni 1957 VavKlini and Sliulla. 1991) reveals 
that oiiassian form ie]mls‘ion teiin .u)e(|iiatoly inelndes tlie polar j/ahon. ^ . ndei 
Avail and short raii^re repulsion (dleets Sueli a funetion may he r(‘])resente(l hv 

- ( -e-//‘)-l ^4 exp ( ^M^) (1) 

Avlieie A and h me eonstants and other syinhols haAO* usual lueanmy Applying 
tlie rolloMin^r eonditioii of suitahilitA' to e(|uation (I) 


rU)r.re - !> 

{dVl<lr), „ - 

and 

{drV{<ir\^,, - /‘V 
and then iituii^' the relation e(|uation (3) ((hiydon. 1953) 

Me }ii‘t the relation O(|uation (4), eonneetin^^ the eleetron affinity (/i, dissociation 
('iiei-fry /),. ioni 7 .ation potential (7). loree constant foi infinitesnnal amplitude 
{k'A and etiuihhriuni intermie.lear distanee (r,.) 





To sho«- tho appliciiliility of thiB relation, tin' olcctron affinity ol olitorinc iilniii 
ill the caKo of NafJl inolrcnlc haa been oalculated. The K,, r, and values 
♦Ohoinieal laboratories. Unn'orsity of Jodhpur, Jodhpur, ludm. 
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ll(■(‘tl l.iikdM lioiii 11 h' (lain <il Tanrhm juhI Tandon (19()4). The A’^aUies ol ioni- 
/alidii polctilial arc taken Imhh Hndf'iiiaii data (HMkJ) Thi* result ohiaiued is 
(oiuiiarcd with llial dhtaiiKMl hy nlher th(Mirt‘li<-al and cxperijuentnl nu'tJiods 
('rahh' 1). It. IS (d iid.ei<'St tn nnt(> (lull the linear exti aiMdatioii inethnds yit'ld 
hii!:hei value's when' as the ((uadratie uin's yiedd luvvei dues The values fi)>taiiied 
hy eiiuatuui (d ) are ui chise agieeiuent wuth the uhserved inagiictreui and electron 
iini)aet. nudhods 

This nudhod has heeii a])pliefl to ealeuhile eh'cti’on affinities of trventy elcaiieids 
in ahout one hundied .ind fifty diatomic jiioleiules 'Phe results arc in good 
agreement, witli (‘^[)(‘I iinental valui'S (Vritchard, 1953, Jhige, 1905), 

TABLE 1 

(tonijiarisou (d values of eleetiam affinity R((‘.v ) ed <‘hlorine atom hy 
diffeumt methods 


10 (o v) 

Moiliorl 

Aiidiov 

3 91H3-L0 05 

by oquaiion (4) 

l»i'esont 

1 S 

liaour oxlrapolaitoii 
of ionization poiontia.1 

Prilc'linid 

(1953) 

3 7 

ipiadratic extrapola- 
tion of ionization 
potoiitial. 

CUocklor* 

3 1 

do 

J3atOR’'' 

.{ U.5 

do 

Pritchard (1953) 

3.581-0 13 

siivtai-u ionization 
inea.snroinonl r 

Eiiknl’hkil and Tono\ 

3 5)13 

liilliico onci'KiOR 

rriU-lmrd (10,53) 

3.93^0.171 

inaKuetron 

Mitchell and Mayer 
(1940) 

3 7241-0.4.U 

do 

.ramo.s e( al. (1943) 

3. 995) J- 0.20 

electron mipaot 

HanRon* 


■'■From Pnichiiid (19fi3) 

The auf hors w ish to exprc'ss heart-felt thanks to Prof. B . C Kajroor, T) Phil.. 
T)Si. and’ Pnd' A. Mookherji. D &>e , for helpful diseussions and suggestions. 
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VAHIATIONAL PISTNCII'I.KS IN THK THRORY OR (iOLLIRONS -)>v 

Y. N l)4'ink<iv iuwl tvn iiKlsit (*(1 IVoni UusKian itv N. KoniintT. 

))V INM’^anioii Pri'ss jii MKili. 

This tiioM()^r}i])h is dovotr-rl solely i<» Hie a])]jlicaiioTi of A'^ariaiional priiiriplos 
to sciitlei iTi^ ■|ilicnoiii('na, Thoup;!! llu‘ varia-tioiial iiu'thod has pvovoil to ho a 
well tcstiMl procodori* ol‘ (piantniii moohames siiiee 192S or c-von earlier. y(‘i its 
eousidei'iition was mainly eonfineil to the diseieto speetrum. Tt is only in 1944 
M lion Hult'luoi w as the first to r(*e,o|;nize its apiilieation to the collision phenomena- 
In I Dor), Mott and Massi-y pnhlished a inonoj^raph in tact the first monof!;i'a])li in 
tins snhjmf, eiitilhsl The Theoiv of Atomic (/ollisions" wlien* howc'ver, t]i(‘v 
devoted vmy litth* on the variational prohlems This nuHiof^ruph, thorelore, 
■serves a \er;s oood |mr])o.se ol a eomjnidiensive revnm on this entne field. Bid 
iinfoi tunahdy. this inono^ra])!! is not a eoiiqilide one since many important works 
III tins 0(1(1 li.iv(' ap[M'an'd arj.(‘r tin* Kiis-siaii (^dition was prepaied ehm'Hy the w^oiks 
h^' Kate Siinieli and I’osmihm^ aie worth inenthinin^ Althoii^'h th(‘ Author 
recot^nized Ihts jj^.ip in t Ins forew'ard to tli(‘ English editoi.s, lie did not attempt, at 
ineoipm atinjj; tlu'se wmks in thi‘ body of this jnono^raiih. thou^di an ineliisjon of 
thesis works wonld have gri^atlv addl'd to the vivlne of the hook. 

Thi'i'e are many liiood feature's of this hook wineli (h'SeiTc mentioning, for ins- 
laiiei'. the (‘\teri( of material covered here aie sim])ly enoi'iiious matliematieal 
proofs ar(‘ gi\'(*n with I In* di'gri'i' of acenraiy that is iisnally coiisHh'red sufficient- 
for [ilivsii ists worknig ni this field This hook .sedeets onlv .some, out ol the large 
inimhi'r ol ])iohlejiis in tin* theor\ ol collisions that art* related to vmiational 
prnu iph's eoidining its at-li'iilion to non-relat-ivistie stationary prohh'ms andhaidly 
discusses nomstat ioiia I'v prtdileiiis at all. FTi'ie the Author has presented, in a 
lucid manner the foriiiidation of the vaiiational priniph'. tiu' coimection hetAveon 
various lormulations of variational ])iinciple.s and sul)se(]nently their apphVation 
in the tlu'ori’ of collisions. Tin* optical t-heori'in, the principle of detailed lialance 
or tin* Yinal theoiem etc., havi* heeii arrived at hv consideration of functionals 
oheving variational princijiles. This hook dinils with coiicerete prohlimis that are 
suftii ii*ntlv geiu'ral to make the ('Ateiision to nnire comiihcated prohlems such as 
the scattering oridcetrons hy atoiiis a matter of no tiiiidaniental difficult'N' and wdth 
a (darity (hat is not evident hy more eoiiventionul iirocedures. 

Lastly, till' English translation is vi'ry w'ell doin'. On the whole, it is a ver^' 
AN ell ANTitti'ii hook ANdiich is ahsolutelv f'.ssentnil to all working in this field. 

A jS. Chahnwnrty 
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THE NEAR ULTRAVIOLET ABSORPTION SPECTRA OF 
ORTHO- META-, AND PARA-FLUOROANILINES 

M. A. SHASHIDHAl! anj> K. SU UY ANAK AYANA llAO 

I)13P\11T.MBNT OF PllVSTCS, KaUNAT^U I'^JJVJniKlTY, DHAm\ AU-li 
{licccivcd Angu/^i 215, IDliij; Jio-submittcii Vdoh^r 18. I‘)fl5) 


Plai.c 1 & 2 

ABSTRACT. 'I’ho near iiHravjolpI iibHorptioii apoctru of l.lio vapours of iho ortho, 
meta-, .mil iJinM.-fluoioninlinijs ]ihologi’aphcfl ivnd aiuilys^'il T'lii ^iji'rlrinn of llio ortho- 

nooroLuiiluii cousist.s of al)ouf' 2 .') roil-tlogniilotl him<(s iii tho region HU(io- 27 jOA and vvifh 
tlio hand al nn i .is (U,U). I lioso li.inds tan l>o intoiprotod in tiu’uiH of ton ground stain 

and oiglif ujipor stain rntidamontals Alatut Ilo lod-dngiadnd hands aro roi ordod in tho 
apoctiiim of tho inota-ihoinor in Iht) ingmii 25 t'> 0 - 2 (*.‘<.') A and am o\i)laiii(>d on tlio hnsis ot nino 
ground st.'to .ind twolvo iqipoi sl.ilr. fundamont.d.'s wilh tlio hand at .31020 ohoRoji as 

( 0 , 0 ). In tho spofti'um of t]a> ])ar.v-)nolo(*ulo, .diout 2 o rod-dugiadtd himds arc* ohsorvod 
ill tlio mgioii aiO()- 27 J()'V .Did am ndorpioted in I arms oi two ground stato and iiuic upper 
stato froquoru ic.s, taking tlio hand at ‘{ 2 (i ({0 (in-J ub the ( 0 , 0 ) band. Tlio aBSignmontN of 
iJio tnndamt'ntals clioson in tlioso molt'oulos .iro coirolated Avitli tho Hainan data whom 
ava,ilahlo 


L N T 1 < O i) IT C T 1 O N 

Aliliougli tlu'. ultva.violoir<ili.S(ii j)tj<)n spiuitra of anilino and ol boiik^ sulisti- 
Milcfl aniJiiios M’ort' iiiroHtigatod, .suhsiiiiitorl aiiiliiifs Htill nupiiio a aysioinatic 
sliifly. In of this, ,i study ol tJic near idtravjolct ahsorptioii s^ieetra ol iliiori- 
natod ariiliiir'S. JlcHne]A^ ortho-, iiieta.-, and paradluorounilines, Avas tarriod out- 
A ])reliuunai||\ note giAung tin* results Juis already hee.n pulilLslied (Shasliidhar 
and iSin yaiiarayana Kao, ItHio). In this paper are reported tlie details ol the- in- 
vestigation, TJie Kanian spettriiiii of para-eoinijoiind lias hec^n .studied by 
Kohlraiisch and Ypsilanti (11)35). The Kaman sjieetra ol tJie otlier two niolctideB, 
Tla^lol^^ oi'tho-, and ineta-nioleuiles do not seoni to haA’^e been observed ye-t. 
There are, hoAvever, iiitiujiolate-d Kainan speeti'a ot tlnise luoJeeule.s (Kohlranseh 
and ‘Vogel & Hertey 11)47). TJiere do not seenn to lie any infra -red spootral data 
.ivailahlf! v^et on these luoh'eiiles. 

EXPERIMENTAL 

The samples of ortho-, meta-, and para-fluoroanilines used in this investi- 
gation Avere ohtaimul from Light Co, Kugland. Tlie boiling points of ortho-, 
meta-, and jiara-fluoroanihnes are 17.5‘^(h 186'^C, and 187*li“C resiioetively . They 
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\vor(! puiifuirL by (li, stilling tiiroo tiinos m vacuum scaled tubes and this distilled 
fjioduot was iisf:d Icr lurtfici- woiJf. TJu“ absorptum tube -was an all quartz one 
<)l flillerent leugtiis with fused ]»l.inc (juartz window's (huigtlis b eins, 10 ( jiis, 
Jo cius arid fer liiglier path h'ngllis (|uai’fz to pyrtix graded seals were iiserl). The 
absorption tasll was evacuated eontinuoiisly W'ltli iiiteniiittent heating so as to 
degas tli(^ tube. The distillefl product A\as then introduced into the side limb 
ol the absorfitiori tub(^ and then suddenly the temperature of the side limb was 
low (led l)y muiKosing it in a cooling mixtiue and tlie whole system was then 
evacuated lor about lialf an lionr and the tube was sealerl off. Under these 
conditions, thi‘ subslanee in tlui absorption tube would lie approximately at its 
saturated vapour pressui(\ For tern ]um atnri'S higher than the loom temperature 
it was ioLind d<‘suiible to keep the mam body of the absorption tube at about l(f C 
highei in tenqaTsitnre than the container .so as to eliminate tlie possibility of the 
vapour eoudeiisiiig on the inside and the w ludow^s of tlie tube. Hilger hydrogen 
lain]) inn on a. stabilised diie.et eniieiit hydrogen lamp ])()wei supply unit FLIO 
w'as used as n, soiiree o( eoiitiimiiui Npei trograins were taken on TIford H-4(l 
and (l-llO pla1,e,s employing a Tlilger medium ([uaitz S})(‘ct()grapb . Kx])osiiie times 
varuid lioiii niiiuites fo 7 hours. Absorption path lengths b cms, 10 cms, 
2b eiiis, bO eiiis, 75 eiiis. 100 enis wine used. The temperature of the absoiption 
eell was vuriial fioiii -lO'dI to 150' (b Wae.h band wasmeasuied on three different 
sjiecliograiiLs using a Hilger e.ompaiator with referenei* to the standard iron are 
lines and using Hartiinniirs dispm-sion formula, and tlu' mean value of the rhflcrent 
determiiiations was taken lor the w'aveleiigfh of (sieh baud. Band heads were 
lueasui ed m the cas(‘ ol sliarii lainds and lentres in the < ase ol diffuse bands* 
Inteusilu's are vi.sual estimates. The aceurai y of measurements lias been esti- 
mated to bi* about bcm“' lor the sliarji hands and about I0im“^ for broarl or 
diflusi* baiuLs. 


li K S ti L T « 

Oilfio-JliiDnxnnlinc , The absoj|)tion speetium ol this inoleeule lies in the 
region :iO()b.l-27bOA 'flie bands are rather sluiip and degiadefl to the ri*d. Tlie 
sjH'ctra wme i)liotogra])lied with path lengths b em, 10 em, bO cm, 75 em, and 100 
em at i oom tempei atiire and at temperatures hetw een — lO'U to 1 50'^ Cb The maxi- 
mum uuuibei of bands are obtuineil with a 10 uii eell at room temperature. At 
Inglier leiu|)eratin’es tin* absorjition on the violet side grows stronger and becomes 
eontinuoiis iiml more liaud.s gi'adually appear on tlu* red I'lid of tlie continuum. 
7’lie aiiiomd ol i.ipom ni Hie absorption <*(‘11 wa.s adju.ste<l as (b'sciibcd carhei . 
Till* longesf wavelengHi side band nt;i0(>:i.A is recorded at room temperature using 
at 100' I III ('(‘11 

Mr(t(-ffu<niK(uilun‘ 'riie ab.soijition spectrum lies in Hie region 2050 A, to 
JOSbA I lu' bands are sli.ii]» and degraded to flu' red. The maximum iiiuiibcr 
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PLATE 1(a) 
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0(0 -v lU 

0,0 f 3.34 
0(0 + ^04 

0,0 t 5-14 
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llltiavjolel absorption .spectrum of orlho-fluoroanilinc vapour at room temperature 
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PLATE- l(b 
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Uliiaviolct absorption spectrum of nieta fluoroaniline vapour 
al loom icmpcraturc. 
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PLATE 2ia^ 


! 




P.ith leni-lh 80 cm 


Ulluviolct absoiption specirum ofmcta lluoroanilinc 
vapour al room leiupcrdUiie 
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PLATE- 2(b 


OP-4S7 


0,0 - 4S7 + I*>^ 

0,0 -153 

0|O 

0,0 -f %7 

0,0 -Y 18-6 

o.o-t-aii 

0/0 + 

- 0,0 -V •311 -^411 

0,0 -f 

'' 0 , 0 -* 2>412. 

■ 0/0+ 11 + 3 

'' — 0/0+- ixogf ^7 

0,0 ■+ 1 ^ 

0,0 + xx'jxi + *37 

0,0 + l2-fc7. 

0,0 4 Ubl 

0,0 -V 3 


0,0 4 + 

0,0 4- 

0,0 '^03 


Paih leneih . 25 cm 



IJliraxiolei absoiplion spectrum 


of Para fluoroamlmc vapour at room temperature. 
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ol hands ai(‘ rta (M'dod witli a 2r> t ni al. ronni lrni])rraliii (‘ Tin* cThM 1 ol' inci rasiiiji 
and path Iciijilh is tin* saino as in the lasn ol or1 ho-i oniponnd 

Pour-fitionunnlnK’ Tim hands ol' llm '|).na-isonna li(‘ in llii' rrtrion 
:JhK)A io27IOA. SonuMil' 1 h(‘ hainls aiv soiin wliai sharp and Uu' ollic'vs am lallmi- 
hroad and tlit’ty are all dop;reded to the rod. The iTfoet of ijieroaNin^ toinperatnri' 
and path hnigth is the sann‘ as in the ease ol oitho-and nud.a-Hiioroanilinos The 
ntaximuin niiinhor of hands am roeordod vxith a 20 cm cidl at room tompmatnio 

The first two i olumiis of each of tallies T H am 1 ITT giv(‘ till' \\a\ e nnmhors 
in vaciiiini ol the hands and their visually estimated intensities ri'spect ively of 
ortho-, met a-, and para-fliioroanilines. 

A M A J. Y S I S A N 1) D T S CUT S M T () N 

OHhn-fIiii>nKnnli}i(' . Tins molecule helongs to thi^ ])oint group (\,. The 
molecnli' has only one (dement ol syinniotry namely, the ])lan(’! of moleinle assum- 
ing to h(‘ a single unit and the whoh* jiioKm uli t.o he ])lannr, whu h is a plam^ 
of symmotiy The tiansition, whudi is.d' -.1', is an allov^’('d one with tlu' transi- 
Lion monu'iil lying in the nioleenlar ])lano. 

The minimum nuniher ot hands for this isoiiK'r are recoided with a fi cm 
eidl at - HIT Ol these, the one lying at the^ longest v ave length sidi' at ITTriHT 
(in ^ IS (diosen as the (tl 0) hand of the system The strong hands on its long 
wavelength side with separations 2(>1. Ili)0 4112. 501, 117K. 1251 1502 10 Hi 

and 1047 eni ' arc identifKMl as th(‘ ground state Jundamentals, \ihll(‘ the strong 
liands on its short wavelength side with shifts 111, 204, TOT, 514, 705. II ‘14. 1245, 

1 Ttill cm ' ar(' assigned as the fundamentals ol np])(‘r elm tronie stiit.(‘ of tlu^ systimi. 
'IMiese tmi ground state and eight iip])(‘r stat(‘ fundamentals can account tor almost 
all tlui hands of the system. Idie sejiarations ol tlu^ hands ol tlu' ortho-thioroani- 
lm(‘ fiom tJie (0,0) hand and their a.ssigiiments are giy(m m columns .'i and 4 
respectnely of table T 

u Oman ill ')U' • Meta-fluoroamhne hire the ortho-isomt'i , (lelongs to 
the point group Cg. The nunimiim niimhei of hands lor this isomer are riicorded 
with a 5 cm cell at Of these, the one lying on the long wavehmgth sid(‘ 

at ;i4620 em“’ is taken as the (0, 0) hand oi the system. TIk‘ strong hands with 
separations IKi, 223, 288 410, 452, 508, 027, 737, 840eiii~A fiom tlu^ (0. 0) hand 
towards the longer wavelength side are assigned as tTie ground state iundamentais 
The strong bands with shifts 72, 181, 229, 289, 447, 490 098, 773. 918 Ills, 
1249 and 1471 em“^ from (0, 0) on its violet side are takmi as tlic^ fundamentals of 
tin' upper state. On the basis of these nine ground slate and twidve iipjau- static 
fundamentals, all the hands of this isomer can be. assigned. Columns 3 and 4 
of table JT ri^sp^mtively giv(‘ the shifts of the bands from the (0. 0) hand and tJieir 
assigiuiients, 
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TABLE J 

Ultraviolet alisorjjtujii bands <)t ortlio-iluoroanilme 


Wavo 
numbor 
(vacuum) 
m cm— J 

Relativo 

Intensity 

Shift frnm 
0,0 band 

III c m ■ i 

Asflifrnmoji t 

32fia7 


— 1 047 

0,0 — 1947 

(0,0 — 350 — 2 X803) 

32017 

2 

-1613 

0,0 — 1013 
(0,0 — 2 x803) 

33082 

- 

— 1502 

0,0 — 1502 

33333 

0 

— 1261 

0,0 — 1251 

33400 

2 

— 1178 

0,0 — 1178 

334 HO 

2 

— 1104 

0,0 — 1502 + 404 

33781 

3 

— 803 

0,0 — 803 

34020 

1 

— 564 

0,0 — 564 

341G2 

1 

— 432 

0,0 — 432 

34234 

1 

— 350 

0,0—350 

34323 

1 

— 201 

0,0 — 261 

34584 

5 

0 

0.0 

34057 

0 

73 

0,0 + 614 — 432 

34695 

4 

111 

0,0+111 

34878 

4 

294 

0,0+294 

34088 

4 

404 

0,0 + 404 

35098 

3b 

514 

0,0 + 614 

35249 

lb 

665 

0,0+1403 — 803 

35338 

Obd 

754 

0,0 + 514+2 X 111 

36379 

1 

795 

0,0 + 795 

36406 

1 

822 

0,0 + 294 + 514 

35617 

Ob 

1 033 

0.0+2 X 514 

36653 

Obd 

1069 

0,0 + 795 + 294 

35718 

Obd 

1 134 

0,0+1134 

35829 

Ob 

1245 

0,0+1246 

36947 

lb 

1363 

0,0 + 1246 + 111 

36047 

Ob 

1463 

0,0+1403 


b = broad; 

bd = broad and disuse. 
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TABLE LI 


UltrUiViolot 

absorption 

bands of 

iiiotu-lliioi oaiului 

Wave 

number 

(vacuum) 

m 

Itelativi* Shift from 

[iiionaity 0,0 band 

UL cm- 3 

Assigiimont 

33771 

0 

— 81(1 

0,0 — 846 

33H83 

0 

— 737 

0,0 — 737 

3391)3 

1 

— 027 

(1,0 — 627 

3404G 

0 

-- 571 

0,0 — 2 288 

34112 

3 

— 50K 

0,0- 508 

341GR 

1 

— 452 

0,0- 452 

3421(1 

5 

— 410 

0.0 410 

34332 

2b 

- 288 

0,0—288 

34397 

4 

— 223 

0,0 — 223 

34504 

2 

— 116 

0,0 — 116 

34020 

7 

0 

0,0 

34692 

0 

72 

0,0 1 72 

34801 

2 

181 

0,0+181 

34819 

4 

229 

0,0 + 229 

34 909 

- 

289 

0,0+289 

35007 

3 

447 

0,0+447 

3511(1 

4 

496 

0,OH-490 

35208 

Ocl 

588 

0,0+2 X 289 

35209 

Jfl 

049 

0,0 +2 X 289 + 72 

3531 8 

2 

698 

0,0 + 698 

35360 

1 

740 

0,0 + 289 + 447 

35393 

5 

773 

0,0+773 

35474 

Ob 

854 

0.0-1-773 1 72 

35538 

2 

918 

0,0 + 918 

35588 

2 

908 

0,0 + 447+496 

36738 

2 

1118 

0,0-1-1118 

35817 

2 

1197 

0,0-1-9184-289 

35837 

1 

1217 

0,0 + 447 + 773 

36869 

2 

1249 

0,0+1249 
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T All Lie T 1 — rontfl . 


W’^llVO 
niimlini 
( viujuuiii) 
in fin— 1 

IblliLl.l VO 
Jnl onsily 

Slid!' from 
0,0 band 

III cm-i 

Asmf,cinnen( 

rifioin 

2b 

J471 

0,0-1 1471 

:i(;30o 

Jb 

IGHO 

O/H-773 918 


Oil 

1844 

0,0H-2 X91S 

nC557 

Ob 

1937 

0,0-1 147 H 147 

MG7S0 

Oil 

21 GG 

0,0-1-918-1-1249 

:i0G02 

Ob 

2282 

0,0-I-2x918H 447 or 
0,0-f 2 X 1249 — 223 

:i7():i(i 

Oil 

24 IG 

0,0+1471 1 447 + 490 

:m I HO 

Obd 

25G(i 

0,0 1 2 > 1249 -1-72 

:{7i>f'> 

Olid 

2G29 

0,0-! 2X018 1 773 

b = In’Oiid; 

bd broad und diflnRo. 




TABT.K nr 


ITllravioU't 

absoi’idioii IhiikIh rd’ piira-lluoroamJiiio 

W nvr^i 

nui iib« jv 
(viM'unm) 

III fin-i 

■Rohil.ivo 

Inl.oriftil.y 

81iif1< from 
0,0 band 
in f m* ■* 

ARFiipcnmoid. 

ri2212 

1 

— 457 

0,0 — 457 

:i2407 

1 

— 202 

0,0 — 457+180 


2 

— 153 

0,0-153 

;t2GGU 

7 

0 

0,0 

:\2i5u 

0 

K7 

0,0 I 87 

:\ 28 nr> 

0 

180 

0.0+18G 

:r20si) 

7 

311 

0,0-1-311 


0 

350 

0,0-1-828—457 

23001 

G 

422 

0,0 + 422 

33193 

0 

524 

0,0 + 422 + 87 

332G3 

1 

594 

0,0-1-594 

33418 

7 

749 

0.0-1-311+422 

33497 

0 

828 

0,0-1 828 

33523 

1 

854 

0.0+2x422 
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TABLE m—coiitd. 


Wa\ o 




umiiliei 

Itclulivo 

Sliift lioiii 


(vaniinn) 


0 0 biiml 

Ah'.i^iuxu'iil 

Jii i-ni 


U) ( 111 


3:i812 

3 

1113 

0,0 1 11 13 

:{:iS77 

2 

I20‘.l 

0,U-1- 1200 

:i:i5i:ii 

2 

I 2 r .2 

0,04 >-1.2 

.•UillSS 

2 

131!) 

0,0-1-12004 S7 

3432.7 

21. 

1 (»7b 

0,0 4-2 >.828 

3^421 

1 

1772 

0,0 1 2.;82S 1 S7 

3477 1 

Jb 

2(JS2 

0,0 ! 828 1-1202 

37077 

lb 

2381) 

0,0 1 11.13 f 1202 

37 J liS 

2ba 

2 t'J'J 

0,0 13 ^ 82S 

.177 IS 

IImI 

2S7!) 

0,0 1 3'.S284 422 

37l)!)7 

oIkI 

3320 

0,0 1 4 ,.828 

.KtJliJ 

Obd 

3003 

0,0 i 3 82S i 120! 

.. 

— 

— 

— — 


|i hioiul, l)il - broad and dillnso 


P((i(t~jli((iio<tiiHiitc Tins JudU-oilr liclon^s (<• Xhv ]iumt C'uo. 

lunnU Ixdoii^ m this ca-sc, tn tlu‘ ti aiisituui A, llic l.iJisdJu]i umuucmiI 

111 iUc iikjKh iila.r uliUKi aiul lUMiK'iidicLil.ir !«• 1 li<‘ ]tuni-iiMS. 

Tlu‘ iiiiiiijiunii luiiiibc'i' oi hands loi tins inolci iilc uic lec-oi'dcd ^\llll a- jj ciii 
cnll ill 10 (' cind o( llu'Se, tlio oik^ \n ludi lies (n» tlui lon^fi-r u.ivtdnnyili sid(‘ at 
im -^ IS i liosi^n as (0.0) hand On tlw u-d sido ol tin* (0 0) hand aia two 
hands with shills ITdi, 457 riii h IMk'Sc may l»<' assigned as ground si.do I'unda- 
niiMiuds and covn'laU'd with rxiunaii litH(imjuics Kit and 452 chl ' Tin* lollnwing 
slimig hands on the violet sid(‘ ot the (0.0) hand at S7, ISO 411. 422; .j04, S-S, 
1144 1200. 1202 eiu-' are identilied as the apijper slate 1 niidamenl.ils Aliiurst 

all tlie ohsi-rved Irands can he ex}dained in tenus ol these two giomid state and nine 
iipjier sla.t(‘ limdanientals, Ooluuin li ol iahle. Ill gives tlir, hlnlls ol the observed 
liandv^ iroiu the (0, 0) hand w Idle eolumn 4 gives their ussignnumls. 

It may lie mentioned that in this mohaule despite llie lait that the spectra 
were talnni under dillerent jmssihle ex]»ei-inientiil (onditions not niori' tJian lliiu' 
haiifls leave heen ohtained or the red side ol the (0. !>) hand. Two ot these hands 
h.ive lieen iissigneil as ground state hinddiiientals In eontrast. ni the oitho-, 
and mctii-. i.sonu'rs, many gionnd state iniidanumlals hav(‘ fteeii ohtained. Wv 
hvun' no evjtlaiuitioii lor this latliei stiunge (eatiiie in the p.ii a-nioli*i ole. 

-rin; ii.s.signiuents ol most ot the hands .ire indieate.d on lepj odnetioiis in plates 
I. 2 and 4. Since the jjieliniinary note on this invcHtigat.ion, riileried to eailuii , 
Was sent lip loi’ jiuhluatjoii, the aiuilyses liavi* heen sliglitly Ji’Visi'd uid with 
Ihe.v' slightly revised analyses, it has Ijeeii pu.ssihle to assign almost all h.imls 



TABLE rV" 

Fundamental frequencies of ground and excited 'itate^ of ortho-, meta-.para-fluoroanihnes 

Grc'und State frequencies m cm-i Excited State frequencies 
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1251 (0) — — 1270 (St) 1293 fSt) 1265 t4) 1245 (Ob') 1249 (2) 1262 (2) 
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]ii tho Hpoctra. It may bo seen that the fundamentals, howov or, lomain nearly 
the same. 

Stnue albornativo asiignmonts for some of tluj bands in those spec tra as ovor- 
l-oiicH and combinations may be "{jossiblc, ns indood \\(^ ihid they art'. But wo 
juefer the assignments givim in the tables because we loel that the bandfi ^so lutve 
clioaen as finida] non Lais are a little- too intciLSe to bo logardod as eonibiiiationn or 
or overtones 'fiiis arguinoiit also applies to tho band 1947 eiii ^ in the orDio- 
mdojide. h’urlhcr, along with the ultra-violet abac»rptiou vork uo havtj also 
retorde 1 and analyse 1 the inlra-rod spectra in tho liquid state of ther.i* molotiiloQ 
(eomniunieaLed) and tho analyses ol those infra-rod spoctia confirm our asulgii- 
mcids of tho iuiidanicntals in tho x^rosont work. 

Tii(i (iorrolations botwo.cii tlie ground stato liiiulainentalc from Banian sjiettia 
and tho pi (‘sent work and tlio up])or stato liiiidciinontals uht.iinod from ilio prosont 
w’oik aie indicated in table IV for the thioe luolecnlea. 

IL may lie m out ioiu'd that th(‘ agreomont betweon the gioiiiid sLato funda- 
Mientals obseived in ultia violet absorption in the x»rosent \vork and tlu' intoi- 
polalod Banian s]K‘etia m tlii‘ case ol ortho-, and meta-isoniors is, in some cusos, 
not satislaetory hut it may not ho loo suiqiiising, coiiBitUn’ing that the ava,ilablo 
Jlijiiai) spoiitra of those molecules are not observed ones but only iniorpolaLod 
ones. 

Tile shifts of tho (0, 0) bands from that of bonzeno arc 3506, 3409 and 4520 
eni"^ in ortho-, meta-and xiara-molecules respectively. The sliifts in the ortho-, 
and iiK'ta-sonK'i's a^(^ nearly ocxual whereas the jiara-molocmlcs exhibits a markedly 
Jaigc sliitt This influcneci of tho jiara-position fluorine atom on tho sliilt of Iho 
(0, 0) hand is also displayed by xiara-fliiorotolueno, (Cavo and Tiioiiipson, 1950) 
wlu've the shift is 1212 cm-^ as coiiiparod to OVB ein"^ in ineta-, and 513 ini“^ 
in ortho-isomers. This is ohsoived also in jjara-difluorohenzene (Cooxier, 1954), 
paia-lhiorohenzonitnile (Oooiier, 1953), jiara-fluoiooholoio benzene (Krishnamachari, 
1957), 
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A GENERALISED DIRECT EXCHANGE INTERACTION: 
APPLICATION TO HEUSLER ALLOYS 

NAJIENDKA KUMAR and K. P. SINHA 

National (/Jijsmjcai. J^AiJoitATOKy, Poona-8, India 
{Hectiv&d Stptamher 30, 1965) 

ABSTRACT* A ^'onrirulisfid HoiHonborg-f.ypo exchange mtej-action is discussed. Tins 
Hi-iHUH lioni n coinhinid.ion of n-d mixing olIoctH as well as s-d oxclwingo It is shown that the 
offoclu'r fimjjliiig shows an oscillatory behaviour. This mechanism is applicable to magnolic 
alloys whiM'o pararnagnoiK atoms aro fni .sopava tod from each othoi A ipialitativo i-ompansoii 
witli Honio riouslor alloys is made. 


I N T R 0 P U 0 T 1 () N 

In niagiH^ticiilly ordevod solidH where the paraniagnetio ions are far flepa- 
nited lioin eacli ol/licr, the dm‘(‘i exa-hauge interaction between tlie,ir localised 
rnagnelK eaiTie.rs is extienioly feeble to bring about any appretiable couiding. 
One usually invokes ineelianiKnis such as superexchange or indirect exdiange 
involving the role of the diamagnetic ions in magnetic compounds (Anderson, 
11)51); Koide, iSinha and Tanalic, 1959). In magnetu; metals and alloys the indire.ct 
I'lXeiia-nge via tlie polarisation of eondiietion eleetron is often tresiti'd as the iinpor- 
(mit meuliaiiisin. Tins is essentially a second order process involving K -d ex- 
changes incelianiam (Kasuya. 1959). The magnitude of this indirect exchange 
inieraetioii decri'ases as the inverse third poser oi the distance bidween the niag- 
lu'lic ions in (piestion (Riidi'iiiian and Ivittel, 1954, Yoshida, 1957). However the 
sign of the interaction depends on the functions i^(j;) — (j- cos j-— sin a;)/.i’^ Mhere 
r , , kp is the, magnitude of the Ferim w-^ave veidor of c.onduetion 

electrons and is tlie distance hclwccn the magnetic, ion at Ri and R„y In 
effect this givuvs a sort of oscillating behaviour A^ith distance. 

In the ]ircsent paper we intend to generalise the direct exchange interaction 
liy iiicbidiiig -S' d mixing effect as fbslinct fiom pure fi~d exchange. We shall 
see that d iiicor]ioi ates both the effect of .v- </ exchange and .s -r/ mixing. The 
.s— f/ mixing is one ele"tron effeet and (‘luanates Irom erystnl field effects which 
can cau.se mixing of s and d orbitals on the same atom (iiitra- atomic mixing, 
Siiilia. and Upadhyaya. 1994), or between two diflercnt atoms (inter-atomie 
mixing, Anderson, 1901). The former will be present if the local symmetry at 
the site of the inagiietie atoms is such that the crystal field has the appropriate 

* Communication No 836 from National Chemiou.) Laboratory, Poouh-8 
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A Qeneralise4 Direct Exchange Inheracticn, etc. 

rtvnimotn" to admix s and d statos The latter is present even in ideallv (ubu' 
crystal and connects a and d states on neighbouring atoms Owing to tliosi' 
ufiecits, we cannot talk in terms of pure d and pure .v orbitals The mixing eflects 
ought to be taken into account in the description of the magnetic coupling. 

Tn what follows, wo formulate Heisenberg-liki' direct (‘xchange interaction 
bv taking cognizance of the mixing effects mentioned above. For its a])plicaiioii 
we have in view Heuslor alloys OujiMiiX, wdiere X may be Al, In. Sn, (le, Sb. 
etc. Oblicr types oF exchange interactions involving tins type of mixing ioi niag- 
nt'licallv dilute alloys have been e.onsidt'red liy a lew worke.rs (Kim and Kagaoka 
1903; Alexander and Anderson 1904. see also Moriya lOGfi), 

Ft' will be ahowni that like the Ttuderiiian-Kittel mr-chanism here also one 
gets soim^ sort of oscillating beliaviour 

F O R M IT L A T I () I'J () F (; E tQ K K A 1. 1 S E D U 1 H E C J' EXCHANGE 

Let us consider a magnetic crystal e.g OiiaMnX wdiieb lias paramagnetic 
ions (ar separated from each other along with other-nommigmslie atoms The 
iuagn(‘lic atoms have unjiaired electrons in the d or /like orbitals unfilled shells, 
Tlie non iiiagiu'tic as well as the magnetic atoms contribute .s‘ like electrons W'iiiiJi 
ar(‘ in the conduction band in tlie system. Thus thei total Hamiltonian for tlie 
d(localised) and conduction electrons can be expressed as 

^ - s s +//' (1 ) 

t } 1<V* 

wduM'e //' eoiitaiiis tlie Zeeman, lattice and oloctron-lattioc parts of the Hamillo- 
niaii and will not lie considered in the present formulation. 23 Jlimj ‘ire the two 
jiarticle interaction toims and are responsible for d—d and a—d excluiiige process 
/f^,j IS the oiui electron interaction term wdiioli may arise due to local distortion 
at alomie site or crystal field effect of the neighbouring atoms in the iindistorted 
situation. We will see that tliey will lead to niixing of .v and d orbital statiih We 
will fixploit these terms as perturbations over piirr^ d and s slates Tin* pure d 
and .s states are the solutions of the one ele.etron Hamiltonians IJq,i and more 
moie explicitly 


... ( 2 ) 

Ho. = (») 

Here, 0^; represents the localised d function in the field of atom at site Bi. <p,^ is 
Bloch function for the band. We shall represent this as 


( 4 ) 
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For pron'it p'.irpo'^o'j wo consider a cubic crystal i.o. the field at the magnetic atoms 
lij,'] cubic syiii nctry. Tiin.s the s—d mixing for this ease is confined to inter-atomic 
pro Tiuj d orbital of atom at Ri is mixed witli the s orbital at site 

We reprosont the solution of th reduced one electron Hamiltonian 

=EirJri ... (5) 

whore ijri - <l>a \- ■■■ (®) 

VNKEi^ WN hEu 

Lilcewiso, tb(! cf»nduction electron wave function is also modified from owing 
to this intoracjtion. They can bo designated by 

^ 0ii— S e-*^ Ri ta,k 

which arc ncaiOy orthog(ma] to ipi. Howiiver, wo shall not require these explicitly 
in the present formulation. 

Let us now evaluate the two particle oxchangi^ interactions in terms of the 
locailisc 1 state's given by t/ft etc. In doing so wo make usci of the second quantized 
I'C'jirescaitation (Landau and Lifshitz, 1958) We make use of the particle ficdcl 
oiiorators. 

X(C) = 2: Ci„ C'+v ... (7) 

ja ia 

Tho two ijarticlo interaction is then given as 

J j;-" (i) xHn fS n,j xii) X in n 

/<»lt 

Making uao of tho operator (7), this is written as 

S <r V^wori j /7 j2 I ^5^*710 "ipla' > Cmts(^{a) ... (8) 

/<m 

Tu tlioso expressions , C,-,, etc. arc the fermion creation and annihilation 
opcirators with nvspeet to states \Jf\„ and rcispcctivcly ; cr is the spin index. 

We now ro-oxpTcns tho matrix elements in (S) invlving and etc. 

ill teriua of tho explicit e.xprossioiia like (6). 

Tlie expandel form will eontam sixteen terms. However, this can be 
re I'.ieo 1 on thebasia of the following arguments. We select (pi and (p^ as extremely 
lo 'iiliso 1 functions and honoo their overlap is negligible. Thus those matrix ele- 
ments v'hich involve pure factors will be neglected. This rules out 

all th(i first ail S"onl or lor terms. In the third order tcriiis the strongest will 
he those wliicli inv(dve intra-atomic exchange along with the transfer processes. 



A OeneTalised Direct Exchange Interaction, etc. 


05 


Processes other than this and ofliighcr order in perturbation arc neglectc»d, ThiiB, 
wo conLontiato on the iwocossos such as 

S S ... (9) 

00 ^ 

Lf^t ns carry tnit th(‘ summation over the spin indiccH, and tht' above exprefl- 
sion in terms ol th(‘ spin opt^rators For this we Jiave to utilise the riOations 
(Suiha and Upadhyaya 1902), 






h'/t-j ) 




-C+Z, 0, 2>Sh, 



!-<"+Z( - J 

m (9) 1 

then 

1 educes to 

hz/a ‘ 

- M 



u'liere IN',,, are tlie vector spin fiperators ol an electron ussoeiated A\itli statcfs 
\Ki ‘-’’I'*'- eonceritrato on summation over 1: and k' aiifl it would there- 

for Kiiflice to consider the matrix elements, 

S S I //„ I 


1 

V- k,k' V d/ ^ 




J (fr- fc') -- X \ dT,d.r^ 

’*12 

... (13) 

As done liy otliers (Yosida, 1057), we shall assume that J{1c-~k') does not dopimd 
slrungly (ui k and k\ Tt is enstomarj^ to replace this by the intra-atomic s -d 
exchange inLt^gral which gives the maximum contribution at one site. The 
denominatorH in (12) are of the form 




( 14 ) 
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wliorc' is tho onorgj'^ of the crmduction electron in slate /f, is that which 

corrcs))oiifls to localisol jiiire d slaLos; and wluirc A is the energy 

gap biitwcMai the hound d-state and the bottom of tho conduction band. 

Tims tlic intcigial in (12) reduces to 

ly (A'V(Lbu*)^J(F-f a‘i) 


Nextj we change from summation to integration, we get 


1 ( 


877'-* 



. Rim 

(P-1 


-dVc (Ph’ 


(16) 


Tn putting the liinits of integration, avo aie guided by the exclusion principle; 
/i> is the W{nu)-v(M tor at tlic Kormi surfac.e. TJiis is (‘.eahiated hedoAN Wo do 
not miih(t any approximation regarding and The amIuo ol tJu* 

integral is then 



cos X 

P'( f-l 


COH^r 


n _x 

ft 




LL fi_-A l-f.-l 


(17) 


Avliere A = ^ and x — kjrR 

iCif 

Th(‘ final cxpri'Ssjon (cf. eiiiiation 17) is most general One ]K)int Aihich can la' 
easil^' infiTivd from this is that the function is oscillating and changes sign jici iodi- 
cally in a dan]])cd maiiuer as a function of 

Tla* compJ(;te expi’ession for tin* exchange iiiti'raction betAveen iJa‘. magnetic 
atoms IS tiien given by (cf. ecpiation (11)) 


- S lOTrUy 


IT 

O 


-X cos X 

® "■.r 5 (i-j-A“) 


COB^ X 
. t «( 1 - 1 -A ^)2 


TT -X sin X 
2^ 



j + ■ > - j 


(18) 


Avhoro the summation over 7, m involves nearest ncighboiirs only. The function 
given in tlie square bracket of (18) has been plotted in Fig.l. against the parameter 
likjf Avhieh involves the separation between magnetic atoms. Wo have sliOAm the 
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variouf^ curves with difforcjnt values of the gaj) paramotor, namely. (A —{ajk^). 
Foi l umparison the Ruderman-Kitfcel (R—K) function in the form 

(2.r cos 2a;— sin 2 .t)/(2j*)^. whcie x ^ kj,R, 

]]as also l)oen ploticd ]t lan be seen tliai ior tlic initial values ef tlu' argument 
the two predietioii differ, w heiciis K-K (urve iiulieates fen oniagiiet le eouplme 



♦ he, present, ( lu ve givc's antiferroimigbctie coupling. Later on the oHeillatioii periodH 
are similar Howeviu’, the. curve liased on the ])i(5.sent amilysiH is morii llexihle and 
11)0 ferroiiiagne-tic and antileiromagnetie regions eontiaci or (“.xpand (le]ieiKling 
on the gaj) jjarameter. This has been displayed clearly. 

APPLICATION TO HJfiUHLL]! ALLOYS 

Foi actual comparison with exxjcrimeiital results we select some magnetic 
alloys ol the lorm Cu 2 Mu X \\ ith X standing for Al, Sn, In, Sh, etc This system 
in the oidorcd ])hase (which is of inteiest at piesent) has a body centred cubic 
structure with a face centre dsupersLructuie (Bradley and Itodgers, lUlM) TJie 
I upper atoms are at the cube corners and Mii and X alternate at the body ceaitres. 
TJie magnetic moment is localised at the Mn atoms which ate sujipoHcfl to have 
lour unpaired d eleetroiifi. As can bo seen Irom the structure, there is no direct 
overlap between two Mn atoms owing to the piosence of the inter\mnmg diamag- 
netic atoms. The distance between nearest Mn-Mii neighbour is about 4.2 A. 
We shall select the system CuaMnSb wdiicli is a ntiferromagiiotie and for whidi 
some data have been reported by Oxley ei (1963). From thoir data the order 
ol the parameter Rkj> turns out to be 4.35. This falls in the antiferomag- 
netic region in our graph whereas this corresponds to ferromagnetic region of 
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R-K cuT^o. It may, howevcir, be noted that the actual coupling will bo due to the 
overall offer tive exchange i.e. arising from the R-K mocljanism, generalised Heison- 
boig type interaction discussed hero and other suporexohango typo proecssos. 
An cxac-t (jomparison with experimental results with many systems does not 
Hcteii to l)c j)ohsil)le owing to a ladv oi knowledge of l\ and other purameters . 
We do not know as to Jiow man^' conduction electrons per atom are to be taken 
for each system We must await some expcriinental work in this direction, 
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AN IMPROVED METHOD OF MEASURING MAGNETIC 
ANISOTROPY OF PARAMAGNETIC CRYSTALS 
FROM 303 K TO 68“K; AND NEW DATA OF 
SOME Co-"' AND Fe"' TUTTON SALTS 

l>l<:i!.IANI (il'HA THMCrUTA ANJ) DKKJ'TI Ml’KHOI’ADIIY'A'i 

J U'l'AUTIMliN'l' Ol’ M^ONl'nTSM, 

Aksoliation i'’oii Tin; (Jultivatiojs oi' , (Jajai'TTa-JIL' 

(Hct'vircf/ Novcmha .‘J(L ILIGri) 

ABSTRACT With .1 \ icw I0 ijM'iiMsnifj; (‘«msi(lt>r.i.l»]y the nMnnu'vcf llio i'Ajk'i irm-iilul 

!oi I h( m.Jiiiiiltc aiiisol I (i|)ii*^ oi i)iir.i.'iTiiiL;iH-l k cliiui^os iii IIjo 

ilo-iyji ol (lui ( xisl iii|.' ji p|j.u , 1 1 us, oii^'ijuilJy i ojisl 1 iir-i or| hy Hosd (l!M 7 ) uiul hilci niodificd liy 
J)int I (l*lo(i), was in*<‘i“ss.ii A Tlu' main impi o\ omonts luiuod .d and ,uliif»vofl lu Uk; proMoni' 
M i*u] uro ■ 

I Moio Uiaii loiilold iinioaso iij tho boiiinil ivii,y oi iln^ doIocUoii (i o., u]» l-o (I]‘)auii 
iiii' isiiiomojil ol I ho iMl.ulJoiiid luolioji ol a li'ooly .susp«<iid«>d jirii uinairuri u cryhi-al, by hhjh^' 
i plioi 1 1 K dob'tiauj,; do\ jc(' and an iicdai a(i ]y giadindod doiibl()-\ omuir I'OiiSion lioad. 

-• A iiiuidiod I iiuoN jii ..c in ilio si abilmkliori of iJio mapioUf bold, j e.. ii^j l-o O.UJ 

OOLsl.ds 

.i -V If iilold jiicio.iso in 1 lio si .dnii/.i ( loji .iiid ni < iii'iii y o± tlio lomjjoiidam) oJ Ujo i ryfel-al 
1 o npio (Mil K , by using addd ion. d (alilnaiion jtouiis, a stiisiLivo jtoi,cidiotn<)l i it diivno 
lor nuMMii Juf Hio <' in 1 ul lla (li(‘iino( onplo oliiuiii.il mg .spniions o jii I mid linaJly uHing 
.1 111 n' ivpo ol g/is floAv (ryohiid 

'rjio oxpnumoniid dala IIuik obl.niiod with .somo foiTon,s and riibuli Tull on Huliw, in 
I lio i cinpoi'id uh; i.iiipo o( K I0 (iS K, show a gonor.d dovialion liom llio alioady oxiKiing 

daia n( Ho.so (l'J 47 ) 


r N ’V O B U C T i O N 

111 I'cunt vPcU'S .viiisntiojiiy liodiul fii'sld tlicnTies' nl most oL the .salts oi tho 
irnii-^roiip idciiHMit.s liavc [men flnvcloiiccl hy I5n.si‘ 0./. ( 1 0(1 1 ‘(>2, '(>‘1 (14), (lliakia- 
(l‘K)4) aiul ntliiT.s iji our lalioiatory ami pIsiavJumi* viitli jjri'at rigour, s In 

tlir i-asp oi ami Co- Tiittoii .salts, tJi(*or(*tJcal lorjiiulatioji ojialilo.s oiu; to 

(xpi'oss tin* jiicaii ami jn lucijial su.src‘j>iil)iljtir.s ol the jiaraiiuiguetir (ouiploxes 
111 Loiim ot certain parametejs eoiineeted with the aiiisotropie ligand held split- 
liiig, i-ovaleaey et’teet ami adjnixtiiral elieit from tJie n])]^)i'i oibital lisvols Jn 
order to evaluate th(‘ above- mentioned tlieoretii al xiaraineters very auaiiately 
ami to obsei VO the finer leature.s in their tliornial and othei behaviors, it was juiees- 
sivi'v to (hderinine tlie nitjan suseeptihility ami inagne-tie anisotrojiy as afeuratoly 
possible Kiiiliei uieaKuremeiits on aiiisotrojne.s and suseeptihilities ol some of 
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those salts arc in the nature of pioneering work and the accuracy of the room 
teniperature value as well as at low temperatures are not quite up to the mark 
of the rigorous theory developed. 

With a view to supplying such data, the present anisotropy balanee and a 
nov^' gas flow cryostat have heeai setup to incTease the sensitivity of the measure- 
moTit, at least ten times the earlier ones, hy avoiding carefully the usual sources 
ol (‘iTors In the jiresent paper the crystalline and ionic magnetic anisotropies 
ol the Tuttoii salts, (^o(NH4S04)2, 011,0 f\)(KS04)2, 0H,O, Fe(NH4S04),, OH2O; 
ami Fe(KS04)2. OITgO nu^asiiied with above set-iqi are given m the range 0S“K 
to llOir'K. These crystals are isomoijihous and belong to the nionoeliiue system 
with siiace group /^2i/a. the unit lell containing twai inagiietii ally equi- 
valent ions at (0, 0, 0) and (^, 0), 


M E A S tT K K A1 10 N T OF M A G N E T T C A N I S O H O 1’ Y 

The inetliod used for the ineasui-enimit of magnetic aiiisotiopy is th(‘ Statu, 
torque” mei.hod ol Stout and (Jriefel (11)50), and Dutta (1950) which is a very 
iiselul luodilication of tJie “('ritieal toKiiie” method of Krishnan ft al, (1935) 
ill this nietliod, the maximum magiietie couple acting on tlie crystal at 45^' posi- 
tion due to the horizontal hoinogeiieoiis niagnotic field H is Icept balanec'd by the 
torsion of the vmtically susiiended fibre. The magrudic anisotropy Ay per gin.' 
mole, in the horizontal jilane is related to the maxiiniini torsion angle a„, accord- 
ing to fhe following expression 


Ay 


rj2 


where M anrl m are, resjiectively, the moleeulai vi eight and mass of the (jrystal. 
and (^' is the torsion c.onstant of the film' 

The angle is iiotefl from the vernier torsion disc . from which the crystal is 
Misiienth'd. and the mass m is nieasuied with the help of a Mettlei niicio-balanee 
(0 5 x10 ^’gms) To determine the constant C/IP, the value ol is measured 
for a NiSOi, 011.20 (tidragonal system) crystal of known mass 'Phe N1SO4, 
filFd) crystal is sus])i“ndcd with its c-plane vei tieal and the shajic is chosen such 
(hat th(' eioss-secliou in the horizontal plane is apja’oximately a square, to avoid 
sluqu* cdlect (M Mazuiiidar 1902). The exact value of Ay g of this stand aif I crystal 
at tlu' lemp(‘ratiii(‘ of the experiment is obtained from an aheady calibrated graph 
id' Ay^f vs temperature round about room temperatures, (Dutta 1956) and siibsti- 
Uition of Ayg in the above equation determines CjlP. 

The anisotropy of a given crystal at any temperature is detenninod by 
noting tlio eories])onding a,„ at that teniperatiue In most eases we havi^e observed 
at intervals of about 20‘’K betireen room temperature and OS'^’K. 
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la the prosciiL work, the crystals to he iiivesti^ait ei 1 l)oi)ig moaoelinie lJn' 

( Tystiilliiie anisotropies are deteriiiiiiefl by measuring firt tlie anis(,t 'opies witli 
(1) ‘'/j” axis verlnal ami then with (2) “a"’ axis vertical nr the (Ohl) ])lano hori- 
'/oiital the pianos heing well (leveh>]UMl in these crystals. The '7/' axis eoineides 
u’jLIi the prineipal sns(‘ 0 ])tihdity sn that the fiist nteasiuc'iueiil dneitly givc's 
ll)»‘ ddlen'iico y'l— I’roin the above etpi. TJie second ineasnreiiient gives y, ~ y., 
using tlie oijn. 

•^A' iI'KAi -A.i)-(Ai-A2)«1"‘'*^^I 

or 

^A - J: 1 ( Ai - Ac) - ( Ai - As) 1 

a< (' 0 ]‘(ling as thi' a " axis is vorlu'.vl or tlie (0(U ) ])lane horizontal IK eonsiderefl. 
The -j-vn^ or — ve sign is taken as ‘ 6” axis sets pcrpendieiilarly or parallel to the 
niagiu'tie field in these latter suspoiisions The angle 0 heta een y^ and ‘ axis 
is (h‘terinin(vl as deserihed hy previous workers Diitta (lOM). in this laboratory- 

'I’TIE jyi r]U> V EM RIM TS IN ,THE PRESENT S E T - IT P EOR 

MACNETK" ANISOTHOPY MEASUREMENT AS C O M- 
V A K E 0 'J’ O T H JC P K E V 1 O V S W O R K S 

Tile inagnetie aiiisoiiopy of any parainugiietie crystal is dotoiniiiied hy eoiu- 
pariHOii with tlie inagnetie anisotropy of NnSO^, GITgO taken as staiidarrl, and as 
siieli il IS (‘ssential that the magnetic field should rinnam constant during the 
eoinpanson. EnrllKTinore since the magnetic couple on tin; crystal flue to the 
inaiinidie field depends upon the sfjuare of the inagnetie field, even a small fliie- 
i iiaf jon in the lifdd (luring measurement of tlio rotation of the crystal atfeetB tlie 
(ihs'Tved values of an isotropies ap])rceiably In earlier experiments here the mag- 
iiietif- field was kept eonstant only within 0.1% For keeping tlie field constant 
to a nnif'li better degree, a potenliometiic device is used to stabilize the d e feed- 
ing the magnet The magm^t eurrent is obtained from a compound wound 220 d.e. 
gfMU'iator, the lo IC W. 440 A C. motor ol whieli is stahilizfal v'itli a suitable satiira- 
t(‘ 1 eon^ transformer so that the voltage of the generator is eonstant within I 1 volt, 
Eor the final stabilization of the magnet current a small Htamlaid resistaiuc > is 
added in series with the coils of the electromagnet. The p d. across this standard 
resistance V’ is maintained eonstant within 1 micro-volt by the usual potentio- 
Jiic’trii balancing method, controlling the current through V’ hy adjusting a fine 
I ontiol wire rheostat ‘r/t’ in senes with it (see Fig.). 

Tim maxinrun current that can flow through the coils in series with the inag- 
iif't is 1 G amps, and henco the value of the standard resistance %va8 chosen so as 
to create a p.d. of exactly 1 01830 volts across it when a current of about 1 5G 
amps (it is not necessary to moasur© this eurrent exactly) flows through it. The 
standard resistance (--vA) 65 ohms) was prepared by winding a Eureka wire (1.5mm 
dia.) over an ebonite core and the ends soldered to the leads. 
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The low froqumry fluctuation ol tlir jnaj;n<‘1 current arc autouinticnlly 
flainpc.l 1)V tJic ma^iK't inductance and any residual of feel of the sanu' ii])on the 
i rystal is damped by the low (non-rcsonaiit) natural tune ])(m lofl of llu' KuspeiiMon 
svstem. Hence tin* ina^notic coupK* halanee readiiu; and tin' nni^nct luriont 
halam e I’eadinj^ can he synchronized to ivithin a fiuction of a si'i-ond dci»endnij»; 
upon the iK'rsonal r('flo\ aidion of the oliseivci so that if tin* ohsi'n cr is all tin' 
while* assuied that n(‘i1h(‘i the potent ionieti n lurriait halanct* noi tin* nni^netn 
( oiiph* halanci* h.is ihietna.t(‘d froni tin* desired amIuc .ij)])r(*ciahK over several 
M*i onds dining tln^ final ad pislnients ol tin* controls it is easA to set* tli.d the sti*adi- 
n(*ss ol the inajiind curi(*n1 is limited onlv h.v the eiior <)( the l(*aHi readiiifi of 
tin* 1), dancing cm nit iiii(‘roaninn*t'ei (oi small r(‘sis1 am (*) histimaliiie this il is 
loiind that tin* stainhzal.ion of theniagnct i nrrmit dinnifi, nieasni i*m('nt is attained 
lo \iithin J ])art in Ol conisi*. it should In* renn*iiibeu*(l that ow in^>, 

to Ic.ika^o (iirrcnts tin* ahsoliitc v ahn* ol tin* magnetic in*l(l iiia\ not In* obtained 
with tin* same deiiri'c ol aunracy, but snue oui anisotropy ini'asin ements is a 
lelaliva* oin* this will not inattei uiih'ss tin* h‘akaj^e ciirri'iil luis dillei(*nt valu(*s 
duinifi, a set of nieiisiireiiu*nts, which isialher iinl'kely. 

P T! t: IM It \ TT () N ANT) MOlTNTINtt Oh tMtYSTAbS 

Sin^h* ( I'vstals of lerrous and colialt Tiittoii salts |J\F {M'SO,j)_,, (iTb/)] wen* 
inejiaiod by slovi- evaporation from a. sat.iiiat.ed solution containing c((niniolc( iiJai 
w'eijilits ol anals tieally |une eon\pon(*nt salts o! M(‘u k oi Bl)]| i|nahly in doiibh*- 
distjllt*(l water "^rin* solution was allow'od to (*\apoi al.i* in a ibist-lrci* antondi- 
tioiu'fl room on a vjhration-]u*ool stand Out ol sincessivi* erojis ol i rystals from 
the same motln'.i Inpioi only the midille ones weie (*hosen. Snijjle i rystals thus 
obtaint'd wane aHow'i'fl to cr> stallisi*. for the sei ond or even the third linn* if thoi^dit 
n(*ccssary Such i(*p(‘ated erA^sta.lllsatlon reduced the impiLnties in tin* crystal 
to a minnmim Tin* f r\ stals seh'cted were next tested undei' a. pohirisin(i mieros- 
I ope so as to leiec.t any twinned oi defeitive eiystals. One of the b(‘st iiystals 
thus obtained was next attaLhed to t.he. oini of a thin and hi<;ht ^lass-iod with 
Quiek-iix ’ adln*siv''(‘ (diamapietie and non-crysfallinej, in the re(|niTi*d orientation 
Avith r(’rerenct* to tin* lod. correctly to (t.l deface by mounting the whole on a tw'o- 
< ir( ]e ^onioiin*t(*i , The I'od bi'amif^ the trystal was m*xt attached to the lower 
end oi a thin and long glass tube, fitted at the io]i Aiitli a small light hexagonal 
mirror sy, stem (III) (fig.) Avith the hexagonal axis vertical. T’lds a\ holi* snsjien- 
Mon s\ stem ( 1 h) w as next attui-ln d to ipjartz-libre (11), of suitable ilianicter di'jicml- 
ing on the magnetic anisotropy of the crystal, liom the i>in (lb) fixed axially to the 
torsion head (S) The torsion head is a brass dise ol Ihems diameter, fitted on 
a smooth tajier collai. and very acemetly gradiiaterl into hOO erpial divisions, 
the tw'o verniei’vS (0) (witli AU*rnior (*onstant 0 (12 of each main scale cliv^isioii, i.(*. 
~b (114 degrees, ni earlier experiments tins Avas 0.1 degree) an; eairied on a pair 
oi radially juojoeting arms coimocted to the collar, diametrically opposite each 
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othor on the outer edge of the disc. A pyrcx glass tube (diameter 3eiiiB, length 
24 ems) is fitted into a circular groove on the lower end of the collar, and cemented 
air tight araldito adhesive. The other end of this glass tube is fitted air tight 
to the german silver end of the (fx^iorimontal tnlie (10), inside the ciyostat by 
a nu'.tal glass joint, Thus the cxpermiciital chamber is composed of a glas.s portion 
(12) al)ov(‘, through which the hexagonal iniiTor attached to tlu* crystal siispcuision 
iH visible, and a metallie portion inside the cryostat. The crystal to be jncasiirc^d, 
hangs luuir the low^or end ol motallic; portion 

To prevent ennebmsation of the at-inosjiluM-ic moisture, oi carbon dioxide iijion 
the samyde crystal at low temyieratiii es (doAvn to about G5°K). the expeiinieiital 
tn})c* was ev'aruiaterl and filled with hyclrogcui gas at atmosyilierie jnessiirc^ through 
a side tube from a KIpyi's apparatus, after yiassing through a senes of purifying 
and drying towers. Tlici yiressurc inside the exjieriim^ital chamber av.is kej)! 
constant at low temyieratures 

DETECTION OE C! H Y S T A L MOTION BY PirOTO-GELL 
A B It ANO EMEN T 

It has bcicm seen in earlier exjierimcmts that the lotational motion of tbc! crystal 
in the magnetic Held is eonsidcwably magnificnl by the motion of a c olliniatecl beam 
of light from a stabilized a c source, reflected from one or the othr*r mirrors of the 
bcxa.g()nally arratigc.tl minor systcmi attaedmd to the susyiciision rod. But, since* 
the maximum angular motion of the. crystal is through 45'" from the* no-lorcpie 
jiesition to the maximum ttirtpu! yio.sitioii in the magnetic fiidd, it is cs.se, ntial thni 
l>oUi these angular positions should be adjusted and mc'asured so ac.c uratedy so 
as to kec'ji tlu* cMTor in sin 2(p (Dutta, 1950) to loss than one part in 10, ()()() Eor 
tins puiyiose now, a yjair of ba-rriew-photo-voliaie cells, connected in oyiyiositioii 
through a suitably shunted sensitive gal van ome tew, are mount (*d veay c-losc* to 
each other and kejit insider a long blac:keiicd wooden box with a small vandov 
ill front, through v liicli the light sjjot falls on the cells 

M’iic’s jiosition ol' the yilioto ecdls, yilaeed at a distaiu.e of about 50 enis Iroin 
the* mirror system, is adjusted in such a way that the ecdls arc^ very nearly cujually 
illuminated, so that no unsultant e.m.f. is observed in the galvanometer Now, 
if the mirror rotates even by a small amount by ayiyilying the* magnetic- field on 
th'‘ crystal, tli i balan ',e ol'thci ydioto-ecdl e.m f is desLrove 1 and a large dcdlection 
IS observed in the galvanometer. Tiie balance is restore* 1 by ajiplyiiig a sufficient 
torejue uyion the cpiartz fibre bearing the crystal, with the helyi ol the torsion head. 

The magnification was adjusted in such a way that iwc*n if the c-rystal rotates 
through 0.01 (v liich is roughly c^qual to the value of one vornicr division of the 
torsion head), the galvanometer deflection on the sealo is about 10 cms. The 
cuiTent into the galvanometer is controlled by a 5 K n potentiometer. It will 
bo seen that, even witli a heavily shunted galvanometer, tho sensitivity of the detec- 
tion of the rotation of the crystal is more than 20 times the earlier lamp and scale 
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m'itli > 1 anl ni:>rc‘, thau 100 tiraos as can be measured with the present torsion head. 

is th is s opj for furUier increase in accuracy of moavsuroniont, if needed 
in future oilts. 


n Y o s 'r A T J r a Jt r a n g e ivr e n t 

Tiio rryostat is nuilly a fonrbiiiation ol gas ilow type (Hose ]047) and liquid 
l).itlj type (Hose ct ah 1003) At teinperatuKvs hetweeii 303‘^'K and 90"K, it acts 
.IS .1 (ontiiinous gas il(n\ ty])e. the tlenr oi eold gas from evaporateil hquid oxygen 
lienig eoidi'tilliul hy an adjustable speed ])umpuig arvangement After ic^aeliing 
Ihe lu|nid oxygen lem])etature j e. 9(fK, a quantity of licpiid oxygen is eollectcd 
insid* tl)(' eiyo.sLat and made to boil inside il under reduced pi(‘ssui’e, w'liereby 
~1).S 'K I.S obiaineil in the. exjieriniental chamber. 

O’iK* present cryostatie arrange, men t ditfers considerably in details ol cons- 
trucljon Iioiii the tvn hci t\peK. Tlie cryostatie aiiangement broatlly loiisislN ol 
three mam sei lions, (higuie) 

j) 'fne liquid ox\geiL rcseiyoii tank H. with vacuum jacket cove.i. 

11 } The eryoslatic cliambci. connected to the punqhng unit 

id) I’iie teiiqiei at HI e controlling unit 
1) Liqual ojv/r/c/i, rtiivrouir tank H 

O'lie tank R is a eylmdiieal ehamher of german silver oi cajuieity 2 litres 
and tiUc'l with a cap jiackcd with a lining of cotton and tell, and [iluecd inside a 
widi'-iiioulliei] hard glass tJiermo-tlask. The rap has two openings. tJirongli one 
oi wljicli liquid oxygen is jioured. and lliroiigli IJio otlior dry air i.s allow'^od into tlio 
tank, to jcjilaee the Injnid air sucked out. A light glass hull) (26) ending in a long 
thin eajjillary sie,m w ith an index at the toji pass(‘H through a perforated ge.rman 
sdiertuhe extending nearly to the bottom ft floats in liquid oxygen, tlio end 
ol llie stem bmng visible through a gauge glass tube, fitted to tlie iqijier e,nd of 
geiinaii .silver tube It serves as the liquid level indiealor. 

Iii(|ui(l oxygen i.s .sucked into the eryostat ehamher with tlii! helx) ol a two- 
Mage j'otary ml pum)) ol’ iiO litre.s/min. gas caiiaeity through a vaeiuim jaeketted 
gennan .silvu sqihoii, the flow lieiiig controlled by a neeille valve (27) The 
s)i)hon is a double- wxilled tube of german silver, the interspace being I'vacuutecl 
a ml Sixile l permanently and is bent twice at right angles as sliowui in tin* ligure 
d’o obtain temperatures below liquid oxygen b.pt the needle valve is ojierated 
^\dh a long tliin slaiiile.ss steel tulie stem anrl can be used to regulate the flow- 
'>1 h(|uid into the eroystat, as also to cut oil eomple.tcly the supjily after a siiffii ic,nt 
i|uanlity of liquid has boon sucked into the cryo.stat, when it can be made to boil 
uiidiM’ resducod pressure inside the cryostat 

dnfosfat 

The ciyostat is a wide mouthed (inner dia.'-*-10 cms.) doublc-wallod silvered 
-d iss D.uvar (19) with a narrow tail (inner dia -v.-S.o cms.) which x^assos into the 
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Kpjirc l)ctAvc(;n tli(i poloj)i(« fS (24) of the iiiaj^nct,. An outer brass ( using (22) pro- 
tects tlie glass flevv/ii Ironi external ineehanual sboeks imotlier innt'i' german 
Sliver easing (20) seivi's to prote-et it from lirea-kagi? due to sinklen local cooling 
when oxygen is pnnipecl into it Both are fitted with leak-tight cax>s. the sjiaeii 
heluecoi Llu‘ eajis heiiig linerl witii ahiiuinnim loi! ami ji.iekeil until lelt to iirevenl 
Jie.it Ji'almge Om* hi‘nt ol'the si])]ion (25) x«aHSes tiirough the eajis into the inner 
eluijuher, tin* otlnu' heiit emi passing into 1 he, reservoir 11, its inner tube jiassing to 
till', hottoni A glass (loal-imiietitoi (1-4) as used in the, lank 11 is also fitteii to 
th(‘ <,l ^o,sta.( ( lianiher to see t he lev(4 til the iKpiid oxygi'ii Avlien the cryostat is 
iiS(*fl as a hiitli type one as earliiu" nunitiomai 

The eK]t(‘,rinienlal eliamher (Ki) as nientioned eaiiiei roae.lies ii]) to 2 mins 
IVom tlui bottom ol the narrow tail end of the cryostat Tlie ])oi“tion of (Ui) above 
the tail oi th(* deuar is made of gmnian silver to pieveiit eondiietion of heat tiirougii 
the ms’k into tlu‘ deuai 'flu^ i(‘m:uniiig portion lying insuh* the tail oL tlie dt'wnr 
is made ol eop])('r 1o hel|) tmnpei atui unilorjiiity, the two xiarts hidijg sihcr 
soldm-ed. The eo|)xiei tnhe Jias an aiiinilar ehamhei iieai tlie lowm’ end which acts 
.IS the hull) loi a eonslanl volume, gas-t herniometer (21) A staml(‘s.s steil 
eapillary tnhe (h) fioni this hull) ])asses out of the i*x]u>i iniental ehamhei and is 
eon iK'cted 1,0 a iiicri in y-iii-glass manometer (2). th(‘ pineiion ol the t wo being made * 
leak-tight with aialditi* M’lii' composite exjienjiieiital tnhe (Ih) is siiriouiided 
by . 1 . coaxial eo]ip('i jacket (17) open at the lower end and soldined to (Ki) at the 
top, an Jiieh below the miiei eaji, and a side tnhe (!') of stainless steel, leads Iroiu 
Ihis jacket to the pump A line niehiome coil ^1^^) insulated Avitli thin mien 
sheet IS uonnd non-indnetividy lor about H) enis ol the lower end ol this tube 
(17), a,nd fed by a small a i . lioiu f he ]nain.s thiough a vai'i.ii . TJiis acts as a heater, 
the, insulated leads ol wliieli aie brought out through the i ajis and sealed leak- 
tight with ai.ddif e i ement (not shown in the iig ). TJiiii eoppev gauze ol about 2h 
mesh jier null, is loosely p.uked over the heater and also m the wider iiortion of 
the dewar to laeilitate lafiid and iindorm evaporation of liquid oxygon and qniek 
and imifoim disUibiitiun ol heat ovei the exjierimentaJ chaniher. The i,old 
vapimi Irom liquid oxygiui alter exehangmg heat w'lth the, heater and airiving 
at a desiied low temperatiire is sucked into the narrow sjiaee between tlie experi- 
imaital eliamher .ind Ihe coaxial ja,i ket. cooling the former and finally goes out 
oi the eiyoslat Ihiough the LSiietioii line (7'). The heat-exehaiige between the ex- 
Xieiimenial ehaiiilier and the vajunir dejiends on the rate of [iiunxnng so that differ- 
ent steads temxieratui'i’s are obtained in (10) Avith a fair degree of aceiiraey, by 
regulating this rate The tonqierartiu'e regulation is lurther heljied by adjusting 
till'- heater enrreiit Hinei* thi) rate of xuiiujiing eaiiuot he adjusted lieyond a i ertain 
limit oAvmg to the irregulai spurts nl liipiid oxygen through the sijilioii, caused by 
the ,somewha,l inteimit tent suction of the rotary' jmmx) and also liy the haek 
pressure dcMdoped in the siphon hue by the evaporation of tlie liipiid a, rela,}' 
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h\ sU;ju worked by a gas thormomotor is utilized for fine control of temperature, 
as will be dcscribod la l or 

If’ or obtaining temperatures below 90'^'K. outlet (7') is nearly closed and the 
alternative outlet (7) is fully opened. The outlet (7) is eonneileil to the pump 
in paiMllel to (7'), and rcaelu^s only an inch below the ca}) of the inner caHiiig of 
I lie dewar. Liquid oxygen is now xuimpiul into the cryostat by opening the 
pm valve (27) full, and then (dosing it tightly after a siillicient aiiioiinl o1 t Jie litpiid 
IS eolleet(‘ 1 ns sliown by the level indie ator Lnpiid In'-gnis to boil niuler the reduced 
presi ire winch can be noted by n manonieter (not shown in the lig ) conneded to 
the ci \s)yLat i hamber A steady te in ] k “. ratine is soon reached dcjK'ndmg on the 
sk-aly ])JcRciiv over the Inpiid The heat leakag(“ in our systesn being fanly 
l.irg 1 k w,is nol p >s>iblv‘ Avilh the given xiuinji to go below about (>8' K by r(‘diu“ing 
tJie vajuiur jiri'ssiire. 

(ni) 2\nnpvj'utUK‘ ('(nttiol 

Tii(' tuni])(‘rtilLLie iiisidt' the exxicr linen tal tube (10) is very aicurately eontrol- 
)e 1 by means ol a g.is llierinonieter (H, , gas fiomaKip])S can be used over the entire 
iuii 'c) K'lay svsteni The bulb ol the constant-A oliiiiie-gUH thci iiioinetei c(innected 
to tie- iiianoiiii'kn' a.s nieutioned earlier (fig ) can be (qiened to tlM“ soni’ce ol gas 
tJiioiigli tlio slox»-e.ock (ii) Two plafinum electrodes (4-) and (4') are (used into the 
capillary glass tube foiniiiig one limb of the manometei (9), (4') aluays di])S into 
the iijcriiirv. AVheii the nicKury levu‘l toindies the other lontact (4) th(' ri'lay 
magm i. cncuil is completed, Avhich in its turn dosiAS the heater cinuit. 

fnilially by adjusting the (unnxjuig rate, wliile ki^epnig the stop-cock (h) 
open lo the atinosplu're. the temjM'ratui e reipiirotl is nearly attaiiierl Avitli a slight 
])rcjK)nd(“ni!H‘e of cooling, and then tlic stox>-co(*k is cloH(“d, shutting off tlie bull) 
lioni till’ atmosx)liere 'The enclosed gas in the bull) noAV contracts duo to the small 
f enilency for oi er cooling, the mi'iciiTy kwcl rises and makes the eonUicl wdmn the 
hi atei IS adjusted as far as })ossible to just balance the oA’-erc.oohng so that a fine 
(.onliol of temjieratiiro. to less than 0.01“ K is obtained. 

This adjustment is howcAUW lahorious and is likely to be nxiset by Ihuduations 
m the jiuinjnng rate or the hoatiu- current, and hence need not be made vmy 
i fitiial What is done in xirij^ctiee is ilmt with a slight cooling teiidciiuy tlu' lu'.ater 
(uru'nt is adjusled to just overbalance it, so tliat the relay, aiduatiul by tlie gas 
tlu“rmom('ber makt'S and breaks the beater eireuit rcxiealedly. to just maintam the 
balain (• of temperature. With suitalile adjustments the alternate peak of rise and 
iall in lemx)erature can be narroAved down to li^ss than 0.01 '"’K as iiidi(;ated by tlu*, 
lluctuation in the light sxiof- in the galvanometer (not shown in lig.) used to 
indicate the balaiiee of the eoxix’m'-coiistaiitan thermo-couple e.m.f. in the 
[jotcntioiuetric circuit for the temperature measurement. 

4 
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J ’ E M P J J K A T U H E M E A S U li E M E N T 

^riu' tfiiij)c,ratur(* of Hit- rrystal is iiiKaHiiml by moann of a very aceurately 
caJj[>ratetl (■op])er-(“on.staniai) iheriiio-eoiiple luiietioii piaeerl very near it, the 
tenipeiature ^ladieiit in this legioii being found to be less than (MJL'K The 
tberino-eouplo leads eorne out ol the experimental chamber tlirough a leak tight 
side tube (not shown in the lig.) 

The. therrno-e.ouple was calibrated using a 5 constant formula relating the 
thermo-iMii.r. IC to tiie eentigrade temperature 7' ol the measuring junction, 
(the. standard junetion being kept in melting leo), as follows 

t) - n rht I ef* 

where, u, h, c. d, r, are. constants determined by noting the thermo e.m.f at the 
standard temiiera tines of lee siiuvin. solid loom temperature (given hy a 

standard ni(*reury glass thermonuder), and Injuid oxygen boding point at atinos- 
phene pressure. WJien hoth junctions me put in melting iee mixed ivith distiller! 
water in a Iheinio-lia.sk, tluii 


^ it b 

showing there weie no spinous c m f’.s. Tor obtaining the tempmatuie of pure 
lujiiid oxygen, u miniatiiK* rertitier eolunin was eonstrueted and iisi^rl lor [iini- 
lying tlie eoiumeri.ially olitained liqnirl oxygen containing some ilissolved nitrogen 
Oxygen gas fioin a evhnder ol 111)5% purity at '^100 atoms pressure, was pre- 
eooied hv eireiilating through a eoohng spiral immersed in a leservoir of eommereial 
lirpiid oxygmi at the bottom ol the rectifiei eoluiiiii and alter liquefaction by 
.loide-TlioiiiHon r‘xpansjon at tin* top of the column, is made to trickle down a 
series of perl orated dise.s made out ol fine mesh of cojipcr gauze, there!) v exeliang- 
ing ils nitrogen content w ith the oxygen content of the. upstreaming vapour mixtine 
ol oxvgrui ami nitiogen Irom the reservoir. Thus the eseapmg gas becomes pro- 
grcvssivejy richer in nitrogen, while tlu* dowui tlowing liquid richer in oxygen, until 
tile liquid in the reservoir is practically all pure, oxygen The thermo-couple 
immersed in tins lupiid sliow’^s a gradual reduction in e.m f. until at the end it 
la-eome.s s(.ead\^ at inirc oxygen temperature The corresponding pressure inside 
<lu) na tihiu" over Mu* liquid is iiotccl. us also the barometric pressure on a standard 
Kortin’s barometei , lor correcting to the normal boiling point 

Solid fiOg tenijicrature is obtained with a mixture of ether and solid (X).. 
iiiadt' by expansion from a commercial eylindei of the gas ol sufheieiit purity. 
Sleam lemiieratuie is obtained in the usual inannei in a hy7isoiiieter. Both 
(emperatures are corrected foi the atiiio-splieiic pressure in the lesual w^ay. 

To ('alibrnic the thcriuo-eouple from to bS' K, vve have measured thermo- 

e.m I at different vajiouv pressure of liquid nitrogen. The eorresjamdiiig te.m- 
piratuies are obtained from the International Critical Table (Vol. HI). The 
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i)r(‘ssiii(‘ (ti the lioiling 1 u|UhI was mt'asiinMl hy mm^hjis oI a Toina'lli 
mI JT^ , cajiable ni roadmj^ U]) to O-T) nun oi the lc\(‘i Near 

llic tcinju'ialui'c r>S Iv, I iniii chaiigo (d tlu* li'val »-()rti‘S^)(iiuls 1(» d-(i;i K. st» tlial 
ihc acciiiiK y tlic U‘iii|jt*riiUir(‘ is 0-015' Jv Foi tcniiK^ratuii'S aliov''!', IIk' aot inai N 
iMiri^asoH as tan bt* show^n from the vapour j)rpssiirr (*hart. 

TABLK I 


iS(ii ml 11(1 
n] 

( I'vsl 11 Is 

Alfish o1 

1 rysl.ul 
in (gin ) 

ITh xinuiin 
torHioiiiil 
rtiiglo a,„ 
((logicn) 

n,„liyi 

111, 

30] 23 l\ 

1 

0 04^4 

(•7 22 

1:145 40 

2 

0 022001 

31 02 

1543 42 

:{ 

0 043200 

07 70 

1547,23 


0 02ri000 

37 34 

1540 04 


0 039104 

00 52 

1544. J1 


TABLE T1 




hVSO^ 


fil-IaO 



( K) 

Aiigl<‘ 6"' 

li(0 weiui 

'o' & X‘i 
ax('h 

IXi — X 2 ) 
xlO'i 

(Xi -X.i) 
XlO" 

(Kn—Ki, ) 

V 1 oa 

(aA'T) 

N 1(H 

0"' Anglo 

303 

— 30 92 

2381 0 

180 45 

4582 . 7 

1388 8 

4 3 80 

2H0 

-30 74 

2820 5 

234 09 

5418 3 

1517 1 

43 75 

200 

-30 54 

3278 ] 

288 40 

0207 7 

1029 0 

43 08 

240 

-30 35 

4038 2 

351.50 

7724 8 

1853 9 

43 70 

220 

-30 22 

4942 2 

419 42 

9404 9 

2082 3 

43 75 

200 

— 30 IS 

0040.0 

502 50 

11577 

2315.5 

43 75 

ISO 

-30 15 

7413 0 

004 94 

14222 

2500 0 

13 78 

100 

-30 11 

0240 . 1 

737.50 

1 7755 

2840,7 

43 80 

140 

-30 10 

1 1750 

908 10 

22592 

3102,8 

43.85 

120 

-36 09 

15377 

1151 4 

29404 

3528 5 

43 85 

1 00 

-30 08 

20520 

1518 0 

39522 

3952 2 

43 90 

HO 

-30 08 

- 20062 

2125 0 

50000 

4480.0 

43 91 

08 

— 30 08 

37737 

2724.9 

73751 

.5015 0 

43 93 
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TABLE III 
FcSO^, KgSO^, 6H,0 


Temp. 

("K) 

Aiiglo 0“ 
bolweon 

‘a’ & Xu 
axes 

(Xi-Xu) 

XlOa 

(Xi-X.j) 

XlOo 

(Ku-K^ ) 
XlOo 

i^KT) 

X 104 

0° 

Anglo 


— 4:t.oo 

1768 2 

- 301 18 

3837.0 

1102 8 

42 75 

280 

- 44 00 

2028 1 

-301 32 

44 J 7 1 

1245 3 

42.40 

200 

^44 11 

2:J04 7 

-485 61 

5091 . 1 

1324.7 

42.23 

240 

- 44.2.1 

2044 •) 

-001 73 

1H0I .5 

1413.0 

42 . 00 

220 

- -44 4.1 

3001 . 1 

-713 11 

0883 7 

1514.4 

41.85 

200 

-44.71 

31U7.6 

-048 50 

8143.5 

1028 7 

41.65 

180 

-41 02 

4274 7 

- 1214.5 

9703 . 0 

1757.3 

41 .41 

ICO 

-41.44 

1171.0 

— 1644.0 

11880 

1902.2 

41.26 

140 

-41.85 

0397.0 

-1922.4 

14718 

2000.5 

41.25 

120 

—40 . 1 8 

8121,0 

—2438.2 

18088 

2242.5 

41 25 

100 

—40.25 

10707 

—3064.0 

, 24409 

2440.0 

41.41 

80 

-40.30 

14847 

—3570.0 

33205 

2001.2 

41 01 

G8 

-40.30 

18380 

—4300.1 

41071 

2792.3 

42 00 


TABLE TV 

O0SO4, 6H^O 

Tonii), 

(“K) 

Anglo 0" 
hotAVOon 

■ft’ & X’ 
axoK 

(Xj-Xj) 

XlOO 

(Xi — Xa) 
XlOo 

(X.l-Kx) 

XlOn 

(A XT) 
xlO+ 

0“ 

Anglo 

303 

00.10 

301 1 . 8 

1715 4 

4308 2 

1305.3 

._33.2C 

280 

00.04 

3565 . 7 

2108.4 

5023.0 

1406.4 

32.58 

200 

00 . 03 

41,50.8 

2510.3 

5803 . 3 

1508.8 

32.18 

210 

10.98 

4878.5 

3001.7 

6755.3 

1621.2 

31 .80 

220 

10 . 00 

5700. 3 

3017 7 

7902.9 

1738.6 

31.. 36 

200 

10 80 

0872.5 

4400 0 

0345.0 

1860 0 

30 . 95 

180 

10 . 01 

8283.9 

1401.2 

11106. 

2009 . 8 

30.63 

100 

10 38 

10105 

0742.2 

13408 

21.54. 8 

29.98 

140 

19 07 

12515 

8176.5 

10463 

2903.4 

29.28 

120 

IS 07 

166,52 

10930 

20374 

2444.8 

28 . 76 

100 

18.35 

101.50 

14502 

24598 

2469.8 

20.93 

80 

58.27 

24500 

18300 

30700 

2456.0 ' 

26.23 

OS 

68.25 

27898 

21G22 

34174 

2323.8 

25.33 
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TABLE V 

coSOj, iv,so4 bn.o 


I’omp 

(“K) 

Aiij^lo 0° 
betwoou 

‘a’ & Xj. 
iixos 

(Xi— Xi:) 

XlOe 

(.X1-X3) 

X 10« 

X 100 

{\KT) 

XlO< 

Anglo 

3(ja 

ao 20 

2100 6 

18:5.7.2 

314.7.8 

i)7a J7 

27 1.7 

2 so 

20 . 00 

201a. 0 

21.72 0 

3(577 8 

5 020 7 

27 08 

2fi0 

20 Ofi 

:ia.j7 0 

2.702 ;t 

12 13.. 7 

100.7.5 

2(5.78 

JIO 

20 4:“) 

as 00 0 

2010 2 

4861 2 

1 1(56 (5 

20 30 

J20 

20 2ii 

r.a2.2 

.*5.7:10 0 

;7,7.72 J 

1221 4 

25 16 

200 

20 00 

nai7 a 

i:io(5 -1 

(5328 (5 

1265.7 

2:5 . .7.7 

ISO 

20 00 

oaii .7 

i7j.S.j. 1 

7i:is 3 

13:58 0 

22.00 

1 110 

20.00 

7.702-0 
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HEISTS I TT VI T Y OF T IT E A J‘ F \ H A 'P U H 

To ( Iicck tlio j’c[ji'().liu‘i)>ility and aocnrac-v of iiK'aHurtniunii, W(‘ liavj* 
nujasnrcd the iniiij^nclic anisotropy of 5 oryMlals of "NiSO,,, (ill/). TJu* ratio of 
cL,nhii (d tlioHc (i-yslals AV(‘r(‘ loiind to )»<* constant to aiioiit 2 parts m a thousand, 
(Table I) TJiis variation is more due to lack o1‘ jiorfoetioii in the diflorent 
crystals ratlicr Ilian duo to inaeeiiraey in other t‘X[)eriinental piiranuTers, sineo 
i( was foLind (hat fir the sain o erystal tho saiil ratio is constant up to 2 parts 
in 10 000 when th(' same eiystal is measured hy \aryni^ othei conditions sin h as 
• K'taihing and remoiintinii; it. changing tlie torsion lihre and also 1,li(' inugnotie 
held, taking into consideration the idianges in 0 and 11 

T A B L E S OF 11 E S U L T 

The method of i ulcnlation of tlu‘ principal Liystalhnc anisoti ojnos at different 
tcnifieratnres is alrcvidy descrihed earlier. The first 4 cohininH ol the Table II to V 
1 cs]w'( hvely. giv(' (i) tlm temjiera tines in degrees Kelvin, of the, ex])erjniental 
nieasineiiKMits, (ii) the angles hetivia'ii ‘V/” axis and diria tion oi the (lystals, 
(ml the values of X^~Xi vnlnes of Xi^X-^ ealenlatial from the extrapolated 

graphs at 20*^ K niteri als, starting with SO.’TTv and ending at 68"7v, the lowa^st 
available tenipi'ratures. 

it has been shown from earlier works, (Bose ei al. 1960, Bleaney and Ingram 
19.”)!) lliat the complexes Ee^idilTaO and Co^’ 6 H 2 O in the Tutton salts have 
uc'aily tetragonal symnietiy and moreover, the symmetrj'^ axes of the tivo octa- 
hedra in the unit cell are inclined at an angle which is bisected by Xi oi 
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I ill crysliil. H(‘H( r Ihc |iiin(i|)iil •'ni. mini :mis(i1,ro)iY nf iJir cnmiilnxes is yjvnii 
l.v 

-(y, A'j) (A'i A'-.) K\\ - Kj_, 

cllld (MIN 2f/» -- 

-(A'j A'‘J (A'i A'.) 

nlicrr A 11 and A an* tiic pi int'ipal ;;m. ionic aiiscc})ljl)i]il-ics ])iirallcl and pcrjiondi- 
c'lldi I/O (lie lclj-ay;<mal axis oi (Jic conipJcA Tlic A^alncs of (A'//— A"a) njul (j) calcii* 
J.iic.J Ml (Jus nay aJ flif/iacid ti'Hipiaalnics arc ‘jivi’ii in flic next fno eolninns of 
( III* (.diles. J'Jie o\ ei .1 II aeciiiaev (d Mie.se x.ilnes is esinnati'dd as liettei than 
<1 I This IS al. pi (‘Sent Inniti' I hy tJie nnd.lioil id {rvaphieal exlrapcdalmn adoplcMl 
bid can la* very inneli iinprovinl by using a mine laliorions least squau' nndbod 
l»nt siiiei' our {ipfiroMmat ion in res])(‘( t id' the syimindi’v of tlic eoinplext^s lias 
.dreiidv bemi assunu'd it A^'as md thou'j;ht avoiLIi vA'hi](‘ for t/he presi'id to piTforni 
this ('xtra laboiii in tlu' absenne (d inoic* accurate' striietnral data, 

H|i:Sl’L'r,S \ N 1) I) I SCTJSSTON 
fa) Thv of the rmofhPtic elhpfioid of the ery.ttals 

From till' values of ^yi A'a) (A'i~A''») ^>l>werved that in tlie Fe''*^'* 

saltis the nuignetie ellpisoid (d the crystals aie longlily reduced to oblati' splieioids 
alioiil. llie A'a axis, nlm h lias thus tlu* inininiuin susei'ptddlity . This is evidontl\ 

.1 i onsecinenee of the fact tbul A’n ^ k\ and the angle ^ is close upon 45". Tlie 
lormer eonelnsioji tliaf A^n , in the ease of potassium salt is dirc'ctly a eonsf'- 
([iieiiee ol oni observation that Ab A':i negative for tins salt at all temperat.UTOs 
In eonseiiuenee, in this ease t.he condition that 0 is nearly 45° is also an to in a ti call v 
lullilled as is shoAvn Irom our ealeiilations id’ 0. The alternative assumption (d 
K A'li hauls to a value td' eos 20 , I. whiidi is iinjiossiblc. For the ammoninni 
salt, however, the. eoiiclusioii is md so straightforward, and Ave assume the .same to 
lie line also in tJiis sail. md. only heeaiise this is intue likely for an isomorphous 
sail willi the same paramagmdie ion, hut lieeause, as .shoAVii 1)^^ Bose e/ fiL (1901) 
such ail assumption (i.e. R|i > Kj.) amII haul to a particular energy level selieme 
in this sail leading lo the ainsotropie sjieeti iiseopie splitting factors to he 711 1= 9, 
- 9. (Bo.se el o/., 1900) AAhudi agrees with the experimental result 
For the Co“ ' salts the- ervstalliiie tensoi (dlipsoid is more or less triaxial as 
can 1)1' .seen from the anisotropie data ami hence the aiiiliigiuty is more diffienit 
TO remoAU' norma II a’. Rut in this ease for both the Tiitton salt.s paramagm^ie 
resonaiU'C’ gives i lenr indieation that the loiiie ellipsoid is nearly uniaxial, also, 
A"|| V* A'x ami the values ot 0 obtained from resonance, (BleaiioAb 1051) are close 
to ours, ealeulate l from magniAtie anisotiopA'. It is, howcAver ncccsaaiy tliat we 
should make inoie extensive trial and erroi calculations for finding the. actual 
.scheme of energy levcds in the individual Tutton salts wdtli the present new^ and 
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V('rv afriiraU' data lor tlu^n wo ran Jimko a doliniic <lccisioii in lavoiir oi one oi' 
llu- ollioi 

'l’lu‘ dftailod diiscussion oi llic vosults in loioffnic 1(» llii' tlioor\ oi' oi ( alu di iil 

and Fo-’ ions, will ho^inon in thr nc\l (lait oi tlu' papoi onl.\' attio tin* mean 
,sus('0])t dnlitu’s aiv nuaisiiiod wiLli coinpaiativc ilo^ivo ol <u oiiraoy w lilcli au' m 
piofiroKK, Jl Will ho, liow'ovor inloio^tinp to jii\o lioio somo hroad ioaturos ol tlu* 
llu rinal nni^oioln l)olia\ loi oi llio iiy,s|.aF 
( 1 ») Lfinfr umiv 

Duo to 1 lio prodoininojit oidno coni^iononl ol t ho olootno hold ol f lio (J sin i oond 
iiio t liarjjios th(‘ iri'o-ioii groond sialo -l)(.‘id'') of Fo^' hioaks up inio an oihital 
tnplol and a douhlot and tho frt*o-ioii pioiind stato 'F(;{(l') oi (\i'' ' splits into 
oihital 1ii|)lot,s and a Hin^lol .i tiiplrd lyin^ low ost in holli oasos IMu* avail i oiii- 
ponont oi tho lipand hold and spin-oihit intinaition oonsidoi lal tofjjoi hor . hroaks 
op jiaitialh tho loinainin^ spin and oihital ilojionoiiu los Tims spin-oi hit- iiiioi- 
aition has ;;ol a dolinito ol loot on tho ouhu ^joinnl loool In tin? lirst oidor. iinliki' 
Noiiu' otlioi ootaln'ilially oooidinatod salts oi tho iron ^loiip siioli as oi t^i-^ Ni-' 
(h‘- and 'Phis oxplains tho largi* valiio oi tho loiiio anisotiop^ ol i-lio oi ta- 

la diall\ oooidmatul Ko'“' .ind oo-' ions in oonijiarison to Unit ol tho latlor ions 
lla vahios at hdlV K hoitifi lospootivoly 4r)Sli. 3SlfS, IIIOIS, and INll iiints 
loi KoiNJI^.SOJ, (ifl.O Fo(KS(),,)^, hFI.O (\i(NJi OH^iO and ('o( KSO,) 
hllX). Thosi' losults a^Toi in ^onioial with those ol (‘arlior works (liosi' It) 17 
Ihitla IDfih) hilt ai(“ inoio a oc urate as to the' aotiial valuos as airOfidy stated 
(o) I'f'nijjpffjfHn ratufhoti o/ o>nAo//opo's 

rroni tlio losnlts it is apjiaront tliat tin* loim. ainsotrojiy doi's not i'ollow a. 
Minplo liiioai iiivorso tompa/atiiri* do|»ondono(‘ Inmans sails id the iron ^oonj), 
pn vjoiis woikors(Boso vi <tl lt)4S Diitta. I tloh), have i ojirosonti'd the lonn aniso- 
liop\ h\ .1 ;i-oonstant i’oiJiiida as follows 

A',,-- A.L A V HIT yC/T-' 

Mtlioii^h '.o laniiot assunio that tlio ll-i oiistant f'oriiiida is siiffn iont to tit our 
I'vpiM miontal results, w o oxjioi t that the same loiinula w ill also hohl good in oiii 
i.iso, Tho oonstant A. H, (' are vor> muoh strin-tuio sensitive and vanes Ironi 
^tdl to salt oven lor the sanit' ion It isknowui that the ollo.ot ol the distant at.oiiis 
oatMdo the pi unary ligand olustoi, tho disposition ol w hioh is di'torininod hy jiai k- 
iiiy oi (ho atoms oonsisLonl with t lio sjuu-o gioiip symmoti ^ ol tho i i vstal. is iiioro 
ju'onouiiootl in tho lUiisotiopi value than in tho moan siisooiitihilit v (N\in \do( k 
I'Kh) ihiso oA, I'JoT lt)5S) The momhors of Ho-’ .hJdaO Ol Ho- diJl^O i liistois 
-lie iigidly hound togidlii'i as shown hy tln' porsistonoo oi the ihisloi 
undoi oxti'omo oonditions, hut not so loi the distant atoms wlinh .no woakK 
I'oiiikL ( !onso(piont]y oven a stnalJ anisotiopio tlu'imal expansion of the- lattioo, 
■ dlools moie tho offoot ol tho distant atoms i o., tho anisotrojiio i omponoiit i.ithci' 
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ilian llio cubK; oojiiponent of tlio Hold. TJio iiiorcaso ol tlio anisotropy botwoon 
JJO.T'K aTid OS' K in obsorvod to bo maximum in H'o(NH4S04)2 OHoO, being 10 
times, and a minuniim in C()(NH4SOj26H20, being 7 times, 

(d) Vmidlion from still lo salt 

Tlie al»ov(‘ elJer-t ol the distant atoms also explains the variatirin of amso- 
tro]);^ values Jor LIki Siinii iouie (duster but with a different alkali radu-al outside 
it. TJie (liflerimd! in the anisotiopy value betM'eim the tu o lerrous ions is 20% 
and between that of cobalt is 30 % 

(e) (Jhtmtjr. of orirnlation of Iht riiaynetic ellipsoid with UmpertiUne 

Tiie (diange. in the angle 0 between the over the (‘iitire. 

tiunjierature lange is dillei'ut for each of these Tiitton salts, a luiiiinium for 
F(!(lVJr4,S()4ydl J> - (hS7“) and niaximuin lor Fe(JvSO4)20IT/)(A^V 2.d‘ ), 
for the. Oo- ' salts, A^V — 1 .S5' and 1 .20 lesjiec.tively ior aminonium and jiotasMiuiu 
radicals, dhiis indicates a small rotation with temperature, ol the crystalline 
magnetic ellipsoid about the erystalline symmetry axis 

Jfroin the talde iL is oliserved that the angle 20 between the 2 tetragonal axes 
ol th(‘ fliliereiiLly orie.nli'd ions in the unit (.ell ehangesyuth tmuperatiii i‘. diflisentl\ 
for different salts, f'oi finious anmionium, ferrous jiotassium and eobalL potassium 
salts, 0 deei eases lo a mniiniuni at tejnperaturcs 200' .K, 140"K and liS0"K r(‘spe.e-» 
tividy. However, loi cobalL aiiimoiiiiun salt 0 eoiitinuouslv decreases AviLh tiiin- 
peraturi! 'Phe maximum changi's A0 foi tlie above salts iLiken in the same (jrdiu', 
aie respectively 0 lb' , I TiO , 7.00" and 4 25 The ajijircciable i liaiigi's in 0 for the 
cobalt Jims may bii due to the. lack ol a [lerCect uniaxial symmetry Avhieh Ave havi’ 
assumed lor ealeiilating 0. The ebaiiges in (J and 0 angles aie due to anisotropic 
thei uial exjjansion ol the lat tii e, t he 0 angle biung more seiisitiAui to temjiera- 
ture variation 
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ON PROBABILITY-DISTRIBUTION OF STATES IN 
RATIONAL THERMODYNAMICS* 

M. DUTTA 

A/ai, (3 IT. UtriLDiNGS, SxNGnEEUAGAJff, t’\LruT'rA- 7 , India, 

{Jiacciocd Novtinhcr 2.'j, J96D) 

ABSTRACT- lu uu (ihhohUhI stHtiMl k til iipi>i‘oiicli lo tlioriuodyiiiimu ju'oblomK. Dutiii 

.‘-iuiicul witli ult.sorvn hlo tukm to bi ami liuviJij,^ tlwii iniimM’iiMl nmnwnrnh 

M luid 1C ThcMi (|uii]i1 j 1 uis, AI iiiid Ky L'oriosjionduijj; to aj) insl aiii iiik'dum -lUiin (cojnplo- 
mom), woi'o iihsixiiK'd U) lu' random Minubb's. ^’hH pi'obiihilily-dislnbidion loi Uio,sa il 7 and 
Ju w'lh laKon lu lio ovprtiu'iil ml and wnlliai irom uriD-inioiil h mijmiIim' Lo lJutso uwtl ioi dialui - 
turn <il tlio Hayi'h Jido. 'I'lion, Iho piiinmt>lc‘rK ol disti ilniiioii woio eHlmia.U‘d by a. nu'lliod 
pj art l(■llll^ Miinr as llml ol iuiiximnm bkclibuod. I'7)r nii ossojil-mlly Hl.iiliHltaal model, cons- 
.111 led in this -wav. all known loHidts o( sl.ili.sl inil I lioimodymnuK's woio obtimii'd lov lujim- 
tjons ol conserN ution ol ,11 .md ol K. 

Hero atlompts aioiimdrio HOiutiuiHo utulior woiks l,o Uhi’ortaim thoso jii’opm'tioh ol tlie 
.ibovo ('jiUtuiH Avhn 1 ) ])lav loally liuiduiunnial roles m the do\ olopmonF. Ll j-j hoou Mml iiddi- 
li\it\ (with iisu.il iihysical ussninpt ion of <-ont iiuuty) imphos and ih nnjihed by ilu* o\j)om*u- 
iiid distubiition, 11111(11 is jiiaetnnlly saint us Iho Uibb.s ciiniiomud (oi, fj;rand ciinnonii'nl) 
disltilintioii III llui toi'imuologv ol urUiodux ,slu 1 isl.uul inocliniiitH (libbs, slaiitniR lioiii 
liiou\ illo s llu'ijiom, ])iO|io,sed l-ho eiinoniful distiilnitioii us a diHlaibnlum sulTii'iniil (not. 
no( essiiry) loi i‘(in.sliii(‘l.uig a, tiuithomalical iiiudol siinihii in thonuodymimii* syab-ims. Hei’o 
111 is si'i'ii ihul it IS niH’oShury too 'riu'ii, hmv (ho hI.uIi.sIhuI mclborl ol Dnttu ih inlulnd to Lho 
oiUiudux. mulbod of inaMmiim likelihood ol |(’ishei' is nivtstagutod. Kinully. (ha laws ol 
liioh.ibility-tlislulmUoiis for Uiuipeiatui'o, (‘huinxid ])oi(!nlJii] I'lt , .ind oxprt'SHioiiH lor thoir 
Hue Illations aro obtiaiiied 


J N T Ji (J IJ U C T 1 1) N 

III lii.si lii'ifPii ycai>4 .some attc'iiipl-s have- heeji luade in liiiUHilatf and riolve 
till* iHoliloiii ol rational iiipTniodymnnies Iroiu essenUalJy stiilisUcal and piohahi- 
li.stK* met hods wiili .statistie.al model The advantages of these attempts appears 
to he tu()-l‘olcl. Firstly, tlie- methods are ex])eeted to he a.])pliealjle also to 
.M^'tOiiLs wliieh are not oi tliermodymimies Jioi even ofphysic.s, Seeoiidly, it will 
Im* ])(),SHihle to interjin't the etpiations and other le.^ults, eoinmoiily diH( us.sed in 
tlu'T’modyiiaiuies, in varioim ways in eontext ol other hranelu's ol’ siienet* thus, 
tluir real deepei sigiutieaiiecs Mdll he revealed 

iSt Lilting With statistieal model and u.sjng .statistieal argument, s sunilar to 
B.iyes rule, Dutta {1951, 19511, 1955, 1959, 19f)(>. I9t)5a, 1965b), wrote down the. 

* Tins roHoarch work was aupportod by the NHiional ProfosHor, S. N. Boho’s Rosoarch 
^iliojne ol iho Government of Tiidiu at the Indian AHsociation for the Cultivation of Science, 
' ulcut,lu.32, India. 
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Ijrobability (lintrilmtioii ior states ol a tiiftrmorlynaiiiK; system and estimated the 
])}iTam(ders, involvefl m tJie distrihntioii by a iiietlied. elosely related to that of 
imiMiiLiim liktilihood oi (hiuss and Fisliei Then, Irom tlie equation oi conser- 
vation i>l any ot tlie liindamental entitii^s. written doAvn suitably, all the known 
results ol tliat ol jilienomenologiefil tliermodynamic informs quite similar to those, 
obtained by Cibhs (lh()2) and Fowler (1926) 

Witli some, ol)|e.etiv(‘S, Jaynes (1957a, 1957b) obtained the xirobability dislri- 
biition ol states by the method, named by him as the maxiniuni entropy estimation, 
by maximising the information theoretic entnqiy whieh came into g^eat promi- 
iK'iiee after tlie develo])m(int ol inlorination theory (Hhamon am) Wiuiver, 1949. 
(h)lflmann 1952: Kliinelnn, 1957) Then, he obtained tlie eoninionly known 
results ol statistical thermodynainies by Mlentifying some of the iiuantities, enteied 
in Ins ealeulalions with usual tbermodynamie (juantities alter Sehrm linger (1948). 

Ileeentiv Mamlelbiol (1962) also tried to study tlie statistical iiieehanKS ol 
(lil)bs as a brunch ol statistics In his opinion, in statistical nii'chanu s thi' 
|)hysieists, and in uiatheniatieal statisticians the theoK'tieal stiitisticiaiis have 
been devidojimg jiraetieally same methods from smiihn ideas in diflerent symliols 
and dillerent terminology without knowing and uiiderstancling A\orks ol one another. 

Dutta (196(1) sliovNcd that the laws of ])robabihty distribution of states, ob- 
tained by Dutta. and by -layiu's (1957a) were Khuitieal. As in both the deve- 
lojiimuitM, models, started with, are same and, also, tho lesiiJts ohtaiiietl are same, 
so, it is (|uit(‘ iiatui al to think that then' must he decfier intiu relations hetwemi 
these two for finding out the prohahihty distrilmtion of states Ateeentl 3 ^ Miikerjee 
(1965) just touched tins point from eonsiderations of stoehastie jiroci'sses by 
simjile matlieinaties. Dutta (1965a) also (‘stablished that the method of maxnnuni 
eiilropy estimation as used by Jaynes implies and is im|)lied l>y an exponential 
distrihutioii with parameters, estimated by tlie method, used by Tbilta, ami practi- 
cally same as that of jiiaxmmin likelihood of (lauss and Fisher That the maxi- 
iiiiim entrojiy estimation leads to an exjioiiential distrilintjioii is known (Kullbaek 
1959), hut that the pai aineteTs of the distribntioii by maximum likeliJiood has not 
hei'ii notu'cd earlier. Also, Dutta (1965) has been abb' to establish the deep inter- 
relation even between tlu' ilefiiiition ol likelihood fuiietiun and tliat ol iiifoimation- 
tJieoretic ciiti op> , partu idaily lor ei godie samples, ami heUveen these tw o methods 
considered [lurely as methods ol statistical ('stimation. fn this connection, it is 
to he noted that il the freipiemy approach to jii ohahility as put lorward by 
Nh'uii, JVlise.s (Vaiuiiicr and others he accepted as most tiiiKhirm'iiiaJ to start witJi 
tiu' above results will he evident 

14ie aim of tlie present diaeussioii is to investigate what hasie properties of 
the entities, intiodueed by Dutta as most fundamental in lus essentyilly statistical 
ajiproaeh. leads to tlie ex])oneiitial distribution and liow . Jt is seen that it is 
not neeessaiv that the t'sponential distiiluition should he introduced by advancing 
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tlie ar^nnu'iits. .^iinilar to tlic Baye's rulo. It is a siniplt' and dinM-t i‘nns('(iu(‘ii(‘(‘ 
nfaildivity (also known as, 1 ho nxliMisivo properly) 

AiioUkt ol)jeet ol lids |)a]K*i is lo show i leaily how tlu' nn lhod of i*sllination. 
iise^d hy DntUi. is fitted in with the orthodox method of niaxinuini liki*lihood ol 
risluM'. In this eoiineetion the role of ergodie theory in iliese stalistieal devi'lop- 
nienl s has been ])onited oid f learly. The assertion of Jaynes (JDo?) that in essen- 
tial statislual develo])inenL tlu^ ergodie hypothesis is not at all neeessary is not a 
fac t Tliis point has just been nientioiietl hy Diitla earlier (lllhfia). Tleie, this 
jioint has lua'ii (hailt with in some details 

At the end. the prohahilit> disirihniion of the jiaraineters ol rlistrilmtion 
(whic h are related to the* temjieratiire' and the ( heniieal jiotential) and then 
tin* ex})ri‘ssions foi fuiietions of the temperature and the ehejiiieal potential have 
las'll deduced. These are (|nile in agreement with those giyen hy J.,aiKlaM and 
Lifsehit// (IhoS) 


t’ UN I) A M E N T A I. I'J N T 1 'I' J K S 

Dntta in his essentialU stati.stieal apjiroaeh (Ihol. JhoJ, 11)5(1 and 11)51)), 
.started with two entities, clenoted hy M and K which weie siipjiosed to la two 
ohservahle entities sjieeifying the system, niuler consideration in a state. 'The 
syst.em eoiisidered was taken to he open, i.e., to he ahles to exchange these entities 
(ieel\ with tlu^ environnient (m the oithodox language ol thermodynamies, m 
.1 lu-at and nuittei both) As the tluetuatiims wcr(‘ also siip])osed to he fmida- 
nieiital for the system in a state, so the in.stantaneoiis niimerieiil measures ol i)/ 
and H are random vanaldes The ^irohahility diHtrihiition ol thesi^ cpiantities 
were wiitten from aigmiients, similar to those used in diseussions ol Bayes rule 
and norm.ilisid ion The parameters ol the drstrihiition were estimated hy method 
similar to t hat of maximum likelihood Hcny the method, actually used hy Dutta, 
iits III lyith the orthochex method of maximum likelihood ol fisher is nwestigated 
in the seetioii 5. 

Besides the randomness, tlie additivity of M and E was jiostiilated as the 
basic |)ro]ieity. Hy additivity, it is meant that the instantaneous value of any 
of the (jiiantities M and E, of a system consisting of a number of mutually non- 
mteraeting (statistu ally iiidepeiideiii) part-systems in lujual to the algehraie sum 
ol its instantaneous values of the part-systems. The diseussion of additavity can 
he seen m some standard literature of classica-l thennodynamies (Ejistem, ]f)4H), 
In a recent new axiomatic, development ol themiodynamies (Giles, 1904) the signi- 
lieanee of the eonee]jt of additivity has been fidly emphasized. The additivity 
is l eally the basic property of thermodynamic; variable m standard litciratures of“ 
thermodynamies (eg., see Epstein, 1948. Guggenheim, 1950). In a recent paper 
(TiuUa, 19G5a), it has been explicitly asserted that 'for detenmning the, correct 
laiv of distribution of states, the measurable quantities should he fundamental, 
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1.0 , siAtisI’yiiitr tlio additivity law and llio rounervation law''. Tlie w^ork ‘correct/ 
in UiiR asKortion si^^riilicos juhl aufficK-nt ff»r prohaTiilistic oonsidoratiori and also 
just iiiocting thorinodynamio rocpiironiorits', Tri the next stn tioii, it will be shown 
i/liat i‘undonuicH,s and additivity are* just sufifieient foi- ooniplote determination 
(i e., specification and CHtiination) of the ])rol)al)ility distribution of states of the 
system. 

For tlicj-niodyniiinio, reciuireinents i.e.. for eonstrueting fnnetions having 
fniidaniental propertic's similar those oi entropy, tempera tint ‘ and the like, and 
e()uation ol eonsi'Tvation o( any one these entities should he written. Tins eqiia 
tion is written by (‘<|iiating the total (small) increment of any of these entities 
du(‘ to small changes in the .system and/or environment to the (algebiaie) sum 
ol tli(“ small changes in the cooidinates. (*Xf)licitly used tor the system and onviron- 
ment along with changes due lo How oi i;au.sed by changes ol uncontrollable or 
]iidd<‘ii variables associated with lb<‘ system or the envii'orniKMit. In the statistical 
a,p])roaeh , ]u-opoS('d by Dutta it is seen that lh(‘ same (‘Xiiression ol entropy is 
obtain(‘d as the integral ol Paffian ecpiation loi eonsi'rvation ol any one of thesit 
(Mitities alter identification of these equations foi interpretation with usual ecgia- 
tions for (;on.s(!rvation in physies, viz, the first law of tbermodynannes. the equation 
ol eoiitinuity, vU ., but, the integrating laetors are diUerent and eorrespond to 
difleront physical quantities, viz, temperature, ebemieal jiotential, (de., which 
are the intensive variables of tlicrniodynaiuic. 

In the statistical approach by Dutta, entities, wliii h ari' random, additive and 
eonsorving, are called ‘fnndainentar. Instantaneous values ol mass, cneigy. 
iliarge nionientuni. etc, of a niicroseopu' physical system are examples of the 
Cundamt'ntal quantities. Tn tlie, terniiiiology of fliles (lOfif), additive conserving 
quantities are ‘coiiipoiients ol eoiiteiits’ Jn the axioniatie discussion of Giles, 
it is seen that any eomjiom'iits of contents may be taken as tlu^ basis lor intro- 
duction oi entropy. Tn Jaynes' apiuoaeb (UHill), it is also noted that the pio- 
Inibibty discussion can be maile with any measurable quantity, but, the use ot 
energy (not teinporatiire) is niosl convenient toi tJic purpose ol thermodynamics- 
iSoTiie (‘xiilaiiations for the noee.ssity of taking eneigy as tJie basis in the statistical 
roriiiulation of thermodynamics, put forward liy Jaynes, are from mechanical 
considcrntiim. This explanation, based on mechanical consideration defeats 
tho very objoctivi^s of the essential statistical approach to ihormodynamies for 
doducing everything from statistieiil model by statistical reasoning only. 

ADDJTlViTV^ UANDOM VAR1A13J.E AND EXPONENTIAL 
D I S T KI B U T I () N 

Let M, E be numerical lueasines of tw'o additive random entities of a system 
composed of two noii-iiiteractmg (statistically independent) part systems, of which 
the eorresponding quantitii^s are and E„ where 

J^f == E E-^-\-E^ 


( 301 ) 
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Af? all theses quaniiti(^s are random vanalflesso a ]n'<»bal)ilUy diKlribut ioiiK are jiaMie 
ciatod wit]) thciii. From additivity ol M and 1C. and Ironi the miiltiplieativity 
of ilio probability. wt‘ iiave 

A’jH-A’a) - P(il/„ E^) nil/., E.^ ... (:l. 02 ) 

or 

log P(il/i+ il/., Ey 4 E..) log l\M^, A\) J-log (:i.03) 

^^dlore. 

^P{M.E)--=\ ... (:i.04) 

M,E 

the summation being taken over all values of ilf and E 

i:nil/, E) - I (:l.04) 

thi‘ Rumination being taken over all values ol il/ and E 

I’rop if f/{^ !/) ff cohimoHs /'n'nrhnfi of ,r tt/uf i/ Mith'^fyi)}(/ the Juvc-Pionul 
idai'hvnf^ </ivpu h}/ 

?/i) I f/(‘2’ !/‘z) ■ ■ 

f/ipv, <i{.t.y) innsl h(‘ on e cpoHcniial junction. 

Proof . Taking .i, 0. --- 0, 2/i ^ .Va = b we get 

j7((). 0) =-. (,{(), 0)+(7(0. b) •- 

i.c, ^((1,0)- (I ... (3.117) 

Obviously f 7 (x, y) 0 
is a trivial solution of (.‘1-05) 

Now , from the t elation (:J.()r)), it is easy to see that 

r/(;m.0) — af/(a, 0), g{i). mb) — tti(j{{),b) (11.08) 

for any two numbers a and h and for any tw'o yiositivo integers /< and m. Then, 
for integral v and nt, we also have 

From these two relations, for integial p .q,p\ q', we Iiave 

,j i^P a, 0 ) = ,j{a, 0), s (O, »('*> '') • 

Then, from continuity of g{x, y) we get 

g{x'a, 0 ) ^ x'g{a, 0 ) and g{(K y'h) = y' ( 7 ( 0 , h) 


(3.11) 
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Inr rr/Al j', y' . TJius. wo can writo 

!/(*<'. y) ^ 0-f?/) ^ (j[x, 0)4-sr(0, y) ^ xg {\ , 0)+2/(0, 1) ... (3.12) 

ir r,y l»o ])opativo. wo liavo 

0 - 7 ( 0 , 0) -- 7 (.T+(-~.r), ?/-'r(-7) -- 7 (.r, y/)H (j{-x -y) ... (3.13) 

or - r/(~-<*. — ?/) — 0)4 1) ■■■ (•‘^44) 

NuU' . Ill llio uhovo. it is to lio ootod that it is sufficient to take f/(x, y) 

continuous witli ro.S|) 0 (‘,t to x. and y seporatoly . 

Now, as P(il/, K) is a pioliability distribution, so. 


P{M, E) ~ 


tM.E 


fW^) 


(3.1.5) 


wli(W(‘ f{kz) -- i: tA^z^ (3.10) 

and in the simnnatioii U, Ibt^ toriii is to bo ropi'atofl il tlioso ho mnltiplicity ol 
states spt'cifKul by M and E (in the toTiiuiiology of pliysics, doj'onoiacy of stales)- 
It is to ho noted ni this eonnoctioii that as F{M, E) is niiiltiphcative, wv should 
have , 

fit.z) ,h{t,z) .fS^z) (3.17) 

whore /(/. z) is associated with the entire systoin and/,(^ z) andj^it. are associated 
witli part-systc‘nis. The validity ol relations and its sifjnilieani e -were eonsidoTed 
in earlier jiajKaK (Dutta, 19.53. J!)5(i, MKWa). ,/(t z) is the partition function. 

33ii* [irohabilily ihstrihutioii fjiveii by (3 1.5). (3 Ki), and oi eoiirse, oiiginally 
MTittoii from (liffi'ient arguments was the starting point of the ('ssential statistical 
ap])Toach of llutta 

In the above dediietion, same set of / aiid:^ has been taken for both the part- 
systems. This means that they have been taken from th(‘ same (statisiieal) 
l)o])iila1 ion. and in the language of statistical mechani(;s alter tTibbs, the systems 
are known to he in statisiu-al (tliermodyiiainir.) equilibrium. 

Tine K0 1 IMIT],aT10N OV GIBBS AND EXJ’ONBNTIAL 
D I S T 11 X B U m O N 

►Starting from Liouvillo's theorem, 

=[P,H] ... (4-01) 

at 

Gibbs (1999) urgiiod that for statistioal oquilibrhmi , 


^ 0, i.e.. [11, PJ = 0 


(4.02) 
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For any uonstant C of motion of a dynaniu al aysteni 

... (+.(»:») 

and also, lor any (dilicrontuiblr) Innction F{c) oi tlir cunslanl (' ol im.tioji 

|yy, F(c)l .= (I (1.04) 

Thus, from (4-02), it is siiliitiojit to tak(‘ tliat 

r - . (4.05) 

\\ luTi" , C .. ai(* const ants id motion. (Ulihs, foi' snu])li(‘itA assumed tluMiidcx 
ol prohabihly as a lincai lunclions id constants As m llicrniodymnnii s. cnci<»;) 
is the most inijiortant concept and no otJicr (pjantit .3 associalcrJ Aiiili an_>’ olJicr 
constant ot a inidion is generally intiodnced so in the major •i)art (d tlic dcvido])- 
ineiil ol statistical niecliiinics due to (iihhs. the tanonical distnlmlion (winch is 
notliing hut a geiKual exponential distiihiition) is uiven hv 

/■> ^ c ® 

where 1 // and 0 are pniameteis ol distnution and i is llu' I'licigy ol t-lu' system is 
Udven as tlu' stalling iioint id discussion. In tins diweloiuncnt, om* i an also find 
a lilt more general distnluition. named hy linn as grand lanonual distrihutioid 
and giv(ui hy 

.. (4(17) 

wlica-e, 1 //, d, //; s are parumeteis of distrilmtion, < is the (‘nc.rg\ ami A' s are tlu' 
iiLUuber of /-tli tyiie ol Jiarticles This is also an cx])onential distnhution and can 
he written hy same simple translormatiori ol variahles in th(‘ forni (li 15). Hesides 
these lanoiueal distributions, in the entire develojmient ol (dhhs, tlu* only other 
flistrihiitioii considered is the uniform surface distribution on an cneigv -surlacii. 
Jhil this is considered after (libhs as a truncated canonical disli ihution and naiiu^d 
as a micro- canonical distribution. Tn (Tibbs’ development, all these distributions 
ai(‘. introduced as soon as possible distributions to suitable foi coiistniction mathe- 
matical models for theTinodyiianiJc systems, but, a, little scjiitiiiy will sliow that 
the. canonical (exponential) distributions are only lundamental distnhution lor 
this purpose. 1'hus, canonical distrihiitions are necessary and sufficient. Siiffi- 
cimicy was stressed hy (libbs himsidf. Necessity ol the rlistrihiition isiinjilicrl by 
additivity ol energy and other significant constant of motion w hen reijuinid in 
particular cases. 

M K T Jt O D USED BY D XJ T T A AND T IT E D R T I J O D O X 
METHOD OF MAXIMUM LIKELIHOOD O FISHER 

Thcrmodyndinie and similar other microscopic measurements are generally 
taken for a tune T, sufficiently large, compared to the least time 7 required hy a 
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[ simKC) or a machine to got any impreHsion (atilor example, the time lor oye is 1/lOth. 
ol a second). Thus the actually measured values are really over time intervals. 

Let ni he the frecjuency ol realisation of a set of values ol M and JC in N = Tjr 
inLu vaJs, 11 J/q, /tf„ he tJ)e ohsei“ve<l values (i.e. the average values), thus, 

... (S.Ol) 
... (5.02) 

In the essentially statisti(;al apjiroaeh proposed by Diitta, the (“xpression. 


K„, I. z) 


r„ f yifr 

fil.z) L"'! } J 


(5 (i3) 


has been imixjiiiised, where as in l,be orthodox method ol Vishei, the likelihood 
I'uiictionK, 



is maximised. As N the sani})l(‘ size, leniain constant in the variations considered ' 
and, evidently P — and L attains inaximum sinmltaneoiisly, so the (‘(jnations 
lor determining are same. 

Tn the statistical a])|Jioa(h of Dutta, it is seen that those ohscrvi^d values are 
also tliemean values ol tbesse two Inndaniental entities, eah nlaterl fiom distribution, 
and lor otli(‘r (uitities, mean values ealeulatcHl Irom tlie distributions, iiave been 
taken to be equal to tlu' oliserved \ allies. In other statistical approaelius, also, 
mean values eah ulated Ironi the distributions are jiostulated to be equal to those 
observed values. Nom , the postulate, by wliieli mean values are equated to ob- 
served values (time-iivei ages), is an ergodie hypothesis. Only, the form ol this 
hypothesis may chaiigi*- when the mechanical model is replaced by a statistical 
model. Beside this hy})othesis, as in usual statistical meehani(;s here also, we 
have to introduce another hypothesis foi equating the short time-average (actually 
observed) values to the above long time averages. (Dutta, 19()6). Thus, Jaynes 
impression that m these statistical approaches the discussions of ergodicity can 
be avoided appear not to be justified. 

D I S T I B U T I O N OF t, z AND FLUCTUATIONS OF 
TEMPER ATUKE ET(V 

Tor the fixed observed values ol 31 and E, the laiv of distribution for 
can be taken as usual as 


,){l: Z-. Jtf E„) = ff(l. z; JU„. E„) ^ 


( 6 . 01 ) 
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A\>\v by TayJ(jr b expansion of G\i,z) aboul the oi values of t and 

('stiinated fi-oni likelihood equations ne got 


i (tei ms eon taming Jngljoi i»mois ol (/—/„) and (s -:2o)} ... (h.O:!) 

;l/„. A’„) C .-x,, ... 

L 'v i 

(' being tJio fiietni t.o be (hn.orminod by nornialisalion ... ((i.()8) 

Now from w(>ll-knowii K'siilts of statistics, ffnctiial ions ave givcMi bv 

PX|»j(/ — /„)-] . var (f.) - ' 

/ _dMog(/\ * 

\ ()/- /»■ 

J 

/_ d-logf/ \ . 

\ iV- Jo 

“>-( 


Kxp ft: - \'ai U)— 


(0.04) 


. ((i.(iri) 


wlieio 




Now , the expressions lor the ]Mi'titil de.rivjitivcs of log f/ can be ciileulated as in 
an earhei papei (Dutta. Ifftibb) They are the following 


/ /)- log {/ \ _ (M~ 

' d/., /o 


\ d^g“ / 0 Sq 


dMogy \ _ {M-M^){E -E^) 

dtdz 1 0 <o®o 


((bOH) 


(b.OSf) 

( 6 . 10 ) 


It 1 an be easily .seen (Dutta, 1053) that Mq, Eq are- the average values of M and E. 
0 
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UtiliHiiig ihci abovo roHults, we got 


Vai iz) ~- 

(Jov(t, s) - 


t 

.. (Ci.U; 





... ((i.J2) 

(/iJ-X)-A 

^0«(l 

(!’" 7g(7ir-“i/„) . A 

.. ((5.1.4) 


Mild 


A - 


{{M 

K,,f ^ 


( 0 . 14 ) 


'Atji IIk' (‘(irj'C'liitKUl iK'iwtu’ii M and 1C- 

No\\ (‘oirt'lntioii In'twcH'ii / and c is given by 




\ /i' 

fVar- (0 Vtiv{z)\' ~ ^ . .iHogr/^ '/ d^logi/v y 

ir j«l )„} 


and 

Then, 


(M ~ Y[E~ JC^f 




pl^ihT 


(lz„ A’(log s„)- . s,, 


and snuilarJy. 



(oY^) 


(ti.ifi) 

(ri.]7) 


( 0.1 H) 


... (b.l9) 


Then, 


VarT=/^-)'' Var( 2 ) 

\ (IZq 
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yr) 


=o“ {K-E„)F . (I 


kr^c 


(1“ 


AT- 

' r, 


(I ~ 


(C. 20) 


•ilti'i Miihstit iiliii^ tlie v’aliu' of (/i’ ^^n)~ Irojn ]H’j‘Vums fiilc illations ( Dullii, 10r>:l, 

lOtifia). This is llie (‘Xiirossioii ^ivoii by Lundaii and Lifsrhitz (lOoS) loi 
llu‘ toinjicTatiLre HncLinitions iniiltqiliod by the lacloi (1 f^js.nr) ’ Sinnlavly n\- 
[iression loi- fluctuation ol /( can bo obtained. 

The exjiTOsaion foi fluctuation loi T lediices to tli(‘ value given by Ijiindaii 
and Litscbitz (lOnS) when 


} yj.ji> tl ((l.2l ) 

IcT^ 

i.e., liindtiTU VMTialdos ilf and hj are utk orreiaied Actnullv the value, — - . has 

been obtained v'lieii 2' and F ari* taken as inde]iendent. variable* so that - 0. 

Tims t.h(‘ (*x])T(*,ssion (0.20) Yield a geneial form 


Tile laiv of probability distribution of and so of teiniiorature and chemical 
potential an* given by (0 03) •when the values of the coefliciiaits of exponential 
(jnadratic lorni is givmi by (fl OS). (fl.OO) and (fl 10) The distribution is approxi- 
mately (biussian. Lajidau and Litsc.hitz (1058) Inn'-e also us(*d th(‘ (Janssian distii- 
bution for finding out expressions for fluctuations of tliermodynaniic (|iiantiti(*s 
ITeri*, the distribution is obtained from the fact that and havi* been estimated from 
tin* principle of maximum likelihooil. 


(U) N (5 L 11 D 1 M fl It E iSr A H K S 

Nov, in (piuntiim nieclianical formulation iiartieulaily in axiomatic rcpresmi- 
lation states of a system are represented by vectors in Hilbert sjiacc and physn alh' 
observalih* (|uantit)es correspond to Hermitiaii lineai (additive honiogeneons) 
opm’ators in this space (Dirac, 1947. Linlwig 1954). So the })iobnbility distri- 
butions. associated with these physically observable (|iiantil.i(*s ap^ieais to b(* 
deducible as exjionential distiibution of this linear operatois by (extension of abovi* 
argiinumts This deduction a])])ears to be interesting and will be. investigated 
full> in future. 

The probability distribution of parameters estimated by methods similar to 
that of maxiinum likelihood as seen in the above discussion is Gaussian apioxi- 
matoly. Tt is in conformity with Fisher’s idea. He always took the Gaussian 
distribution for parameters estimated by the principle of maximum likelihood 
(1925). 
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I'Voui lluK |)a])tii- a-iid ]»a]K*,rK il appc'iiis (hat tho statirttical iijoehauic.N 

can 1)(^ Htuclind an a puro jjroldoin (»!' HtatiMtir-s. This study appears to bo mtorosting 
and mstniotivc^ 

A (1 K N O W L E D G M E N T K 

Tho author ('X]jr(issoK his doop gratitiah* to National Protossor S. N. Boso 
For Ills ttocn intori'st and constant oncoiiiTageiuont in this woih. and also for tho 
support rondorofl hy Imn including tho vk'ork as a part of his roscarcli schomo. 
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\-RAY MEASUREMENTS OF STACKING FAUl/FS IN 
a-AgMn ALLOYS 

S- !»■ SSN (a^PTA AM> K N- (iOSWAMI 

T^r)(\N AssDrjATiDN r>>u tht; (Iiiituatio-nt oi-- iSiiiKMcr. Cmj nrrA-Hl! 

IReretvcd November 2 <». 

iSiTU.c sl<i( kiu^f laiills All nii]ioitaiil (tn (In' slrudinul uiul 

in(‘(‘liimi(‘iil ])V(»|)('i ti('s of lacc-ci'iiirml cnluo ini'ials and alloys l•ollSlfl('^’r^l)lt> 

(aoji has roc('jill\' Ix'imi paid 1o tlio forinalaon of sluclvin^ faults l);\ (h'Joniuitiou of 
rorlaiii iiolilo and li.insilion uu'^tals, and ])aiiuiilarlv ol hiuaiy alloys based on llu' 
solvent nn'ials silvi'r and (oppi'r. The ])i‘('seni note c oin I'rns with tli(' deteiiniiia- 
iion ol the slaekiiip, fault ]n’oI)alnlity a oi a sei'ies of Ati-Mn .dloys in the pninary 
solid solution raii<T(^ at room temperature 

The alloys wen-e ]jjepaiTfl from spei trof^raphieally slandaidi/i'd silvei and 
iuan^iines(‘ snp])lied ky Messeis- iJolinson, Matthey and (Ni, Ltd- fjondon Ae- 
euratidy Aiei^'hed (piaiifities of tlie eoinpoiient metals weie melted toi^C'ther m 
evaluated and sealed (pjaitz; eapsnles after meltnij^. the alloys aeie liouioi^eni/a'd 
lor a Aveek at Weight changes during prepaiation wi'k* ni'gligihli' 

rold-Avorkmg Avas achieved hy hand filing at mom temperatme (^Sd l f/) 
and out of the filings in each ease. oni‘ sanipli' was letamed in the ‘aslihaf eomli- 
tion AAdiile flic othei A^as annealed at for d hours in ])> re\ glass capsule 

sealetl iimler vaennni Tho line ])roliles of the sieA'ed tilings were reeorded using 
the standard Pliilips Ceiger Counter X-ray dilfraetometm’ (PW JOkO, 1051) Avitli 
Ni filtered CnK„ radiation from a highly stabilized X-ray CenoTator (PW 1010). 
Aeeiiiate line profiles of tlio lefleetions w'cre obtained hy point eoiinting at inter- 
vals of O.P in W for tlie general background, decreasing to O-OJ ' ir> W near the 
maxima of the peaks, Avhere 0 is the Bragg angle, 
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stacking fault jirobability a Avas obtained Ironi tlie (liange m the 26 
supaiutioii ol the? (Ill) and (200) peaks due to cold tvork using thc^ relation (Wagner, 
1957) • 

{20\,,,~20\rr « 

and U - (<r;>y . tan /?“)A*r-(<'^'> 3 • 

wberii, j IS the trartioii of (A/f/) planes affected by flelonnation laults, (3 — ( b) 
boy'll , and ■ is tlii^ aAuiraged value for the (7//r/)relle(:tions affeeted by 

(lei'on nation faults. 

The pinik positions were obtained hy the nn'thod of mid-point extrapolation 
oi ehoi'ds paralkd to baikground level to peak maxiinmn. Elimination of 
eoiufjoiu'nt in ease of eoltl-workesfl ])oakK was not jiossible sinei* the graphical 
methods of Itacliinger (104K) and of Papoulis (1955) could not be apjdied loi 
broad, oviMlapping and asyminetrie line profiles. Values of the stacking fault 
]iaram(5ter or for tlie sdviu'-manganesi* alloys investigated are given in Table T. 

TABLE T 

Stacking lault ])aramc^ti*r a for filings ol Silver-manganese 
primary solid Koliitions 


(^inipciHi(/ic»n 
(dioiriic pojvonl.) 

A(20aofl - -20iij ) 

tlogroo.s 

a Xl0» 

Ar - r>./il Mil. 

— 0.01,5 

3 27 

Ag— 11.03 Mn 

-0.017 

.S.71 

Ag -10.20 Mu. 

-0.018 

3.93 

Ag- 20 92 Mu 

-0-01.5 

3.27 


It IS iip])atcnl from the Table T that concentration of staclcing faults in this 
system is lu'gligibly small coiiipared Avith that of othei (dements alloyed Avith Ag 
(Davies and Cahn. 1902, Adler and Wagiicu', 1902', iS(m (lupta and Quadei , 1960) 
and the A"alui;,s are also less than tliose obtained for Oii-Mn alloys (Naka)inia and 
J^uniakuia, 1905, fjloKwanii e/ c//, 1900) In Cu-Mn alloys values of a Jiave berm 
found to inenuse sloudy from (for pure (hi) to 8-72 X 10 '^ (lor (hi- 

22-34 Mil) reaidiing a satiiratiou at about 14 at %inanganese soliiti*. Thus, it 
may be inhm'ed that contribution of transition element Mil in silver and copper 
alloys to stacking fault parameter is very small and is probably due to the inter- 
actions lu'tAsuHui the incomplete 3d shells of tlie introduced solute atoms vdiich 
provide an additional contTibution to the stacking fault energy of the alloy (Sceger, 
1955, 57). 

A detailed study on this system will be pubbshecl elsewhere. 
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riUNCIPLES OF PHYSICS . l.y F. Buisclu', Pp ()6(» Price S 9.75 

Hill Book (lompany. New York 

ThiB ji pre^falciiJiiK .stage text book on physics wliit^h may be very useful to 
jirlvau((‘.cl TTigli Stliool, 1’ir‘^-Lhiiversity of BiigJiiecTing stiuleiits, Ou a superficial 
galauee tli(‘ hook may ajifuuir tti be just a eomptuidium ol the laws, principles, 
tJieorie.s oi'])liysies, in view of the fact tJuit beginning with elementary mathematical 
th(!or(Miis (just tr jgononuitiy ami vector algebra) practically all tlu'^ fumlanieiital 
information on statics, flvnamies, general physics, heat, light, electricity, magne- 
tism, atioustic.s. atomu and nuclear jihysics have been jiaektjfl in the eompass 
of afiout SIX and half hiimlred jiages Thus one miglit causally think that it w^ould 
be .in aduiuahlc guide book for a teacher, ue lias to cover the (wer imutasing 
volume ol information on physics in a (dass extending ov(U’ just omv academic 
yeai, or again an (‘,(|ually admirable hel]) book for a student who vants to tide 
over the. ])reuniversity examinations. The author Jms however repeatedly warned 
both tlie te.ach(U’ and thi‘. students that these are eeituinly not his tihicl aim aiul 
on going niorii e,ai'idullv through the book we aie of tin*, opinion that the claim jof 
th(‘ author tliat this book may very wvW serve as lying the fundanieiital basis of 
thi‘ knowledge, ol physics for students, is fully jnstilic'd The simplicity clarity 
and (.ouciseiK'SS of language witli a dir(»et appeal to tJie mind of the students, wliile 
precise; siatemeiils and ('.xplanations ol fundamental i»rnicij)les, some of much 
suhsidiaiy mattei' uill he a gi'i'at Jielp m develoimig the md(‘peiide.nt thinking 
process and seientilie style' ol exjiiession of the students. The most valuable 
tiling about the; hoeik is that eae;h iirmeijile of pliysie;H is e learly explaineel and amply 
exemiihlied in liu; feu in of large; numhew ol rveu'ked-out oxe.eic.ises and followed 
uji l>y graduateei uiiseih ed jireihleins to test tin; gras]) of tJu' stnde'iit of the hasii- 
])rine i]jles This J'eatuu' of tin; liook mnneeliately raises it from the^ leaved of just 
a liedp hook to a real guide'-hnok or a text hook in the modi'rii simse. In such a 
book as this sacrifice' ol too many details is obviems and autlior lias been eminently 
siie;cessliil in choosing the tuples to be* i('.taineef„ ineluding mattei's from modern 
])hysios.' TJu; approach is cjuiie uneoiive'ntional and it is regredted that sueli a 
method of tc;ae'hing basis jiliysies is still lacking m many countries ineluding ours. 
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STUDIES ON THE DIELECTRIC LOSS AT 7.7 MM- 
MICROWAVES OF SOME SUBSTITUTED BENZENE 
AND NAPHTHALENE COMPOUNDS 

(Mias) B. SINHA, S. B. ROY and G. R. ICASTHA 

( )PTiL’S D lpartmrnt, 

Indian Association fou tun Cultivation oi' Sciknck, 

CaiA3utta-S2. 

{Received January 10, lOGG) 

ABSTRACT. Tlio l.iinos uT mljixuluni It) <•! a mnnbpr nf IiuIikmiiIisI iluiod linuiEOiic 
luirl nunlilhnUiMo c'uny) uiud. in snlul.ioiis in diffcuvit jum-polni' snlvi'iits a( ddfi'D'id, U'mpcrn- 
liii'H'i Imvn hnnii diitnrinuKMl 'Pho iC'.iiltT Ji.ivn bnnii conipniocl wjlli Ihu viiimuH n\])U*HHU»nH 
Im du' iiinm of i.i1il\iUioii jnoposod l\\ lliJland Cliau i,/ al and it has l) 0 i-n poinlod tail llial. 
iiLuihci nf those expuMsinus I’oi t is in agffn'ino'il, wilh llic uxjK-riiTii'Ul al l■()s^lllH I’lirllii'r, 
l.lin viluo of inU'i'ii.il vih{‘»-.i(v ( '/,nd obtaiiiod liniii IIk' (>(juii1,ion loi t dmivorl by 1’i‘rnn in 
ciaso oi f'llip I’.idal m ili'f iilo>.. Ini'- bncii found in br irlaird with llin iniici OHropii viscohiIios (t)) 
of tlin solid ions b;\ tlio i olti! ion — (m)iisI . , wluac y is Ila* ralin of molar Imals of acli- 

viilion of dinloi’liic roj.ivafion and visoinis flow 

1 N T If () D IT C T I O N 

It is well known Unit the miicroscopio viscosity of a modmm does not ado- 
quatoly doscribo tlio iiiturnal fnctioii, opposing tlio orientation of a polar mole- 
cule in tliat luodium under the aetioii of an (?xtoriially afipliorl R.P field Siweral 
expression Jiave since been developed relating tlie internal friolion [ijint) witJi 
macroscopic viscosity (v/) (Fi.sclier, 1049, Wirtz, 1954, Hill 1054; Hase, I95:i, (fiiau 
(if (d, 1057). Fischer (1040) suggested that internal friction 7/^„, - !'■// wliere C 
is an adjustable^ fraction Hill (1054), from a eonsirlei atiun oi tlic transference 
of linear aiil angular momenta at the tim ^ ol collisions lietweeu tlie solute anil the 
solvumt molecules in dilute solutions, concluded that the mutual vistosity between 
the sun cut and the solute molocules should be a better rejiresoiitation of internal 
friction. Chau et al (1957), on the other hand developed an emjiirical expression 
for the time of relaxation in terms of the molecular piram iters of the solute 
and physical jiropjrtios of the solvent. Though all these expressions were found 
to bo of limited appliesabihty either iii a parbieiilar solvent or at- a particular tem- 
perature, these wore not tested at difforoiit temperature regions (where t , ^,„£ and 
7} are oxpoctod to vary simultaneously) for want of sufficient data Recently, 
Sinha et al (1983) have suggo.ste l that in the case of dilute solutions of polar mole- 
cules in nori-polar solvents of viscosity i/, tf' may represent fairly the internal 
viscosity of the medium. The value of y is given by the ratio of the molar heats 
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ol activeiition foi dioli^utrio rfdaxation and viacjous flow. The object of the ])rosent 
investigation is to lind out how far the values of t obtained oxperunentally in the 
case oi' solutions of some ])olar compounds having molecules with rigid dipoles 
in various non-iiolar solvimts at different temi>eraturo,s are in agreement with 
various expressions of t and as static! aove. The results havi^ liecn discussed 
in the following paragraphs. 


E l‘ K H I M E N T L 

The liquids Ihioro-, cliloro-, bromo- orthodichJoro-, uudadichlorobenzene and 
a-(!hloronaiilit]ialene studied in the J)^^sent investigation wore of chemically 
pure quality. Tlii'si^ wore first fractionated and the proxiei fractions were re- 
peatedly distiJlofi under reduced pressure and dried before being used in the 
inve^sligation. The solvents i arbon tetracbloride, benzene a-hexane and medi- 
cinal paraffin were carefully flried by usual niethofls The dried solvents showed 
slight losses in tlic frequency region of 7 7 nnii. whidi wore properly taken into 
account in determining the overall los.si>s due to various solutions. The ex])eri- 
mental arraiigemonts and the method of calculation of loss tangent (tan 6') witi * 
the sam(‘ as described earlier (Bhattacharyya el al, 19(14) . The v iscosities of paraffin 
and some ol the solutions in carbon tetrachloride and benzene at dilferent tem- 
peratures wt'.ro determined oxpor mien tally. The viscosities of tlu^ otiu'r mixtures 
and the solvents were taken from the standard litivratures. 


It E H U L T S AND DISCUSSION 

The values of time ol relaxation (r) for the various molecules in solution in 
non-polar solvents at different temijoratiu’es (7')i\ere calculated from the ex])mi- 
luental tan values with the litdp ol the following eipiation 


Un S ^ 1®'+,^)“ . 


^7INc/1^ 


0)7 

I +0)2x2 


... (1) 


whi're the various symbols have their usual significance. The values of dipole 
moments (//) of various cominmnds excepting in a few cases wore taken from the 
standard literatures. The //-values in the c.ase of w/-diclilorobenzono in bon 
zene and in //-haxane aiul of broinobeiizene in //-hexane were calculated from 
the experimental results. Tlii‘ values cd t' were taken to be equal to the static 
diiOcctnc constants of the jnire solvents taken from the X)ublished literature values. 
Th(^ values of tan S, t and T'T}rf^ at different temperatures for different solutions 
for the various comxiouuds are given m Tables I — VI. 

The values ol molar heats of activation \Ht for dielectric relaxation and 
A// 7/ for viscous How liave been deteniiiiied respectively from Ijhe plots of log 
{T't) and log q against I/T. Some of the plots are shown in Figures la, lb and 
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lo. The values of AHtj and their rati(» ( y) foi dillurent t uinponiids ui-o given 
at ilio foot of respective Tabloh. 



Pig. la Pldi^ ot lop (t T) vs 1/T Curve 1 Solution 1)1“ hioJiiolionzoniMn lioxano 

Ourvo rr Solution of hromobmizooo in honzeiie Cuive ITI Solution of liromolion/.iuie in paralTin 



Fig. Jb. Plots of log (t.T) vs 1 /T tlurYB T Solution of motadirhlorobonz uie in hoxniio 
(lurvo II Solution of motadichlorobonzono lu bonzone Curve ITI Solution of motadicbloro- 
bonzoiio in carbon totrachloiido Curve IV Solution of rnotndielilorobenzone in /laraffiu 
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lo riots oi lof.r (t T) V8 l/T Curvo T Solul ioii ol a-ehloroiiiiphtJinlejie in bonzeno 
Curvn IT S>iliitn)ii of a-cliloronuphihulnno in cuiboii liofcra chloride 
riurvo ni Solution o( a-oh1orouuplithaluno in puniUm 

a) CompariMm of IUIVh aquation for r with the exiiarimeMtal values 

For very diliito solutions of polar moloculoa in non-polar solvents Hill (1954) 
deduced the relations. 


2rkT = ^ = ^g^r)AB<^AD 

^An~r^n 


(2) 


and 


Vm = Ia^Va + h^VB ... (3) 

CTm 


Oab is the mutual viscosity between tlio molecules of the solvent {A) and the 
solute {B) and tlio other symbols ha^m the meanings given in Hill’s paper. The 
value of viscosity of the mixtures {tj^) at different concentrations and temperaturce 
were obtained in the case of chlorobonzono -j-l^tmzeiio and bromobonzone-h 


bonzene systems from International Critical Tables and in other cases they were 

/ Jlf I / Mn 

determined experimentally. The values of j , 

and or„i — [ rA 4 "I different temperatures were calculated from 

L Nd,n J 


the molecular weights Jf 4 , of the solvent and the solute respectively and the 
density of the solvent, the density of the solute and the density of the 
solution. The values of were obtained for two different concentrations and 
the moan value was used. 
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TABLE la 

/ = 3S 8 K Mc/s Chlorobonzeno / — 38.8 K.MC/a 

X IO--i raile/ce lii Hox.ano 2.93 x J0~* mole/oi* m bonzeno 


I.IM 5 X lOJ rX MUi: x 107 


270 

1 71 

8 

.5.3 

14 

82 

2S7 

1 .7.3 

7 

.81 

14 

00 

298 

1 75 

7 

10 

14 

43 

308 

1 78 

0 

42 

13 

95 

321 

1 73 

0 

19 

14 

03 

329 

1 71 

0 

01 

14 

89 


aIIt --(! 0.{ JvC!al/Mi)lc 
AfiT] -I K Cal/MoJp 
y - - 0 'U 



t ail 3 X 1 0:i 

r X lOi'' 

tT 

V XlO’ 

277 

12.0 

14 13 

10.90 

289 

12 8 

12 35 

10 75 

299 

13 5 

11 10 

10.54 

311 

14 0 

10.10 

10 04 

325 

14 3 

9 00 

10 09 

330 

1 1 5 

K 41 

10 76 

3 18 

11 7 

7 73 

10 93 


AIIt --- 0 99 K.rul/IMolo 
A IH7 2 r.:i K ('al/M»)lo 
y -0 39 


/ -- 37 9 K.Mc/s 


TABLE Ib 


/ = 38.8 K.Mc/s 


2 92 10-4 m I III (J(!l 


2 95 X lO'^ m()lo/p(! in PumWln 


T^K 

Oin .5 X lOa 

7 Y lOia 



tan 5 X 103 

tX 1012 

HOC 

- XIOT 

278 

11 9 

14 27 

1.5 08 

297 

9 K 

10 59 


290 

12 3 

13 02 

10 M 

309 

10 0 

14 73 

1 1 . 39 

208 

12 7 

12 07 

10 03 

319 

II 0 

13 20 

1 1 72 

305 

12 9 

11 18 

10 10 

329 

1 1 .7 

11 83 

11 93 

.315 

13 3 

10 51 

10 03 

339 

12.3 

10.51 

11 92 

325 

13 7 

9 GO 

15 HI 

339 

13.0 

9 40 

11 41 

335 

14,1 

8 82 

15.53 





315 

14 3 

K 21 

15 55 






A TTt - 0 90 7\ fliil/Ariik* A Hr = 1 . 84 K.C'ul/-7^1ole 

A Kt, --2 1 1 K.CaUMulo A Ht, --0.33 K. (lal/JIoIe 

V —0 37 y ---0 29 
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TABLE Ila 
Bromoljonzono 


/ --- 38.8 / = 38.8 K.Mc/s 



S.l If)— 1 mrjlo/of iTi lioxinic 


2 84 

X 10—1 mtilo/ct; in beiizoiie 


Uui 8 < 103 tX 1012 

SO(J 

tT 

yr 

lull S 

X 103 

TX1012 _ 

fiUL 

tT 

- y 107 

IJT 

27K 

15.0 

S .70 

7 k:i 

275 

0 8 

1.7 81 

11 63 

2SK 

ir> 

7 GO 

7 o:i 

2 so 

1 1 . 1 

12 00 

1 1 .60 

2!)7 

IG 0 

G 00 

H OO 

200 

12.0 

1 1 2.7 

1 1 37 

.•ir>7 

1.7 O 

G 2.7 

S 14 

:ioo 

12 G 

10 03 

11 32 

:n7 

10 1 

7 45 

7 00 

210 

13.3 

.S 00 

11 2G 

:i2:i 

IG \ 

4 02 

7 IS 

:i30 

13.7 

8.02 

11.34 

‘i;i2 

JFt 0 

4 GO 


.’{ IS 

14 1 

G 83 

I 1 .77 


A 11 T -- 1 .74 
A n i; 1 S 1 
7 - 0 HI 

K.Cul/Mi.Ii- 


A] It - 1.51 K (7il/^1olo 
All!) 2 .7:i KCul/TMolo 
7 -OGl 


/ 37.9 K.Mc'/s 


TABLE 111) 


/=- 38.8 7C.Mf:/a 


S:i N 10 1 m(i 

Ic/t-r til iVU 


2.84 X 10-1 iao 

[ci/cL‘ in rnrnftin 

T’K 

lioi 8 

V 1(1.1 

T K 1012 

^ . i». 
IT 

T°K 

tftii 8 
.. 101 

10 

.St'C 

tT 

_ . ,„7 

27(i 

7,07 

10 7.7 

II H2 

20S 

7 17 

10 OG 

- 

i!S(i 

S.7S 

IG 00 

1 1 70 

■too 

7 70 

17 

12 1 1 

2'Mi 


14.74 

1 1 .7.7 

MIO 

H 1.7 

1.7 00 

12 31 

:i(M 

10.20 

i:i 2.7 

1 1 :is 

:t20 

0 10 

13 33 

12 40 

:ti4 

10 GO 

12 i;4 

1 1 Gl 

:vio 

0 7,7 

1 I 70 

12 37 

:i2< 

1 1 10 

1 1 OS 

11 72 

:i4o 

10 20 

10 G7 

12.47 

:i:m 

1 1 40 

10 1 1 

11 HI 





34.‘{ 

1 1 . HO 

0 21 

1 1 . s:i 






aHt 1 4G K 

Alli; 2 44 K (\il/M(ilii 
y -0 bO 


aHt I OG K.C!iil/MoIn 

aHi? -0.35 K r.-il/Molo 
7 --(I'll 
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TABLIO lila 

^At-Di(‘hlorobonzeii<‘ 

/--= -JH S K.lMt./s J --- 37.b It.Mc/s 



10-) M..1, 

\ ( III llON.IMl 

2 (.1 

lo-i 

jji ln'iiKoiu' 

T^K 

l.»n it 
lO'i 

tT 

T />. I ())- - V 1 ())“ 

SCM' 

T’K 

IMM It 

- lO'* 

tUJ 

T ^ lOi^ X J( 

MH- 

J7i> 

12 00 

H 7:5 7 :i( 

27(i 

10 

0 

12 'll 0 :i2 

JS!) 

12 10 

7 7;i 7.‘5.s 

2S0 

1 1 

0 

10 70 0 ;j.'. 


12.5)0 

0 7:i 7 .is 

2!ir> 

1 1 

(1 

■) I.) 0 so 

;)(!!» 

111 M 

T) m 7.,5(. 

:io:. 

12 

0 

S 20 (1 .1(1 

H 1 r> 

1.1 (»0 

1 S7 Ij..‘»0 

1 r. 

12 

7 

7 2 1 ().7(| 


i:i :{>s 

J .lit O.S'i 

.'>2 7 

1.5 

0 

(1 2:5 ( 1.12 

■i‘!l 

IJ 5)0 

:5 -10 

i.ii^ 

1:5 


1 fiS .'1 1!) 




51.1 

!■{ 

0 

A II 

Jill 7 1 (.S 

JillO 1 M 

y 1) 1)1 

k (7i|'M..lc 

Iv (’nl'Moli 


A 11 T - 
All/i 

r 

. 0 

01 K ('Hl/M..lc 

y,\ 

75) 


TABJiK mi) 

/ - :iS.S K Mt/s J :bs 8 K JVIc/h 


2 

02 10 -i 

'Hole/ 

r* 111 ( '(’I 4 



2 01 1 1 Mull /(T ill jiiiiiilOii 


r K 


a 

T A lOi- 

tT 

107 

T K 

1 HII S T / 1 O' - 

tT 

107 


X 10 * 

SCT 

■rp' 



V" 10 ' hr r 



J77 

li 

S5) 

1 ') 20 

10 

5)(i 

;too 

I 42 22 75) 



2,^7 

7 

SI 

11* 7:j 

1 1 

o» 

■no 

0 0 (i 10 Jli 

10 


25)7 

.s 

15) 

U . 4-1 

10 

S7 

;i2o 

0 71 10 7.S 

10 

OS 

■|07 

S 

02 

12 24 

1 1 

1:1 

’,:io 

7. '.50 1-1 7(i 

10 

TA 

;{i7 

1) 

OS 

1 1 5)7 

1 1 

2 S 

■540 

S 01 I 2 .(il) 

10 

05) 

:i27 

') 

.70 

10 

1 1 

2S 

:i.7o 

M .66 II 00 

10 

so 

AAl 

0 

01 

') 71 

1 1 

22 






illTr - 

1 r,2 Iv f'lii/Moln 



A 11 T 

2 .‘ir* K (!lil/A]n|< 




i^WV - 

2 1 1 K Cm/Mnle 



AlUj 

- 6 :5;4 K, flu l/:, loir* 




y - 

0 62 




Y 

- -0 27 
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KMc/s 


TABLE IVa 
o-Dichlorobonzeno 


/ = 38.8 K.Mc/3 


2. 

03 X 10 4 Molo/c 

f 111 bonzoni* 


T'-K 

Urn «X 10.1 

TX 1012 
fiOU 

X 

275 

10 0 

10 00 

0.44 

285 

21 .0 

13.62 

0 31 

205 

23 2 

11.74 

0 32 

306 

25 0 

10 00 

0 08 

315 

20 0 

0 . 1 1 

0 34 

:125 

20 0 

8.17 

0.42 

335 

27 0 

7.37 

0.45 

345 

28.3 

0 10 

0 , 30 


A Mt - 1 81 K.V(i\{Mu\r 
A IItj - 2.5.‘) K,.Cal/MoIe 
Y - 0.72 


2 Ori^ 10-^ jVloln/cc 111 CCI 4 


T“K 

tun 5X 101 

tX 1012 
sec 

4. Xl07 

276 

18.3 

15 91 

10 30 

200 

21 0 

13 17 

10.31 

200 

22 0 

11.74 

10.21 

308 

22 6 

10 74 

10 26 

319 

23 5 

0.71 

10.38 

330 

24 . 3 

H . 75 

10 37 

343 

2,5 2 

7.75 

10.45 

— 

A 1 It — I 
Ally] =2 

38 K Cal/Tyiolc 

A i K C.il/Mnle 


Y -0 57 


i.8 K.Mc/s 


TABLE IVb 



2 04 X 10-) 

1 nioJe/cc 

111 Pill all! 11 


T"K 

tan S X 1 02 

T X 1 ()1- 

"'C X 107 

yj in inillipniao 

300 

16.5 

17.01 

- 


310 

17 3 

1 6 . 33 

10.71 

112 0 

320 

18 0 

14 80 

19.04 

78.0 

330 

19.1 

13.50 

1 0 . 97 

57.0 

340 

10 0 

13.41 

19.88 

43.0 

340 

20 6 

11.53 

19.87 

34 0 


A Ht == 1 .25 K Cal/Molc 
A H 77 =6.33 K Cal /Mole 

Y =0.20 


Stvdies 071 the Dielectric Loss at 7.7 7 )itn. etc. 


109 


TABLE V 
a- Chloroiiaphthalciio 

j = 38.8 K.Mc/8 f = 38.8 K.Mc/s 


2 9:i 

A 10-1 

lUlllo/ci- 

111 botlKOIlli 


T-lx 

tan TX MP 

T> 1012 

. 107 




sei- ^ 


277 

(). 

45 

23 9K 21 

.75 

2S7 

0. 

Hi) 

21 ,49 22 

. IS 

297 

7. 

34 

I9.1(( 22 

.42 

300 

7. 

,7H 

17.55 22 

.28 

310 

«. 

.20 

15. SO 22 

.23 

■12(i 

S, 

.07 

14 43 22 

.2S 

3.1(1 

0 

.10 

13.11 22 

.02 

31 (i 

M 

,.i(i 

II. 01 21 

90 


aIIt 

- 1 .32 

Iv.C.iI/.VloIr 



A ill/ 

-2.. -13 

K.Cal/.Molc 



y U . 15- 


1 n- I jnuln/c'c 111 jiiiiulhii 


T“K 

till) S A 10.) 

T 1 01 a 

mk; 


303 

4 03 

30 73 

lO 40 

.113 

,5 23 

2(> I'l 

Ui 90 

323 

.-| S,{ 

22-. Mi 

17.U2 

.133 

0 23 

20,31 

I7.41 

343 

0.04 

IK 2'i 

17,79 

3.53 

7.00 

10.09 

IS. 00 


A Ht - J 17 K C.il/AJi.li' 
A llifj 15. .i:! K.('.»l/M(ilf 
Y - 0 :i4 


TABLE VI 

iSuluikui in (Viiliontf.tr.idLloridc. 

/ 3S.S K.Mc/s j K.Mr/s 


2 i)H N 10— < luiild/L-c ()1 a-i liloiDMiJiiilii.li.iliMio 


r K 

1,10 SX U)-' 

T 1 0*“ 

A 10’ 

7)' 

278 

5 .0(1 

27 70 

17.54 

2H(i 

0.00 

24.77 

17.54 

295 

0.50 

22.34 

17.73 

104 

0.89 

20.10 

17. OS 

314 

7.32 

18.20 

17,80 

324 

7.75 

10.51 

17.80 

334 

8.19 

14.98 

17.80 

344 

8.02 

13.38 

1 7 . (i2 


:i Is « 1(1 jiiolf/cc nl lliiui (tli('iiz(‘i‘<‘ 


r K 

inn 8 / 10' 

: 10'^ 

lO'f 

275 

12 1 

1 1 87 

1.5 57 

280 

12.5 

1 0 . 74 

15 4 7 

299 

12.9 

9 01 

15 39 

310 

1.1.1 

S 'll 

'5 31) 

320 

1.1. 1 

8.20 

1 5 , 23 

333 

12 9 

7. 82 

15.03 

340 

12.5 

7,70 



A Ht K.(Jal/MoIt) A Ht -0.70 K ('al/Molo 

A H-n =2.44 K.Cal/Moln A Hy| =2. 44 K 

Y =0 59 y — (1.29 
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It IB Boon from Eqn. (2) that 

r-T __ d g^tr^B (a\ 

Vab ■■■ 

T'T 

and since q^(Tab oxpec-ted to remain constant, — should not vary -withtem- 

Vab 

peratiircH. TJic values of r-TjijAB different iomperatiires for some of the 
solutions are given in Tables VII to IX. 

T'T 

ft is easily seen from the tables that the values of — do not remain cons- 

Vab 

taut with temperature hut inercase-s with iiuiroase of tinporature which is con- 
Iraiy to th(^ exiioctation from Hill’s (»((uation. 

h) Oimi'imnwn of Ohaa, Lffavre and Tardiffs expressioji fur t tvith the experi- 
mental values 

Chau ft at (1957) proposed tiie following (Unpirical relation between the time 
of lelaxation and the ni()li‘.(!ular and physical parameter <»f the polar solute mole- 
cules and the jion-polar solvents rosjieetivoly, 

iy(^73f;) exp (A)(H-2)-' ... (6) 

where tj is the macroscopic viscosity, A the depolarisation factor and c the static 
dii*'l(*ctric constant oF the solvent at the temperature T A B and C (with A ^ 
B (J) are tlui axial lengths e.haiacterismg the solute polarisihihty ellijistiid It 
is seen from Equ (5) that 

ABC - const. . . . (6a) 

7}' 2k 

whert^ 

= 7/ exp(A)(e-l-2)-J ... (6b) 

111 order to test the constancy of the values of t-T/t/' for different polar com- 
l)oiinds 111 solutions in diliereiit iion-polar solvents at various temperatures, the 
values of ?/ have been computed from the macroH(,opic. viBco8itio.s (i/), the static, 
du'lcetric (uuistaiits (f) of the solvents at diffeient temperatures and the experi- 
mental values of depolarisation factor (A) at different temperatures reported by 
Rao (1927,28) and Krishnan and Rao (1929,30) 

The values of T-Tff a-1 different temperatures for the different solutions are 
shown in Table X-XTT 

It is easily seen from the tables that the values of r-Tfrj' instead of remaining 
constant, increase with tlu' increase of tomporaturos. From the r&sults presented 
in the above sections it is clear that neither the Hill's expression nor that of Chau 
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et al for tlio tiinc of relaxation is in agi’ocmoin with the eonehisioii arrived at 
from the experimontally dcitormined r-values for tlw' vaiioiw eonipuuiids in aolu- 
tions in the different solvents. In the next seLtion it is i)ro])OH(‘d to investigate 
the relation between the r-valiuis and the maeros( viscosities of Uu* solutions, 
(c) Relation hetween the time of relaxation (t), the internal lu.'^cositi/ and the 

nujcrosco'pic viscosity (?/) 

The Debye relation as luodilied bv Peirin (lO.’M) lor ('lli])soida.] moleenles 
with rigJtl dipoles Ijdng along one of the principal axes of the elJijisoid is given by 


whence 


kT 


^hnt — 


tJcT 

4r7rahcf 


(7a) 


(7b) 


where a, b, c are the .soini axi's of tlie ellixisodal moleenles, ,/' is a hmtor tabulated 
by Budo ft/ (IDIU)), K is th(! TioJtzman (onstaiit and is the internal visoosity 
of the niodinni in whicli tlie ellipsoidal nioleeidos aic^ rotuting iin(U‘r the inthi(5nc(‘ 
of the ajiplii^d microwave field. The value of ft, h and c aie (h-tevnnined liorn data 
on atomic radii (Fischer, 1040) and y^f,t la calculated Iroiii tlu^ (‘Xjieriniental values 
of T with the holii of Eqn. (71)). Tlio molecular parameters are given in Table 
XIII which also contains the value.s of the molecular volume ( and the 

kinetic thoo7^>' volume where\''or available included for tJu» sake of comyiariaon. 



2 tt, (Jrapha Htiowing viireitmn of log agtiirint log V 
(!urve T K]uorobon/.ftno in solution in niirliori tptrii('lilori(U* 

Ciurve II OrUiodichlorobHiizeiie 111 solutiion m ciiTbon tolrncliloride 
Curve III o(-Cliloi‘oijai>litlittloiie in Holution in ctirbon telrncliiorirlo 
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TABLE VII 

Clilorobotizoiio 



Sobit;ion in bonzono 



Solution m 

CCI 4 


T-Jv 

nAJt 

r ^ 1012 

HO(- 

tT 

^ iin 

^A/; 

T"K 

inilliiioifio 

7-X 1012 

neo 

X lOT 

flAD 

in 

<) 04 

14. i:t 

1 MM 

27S 

II 2H 

U.27 

:i.52 

2 fil) 

7 OM 

12 Mr* 

1 OK 

200 

0 IM 

1 3 . 02 

4.13 

2 !J!J 

0 71 

II 10 

4 04 

208 

8 . 00 

12 07 

4.00 

Ml 1 

r. Hi 

10 10 

r* 40 

M05 

7 20 

1 J .48 

4.80 

M 2 r) 

5 0) 

0.00 

r> 8s 

•in 

0.22 

10.04 

n :m 

MM (5 

\ h 

K 4 1 

0 32 

M2 7 

n 4 M 

i) 00 

n.78 

M4« 

M 'IK 

7 7M 

0 7r> 

MM 7 

4.70 

8 82 

0 J7 





Min 

1 24 

8 21 

0 07 


TABLE VTIT 
Bromobonzono 



Sdliitioii in Itoiizoiu' 



Solul ion in 

cell 



'^AB 

nil IlipotHd 

T '< 1012 

SOL* 

’•''1 ylOT 
''^AB 

rpOR 

millij)oi.^p 

TxlOia 
f,ot‘ "^AB 

V 107 

27.7 

11 .83 

1,7. 81 

M (.7 

270 

14 98 

19 7.7 

3.64 

280 

0 (iO 

12.80 

3 80 

280 

12.. 79 

10.90 

3.87 

20'l 

s. n 

1 1 . 2,7 

4.00 

290 

10.04 

14.74 

4.10 

MOO 

7 (.7 

10 03 

4. 10 

304 

9 40 

13.2.7 

4.29 

no 

0 . 0 1 

8.90 

4 28 

314 

8 13 

12.13 

4.69 

' ■(' 

...S4 

S 02 

1 .73 

324 

7 03 

11.08 

7 11 

348 

4.81 

0.83 

4.80 

334 

0.19 

10.11 

7.45 





343 

.7 .72 

9.24 

7 74 
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TABLE IX 

a- ChloronaphtlialtiTi o 



Solution in 

lienzone 



Snlul ion 

Ill m i 



T'/v 

/niJIijioisr 

T ' J 1(1- 

tT 

"^All 

10 T K 

niilliiini'-o 

r II''- 

rji 

107 

^77 

1 t SO 

21. OS 

4 10 

27s 

22 or. 

27 70 


ID 

2H1 

I2.2S 

21 10 

r. 02 

2S0 

IS 77 

2-1 77 

■1 

7S 

2\)1 

iu.:is 

i!i :io 

r. r .2 

2ori 

IT) 7S 

22.:{4 

4 

IS 


s.'):2 

i7.Gn 

r. 02 

:ioi 

i:i r.o 

2(. 10 

1 

04 

■MO 

“ . '(2 

l.l.SO 

0 l‘) 

:»i 1 

1 1 12 

IS 20 

r, 

00 


0.or^ 


7 OS 

221 

0 7S 

10 r.i 


47 


n.i2 

1 :i . M 

7 01) 

a.'M 

S 10 

1 1 os 

r, 

01 

'< i(i 

r> 07 

1 1 01 

s i:i 

:m i 

7 -1(. 

la as 

0 

17 


TABT.E X 


Solution 111 Clarlioiitotrai'lilorido 


riilomlinn/,! nn 



Hi'oinoljunzi'no 


1’'K 

V' 

niillijioi -c' 

T 101- 

■''i' . I... 

rl' 

TM\ 

V' 

inillijiniKn 

tX km ‘-2 

HIM- 

t7^ 

-- X 107 

V' 

27 S 

3 1 1 

14 27 

12 77 

270 

3 2.7 

10 75 

10.77 

20S 

2.20 

12 07 

17 SO 

200 

2 31 

14 74 

IS 07 

a 1 r. 

1 . S3 

10 71 

IS 00 

314 

I SI 

12 13 

20 70 

3 a 5 

1 .40 

S 82 

20,21 

334 

I 17 

10.11 

23 20 

34r) 

1 30 

8 21 

21 78 

143 

1 32 

0 24 

24 00 


0-1 lichli.rulinmienn 



a-CljlnniimjilillinlniiH 


T'K 

V' 

JJiillipnihO 

tX lOi:: 

src- 

X 107 

V' 

rpnR 

V' 

milliTJOisn 

TX Kill! 

SPO 

tT 

270 

3 ^r> 

1.7 01 

13 71 

27S 

3.11 

27 70 

24 74 

200 

2-2.7 

IJ .71 

1.7 01 

297 

2. 38 

22 34 

27 09 

310 

1 .73 

0.71 

17.01 

314 

1 84 

18.20 

31 00 

330 

1 .32 

8.77 

10 on 

33 1 

1 .47 

14 OS 

34 40 

343 

1 32 

7.74 

20 14 

344 

1.31 

13 38 

37 14 
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TABLE XT 

Solution in benzene 


Chlnrobonzeno o-Diclilorobenze 


T“K 

V' 

TnillipoiHo 

TX 1012 

tT 

V 


V' 

tmllipoise 

TXlOH 

tT 

-- X 107 



Hoe 




Bee 

7) 

277 

2 06 

14 12 

12.79 

275 

3 20 

16.09 

13 82 

299 

2 11 

11 10 

15 47 

295 

2 .27 

11.74 

15 20 

225 

1 56 

0 06 

IH 89 

315 

1 .77 

9 11 

16 21 

236 

1 29 

8 11 

20 28 

335 

1 42 

7 27 

17 40 

34R 

I 22 

7 72 

22 04 

345 

1 26 

6 46 

17 67 


w-D i eh 1 nroboTi zone a -Chloron a]ih thiilon e 


T'-K 

V' 

millipoiBo 

T y 1012 

tT 

yini 


V' 

millipoiHO 

tX lOia 

tT 



Her 




Beo 

V 

276 

2 13 

12 61 

11 04 

277 

3 06 

23.98 

21 71 

295 

2 27 

9 43 

12 26 

297 

2 21 

19.30 

25.94 

315 

1 .77 

7.23 

12 86 

316 

I 75 

16.89 

28.64 

325 

1 66 

6 23 

12 49 

336 

1 39 

13.11 

31 .78 

345 

1 26 

3 41 

9 33 

340 

1 .25 

11.91 

32 97 


TABLE Xn 

Solution in hexane 

Bromnbenzeuc f)) ,Dj ohlorobonzetio 


T"lv 

V' 

imtlipoiNo 

TX 1012 

tT 

~ y lOT 

T'’K 

V' 

millipoiHO 

TX 1012 

tT 

-~x 10 



BGC 

V 



Bee 

17' 

278 

1 07 

8 50 

22 09 

279 

1 06 

8 73 

22 98 

288 

0 97 

7 60 

22 70 

289 

0.96 

7.73 

23 38 

297 

0.88 

7.96 

23 50 

299 

0.86 

6.73 

23.40 

307 

0 80 

6 25 

24 11 

309 

0 78 

5 94 

23 65 


TABLE XIII 


Compound 

Somi 

-nxiH.] lorigl.li 

ill A 

f 

4/3 IT 

A-’’ 

Kinetic 
Theorj’^ 
volume A® 

u 

h 

0 

CflHo 

3.11 

3.11 

1 27 


51 5 

48 0 

C„H„K 

3.28 

3.11 

1 27 

1 .43 

54.3 

54.0 

CoHbCI 

3 46 

3 11 

1 .50 

1 .44 

67.6 

01 .0 

C„ K„Br 

3.56 

3.11 

1.70 

1 .27 

78.8 

64.0 

o-Cfl l! 4OI2 

3.11 

3. of 

1 50 

1 26 

.58.8 



OTl'CJfl H^0l2 

3.31 

3.T1 

1 . no 

1 .35 

64.7 

-* 

ot- V toH 7CI 

4 04 

3.46 

1 .60 

1 .35 

87.8 

— 
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(hirv'c III 'N'loliiriK’liloi oboiizoiio 111 Holiilioii in hi 



l''it^. :Jr (b’rtpliH Hhowing vanutiori oi log v^jit agamhl t; 

(^uivo I nilorobenzeiie 111 .soliit-ion in lioxniie 
('-urvo 1 ] Hininoboiizono iii Holulion in lioxiuio 
(!urvn 111 M.BtndifhloTobon/,eiiP in Hohitinii in hexiiiii- 

Tn order to find ont the relation between the values of so calculated and 
the microscopic viscosities of the solvents, the calculated values of log have 
been plotted against the values of log Some of these graphs are shown in Figures 
2a, 2h, 2c and 2d . It is seem from these graphs that log is connecited with the 
log 7} values by the linear relation, 




log log V 
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('iiivo 1 ()rLIH)flieJ)]oi‘ol)onzano iii isolul ion nj [aimijjri 
(Juivo IT a'C-lilorniia.i)ii(-haloiu‘ m solutKiri in |).iia.ititi 


whoro G is a constani. and tlio slnpo of the straiglii Inui is o(]|ual to tho ratio AHrf 
AHff gwoii at tho to(it of tlio Tables (T — iV). Froju Kipi (8) is obtained 
— (jonst wliifli in eonjnnntion with hhjn. (7b) gives 

^ = const. (9) 

Tt is seem fTOni the Tables I-VI, that tho values of rTI't/’^ are almost constant 
for the djtierent ( ojnpounds in sohitions in the various non-iiolaj* solvents. TJiis 
IS in conforniity with the results obtained xirevionsly (Sinha vt al., 1965). 

The- disiiiissions ol the experimental results jiresentwl in the previous soetioiis, 
therefore, loiid to the eonehision that the internal vis(;osity (>/,„{) is a function 
of the inacroscoxni; viscosity (i/) and may be represntod by an equation of tho form 
Vint = 
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DIFFERENT CLASSES OF SOLAR AND SOLAR- 
TERRESTRIAL EVENTS IN RELATION TO THE 
PHASE OF THE SOLAR CYCLE 
D. BASU ANB M. K. DAS (JTirTA 

Institute oir X^adio Puysics and Eleotbonics, Calcutta Univekhity, Oalcuxta-O 
[Received December 9, 1905) 

ABSTRACT. Tho lioquency ol ocoiirroju'e of solnr uiul Holiii‘-(>oiTeMtrml ovonts in 
rolHtion 1,0 tlie pliaae of tho soliir eyolo lias boon studietl for il'o jkmiocI ID.'jO -63. Tlio ovontn 
mclndo HuuHpot, Gii-plago, ho1ai‘ flare, solar radio bursl. at luoln? waA'i^ongllih, goomagiiolii 
stoim and short wave fadeoiit Each ovoni, has boi-n clahHifiml into fnnj' difloroiit groujjH— 
viz, small, modorato, lurgo and oulKtnnding doponding on its dogioo of at tivity. It Iuih 
boon (bunij that solar and solui -torrostrial phemimeiiu show mavimimi i-orroltiUon with sun- 
npot cyoJo when cousidoiod as a whole (without t’laHsifa alion) as also Ini small, moderato 
and largo magnitudes of their activities Oiitstanduig events of all tyjios ttuid to nctjur during 
tho ast'ondmg and descending jihatsos of tho solai cycle, avoiding the peak phase, 

INTRODUCTION 

It IS notv woll ustalilisliod that all sorts nl solai and solar- torrestnal events 
are very closely associated with onc' leatnre, viz. the sunspot \^Ilos(^ ninnlier or 
area acstually deterniiiies tlio progress of the .solar cyelc, Thiis wIumi suiiH])ots arc 
riuinftrous. all the different typt^s of solar and associated geophysical phenomena 
will be more frequent. Tlie frequency ot occuneuce of all these events follow 
(ilosely the stdar cycle. 

Nevertheless, it appears from tho analysis of Newton anti Milsom (1954) that 
veiy big geomagnetic storms occur inoie frc(|uenily feiv years on mther side of tin* 
peak phase of the corresponding solai cycle. This hcliaviour is exlnbited by 17 
storms of outstanding intensity (average ranges 2‘’-4 in IJ 1 iSOy in If and 790y 
ill Z) eofiected from nine sunspot cycles beginning with the minimum at l8/)f) 
However, this peculiar characteristics of avoiding the peak phase was not obsi^rved 
in the case of the distribution of giant sunspots (mean anm ^ 1501) millionths ol 
the solar disk) and oukstamling solar flares (class ;b|-). 

Again, Kodama (J9G1) observed that unusual inoi eases m eoHinie rays and fast 
type of polar cap absorption (PC A) events occur only during the ascending and 
descending phases of the solar cycle avoiding the maximum phase. On the ceit* 
trary, small increases in cosmic rays and slow type of PCA events w^ere fouild by 
him to be concentrated more around the peak period of sunspot cycle. Depen- 
dence of the fast- typo of PCA events as also ground level enlianwsnienl (GLE) 
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of GOHmic rays on tho phase of the solar cycle can also bo inferred from the investi- 
gations of Warwick and Haurwitz (1962). They concluded that during the peak 
solar activity high energy protons rarely roach tho earth whilst those producing 
PCA events suffer maximum delay. It is know’n that unusual increase in cosmic 
rays detected on the surface of the earth arc almost alwsays associated with highly 
intense solar eruptions. This hul Takakura and Ono (1961) to investigate whether 
outstanding solar crujitionH responsible for cosmic ray in(;roases on the surface of 
the earth an? also al)sent during the peak period of solar activity or Ukj effect is 
due to some other reason unfavourable for accehiiating jiaTticles. Solar flartis 
of impoi’tanee 11 -|- and unusually iiiteiisii radio outbursts on (,ciitinietTic waves 
(>6x10'* flux units for 2800 Mc/s and >10'' flux units lor 11750 and 9-100 IVIc/s) 
wore considcrcid by tliein for detecting intense solar eruptions. Lt w'as found that 
intense outbursts on eontimetrie waves occur in the ascmiding and descending 
pliasos of the solar cycle avoiding the peak phase wliile ilui li eqiKuicy ol oricairrencc 
of weaker bursts is maximum at the maximum period of the solar cycle On 
the eontraiy, the distrihiition of freipioncy of oenrrcnci* of (lass 3-| flares as also 
flares of lower classes follow tho sunspot cycjlo t|uite ( loscly being most fixjqmmt 
during till' peak iihaso and then deeroasing aivay from it. Japanese workers men- 
tioned above, attributed this pt^culiar behaviour ol the outstanding solar tt'rrt*strial 
evrents to be <^x(Jnsivcly a solai eftect. On the contiary. Warv'ick and Haurwitz 
suggoslod tJiat tho xihonomena as obseiwed by them might ho possibly tluc^ to the 
effect of stronger iiitorjilanotarj'^ magnetic field and high degrees of disorder therein 
<m the movoniont of particles during the peak phase of the solar activity 

Recently the problem was examined by the present authors (Das Gupta 
and Basu, 1965) with respect to various oth(;r solar and solar-t(irr(’Strial ov(uits- 
TJie former iiichuh* sunspots, calcium plages, solai flares and metre wave radio 
bursts (200M(7s) while tho solar-tiTrestrial events include short A^^avl^ radio fade- 
outs and geomagnetic storms. TJiey found that outstanding eJassos of all solar 
and Bolar-terrostrial events immtioned above mostly tend to avoid the peak phase 
of solar activity and occur more frc<i.icatly during the asi^ending and descending 
phases. Jt Avas concluded by tliem that the effect in general must bo of solar origin 
rather than any modulation effect in the sun-carih space. It is thfr purpose of the 
present pajKU’ to describe the details of th(< work ref(Trc,d to above. 

MKTHOD OF ANALYSIS 

As has already bi^.on meutioiied in tho previous section, tho present analysis 
has been carried out for (wents which include sunspots, calcium plages, solar 
i^‘'‘wes, solar radio bursts at 200 Mc/s, short w'ave radio fadeouts and geomagnetic 
storn.^' period covered is 1956 to 1963 for which fairly continuous data for 

all these events are available. 

Bach of individual events mentioned above Avas divided into four classes— 
moderate, on bstandiug— depending on the magnitude of its 



different classes of Solar and Solar -Terrestrial, etc. lid 

activity. Thus it la known that activities of sunspots and calcium plages depend on 
their areas on the solar disk — big centres of activities being formt^d around large 
sunspot groups and huge calcium plages. These have therefore been classified 
according to their areas. Flares of even class 3-|- Mere found >>y NeM'ton and 
Milsoin as well as Takakura and Ono to obey the sunspot cycle more or less satis- 
factorily. It was, liow(vvor, inflieate l by tlielatter group that the energy assocaated 
witJi certain 3 \~ flarcis might be greater than that for others of tlio same class. As 
siu h IIcc line width, also recognised as an index for the intensity of srdar flares, 
tiilcfili as the basis of classilication in our analysis. So far as solar radio noise 
Imrst at metre wavelength is (“oncorned, the peak flnx density in units of watts/sip 
metro/cyclus per second is the best index for measurement. In the case of short 
M^ave radio fa leoiit, however, the duration of each event, known to vary directly 
with the intensity of the event, has hetm considered for the classification Lastly, 
the mternationally adojite 1 K index has been taken as a measure of the intensity 
oi geomagm‘tic storms. Tlie criteria of differmit classifieatioiis are shown in 
Table I. 


TABLE 1 

Criteria of classification of ilifforeiit solar and solar-tern^strial events 


Namo i)f Properties to Unit of 


ovoni.s 

bo HtiuJiod 

raoa.su romont 

Siinspcit- 

group 

Area at CMP 

X 10~o X Aroa 
of solar disk. 

pi a go. 

Area ai CMP 

X 10-« X Aroa 
of solar disk. 

Soli'.r flare 

/Jot lino width 

Angstrom unit 

Sdlur nidifi 
brust. 

Poalt flux den- 
sity- 

X 10-22 
W/M2/CPS. 

Short wa /e 
fadeout. 

Duraiion 

Minutos 

Gpnmagiiotic 

Mtorm. 

Valuo of K 
index. 

I AG A classifi- 
cation 


Classificutions 


Small 

Mfidoratc 

Large 

Out. 

standing 

<500 

600- 

<1000 

1000- 
< 2000 

>2000 

<1000 

1000- 

<6000 

5000- 
< 10000 

>10000 

<6 

5- <10 

10-< 15 

>15 

<500 

500- 

<1000 

1000- 

<5000 

>6000 

<50 

60- 

<100 

100- 

<200 

>200 

<5 

0-7 

s 

9 


Eveiy individual year of the period 1956-63 M^as divided into two six monthly 
intervals The total number of every event, irrespective of classes, occurring 
during each of these six monthly intervals M'^as first determined for the entire 
period and histograms Avero drawn. These are shown in Fig. 1 which also includes 
six monthly moans of final Zurich sunspot numbers The number of occurrences 
of each of the different classes for every event were then counted individually for 
the six monthly intervals over the entire period and the respective histograms, 
drawn (Figs. 2). From Figs. 1 and 2, the particular half-yearly intervals showing 
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maximum activity determinod by number of occurrences of the different classes 
as also the total number (irrespective of classes) of each event were obtained. 



YEAR ■' » 

Fig, 1 , Variations of the total number of various solar and solar-terrestrial events in oourse 

of a solar cycle. 


The results arc shown in Table II. Correlation coefficients were also determined 
for each case with respect to corresponding half yearly mean sunspot numbers. 
Those are shown in Table III. 


RESULTS 

Results obtained in the present analysis are shown in Figs. 1 and 2 and in 
Tables II and Ifl. It Mdll bo found from Fig. 1 that the half-yearly variations from 
I95(i-1‘JG3 of the total number of different events (without classification) take place 
more or loss in accordance with that of sunspot number for the same period. 
The association with sunspot numbers appears to be very prominent for the events 
sunspot groups, solar flares, solar radio noise bursts and short wave fade outs 
the frequency of occurrence falling gradually on either side of the peak period 
indicated by the dotted line. In case of calcium plages and geomagnetic storms, 
however, the decrease in frequency of occurrence, as one proceeds away from the 
peak period, is not so uniform as is expected from sunspot numbers. 

Fig. 2 shows the half-yearly intervals indicating the maximum number of 
ocourrentses of different classes of each event which have been indicated in Table 
II. It has been found that all types of solar and solar- terrestrial events considered 
hero and belonging to the outstanding class occur most frequently either in the 
ascending or in the descending phase or in both of these phases of the solar cycle, 






NUMBER OF EVENTS 
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Fig. 2. Vaiiations of different claeeeB of solar and Bolar-terrestnal events m courBe of a solar 

cycle. 
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TABLE II 

Years showing maximum occurroncjea of different classes of solar and 
solar-terrestrial events in relation to the phase of the solar cycle. 


Evonts_> 

Sunspot Group 


Ca Plage 


Solar Flare 


Classes 

Ascend- 

ing 

Peak 

Descen- 

ding 

Ascond- 

Peak 

Doscen- Asoond- 
dmg ing 

Peak De.scon- 
ding 

Small 


1958 

(II) 


— 

1058 

(II) 

196.3 

(II) 

1958 

(II) 

- 

Modoralo 


1957 

(II) 

— 

— 

1958 

(II) 

— — 

1958 

(II) 

— 

Durgo 

1 956 
(11) 

- 

— 

1956 

(II) 


— — 

1958 

(I) 


Outstanding 


- 

1959 

(1) 

1950 

(LII) 

— 

— - 

— 

1959 

(II) 

Total number 

of Events 

- 

1957 

(II) 

- 

- 

1958 

(II) 

- - 

1958 

(11) 



EsroniB^ StjLir Riulio Burst Short Wave Fadeout Goomagnotici Sl-orrn 


Classes 

Ascend- 

ing 

Peak 

Doscon- 

ding 

Ascend- 

ing 

Peak 

Descen- 

ding 

Ascend- 

ing 

Peak 

De.scon 

ding 

Small 

— 

1957 

(I) 



1957 

(II) 

— 

— 

1957 

(I) 

— 

Moderate 

— 

1958 

(II) 

— 

1956 

(II) 

1957 

(TX) 

- 

— 

1957 

(ID 

— 

Largo 

— 

1958 

( 11 ) 

— 

- 

1957 

(IT) 

1000 

(I) 

— 

1957 

(I) 

1960 

(11) 

Outstanding 


- 

1960 

( 11 ) 

- 

- 

1960 

(I) 

1956 

(I) 

- 

1900 

(IT) 

Total number 

of Events 


1058 

(I) 



1957 

(II) 

■ 


1957 

(II) 



Note : (1) Ascending phase : 1054-56, Peak Phase : 1957-58 and Do.scotfding phase : 1960-03 
(2) Suffix (I) indicates first half of the year (January to Juno), sufHx (II) indicates 
second half (July to Decomber). 
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TABLE m 

Correlation coefficients between half-yearly mean siin&7)()t niimbor and mimbor 
of occurrences foi different classes of various events 


(’oirolatiuii coofllu'ionlB Itir inontH 





fciunspoi 

group 

Uiili lum 

Plago 

Solui 

llino 

ijolar llaclio 

burnt 

swi'" 

(Joomiigiui 
til Btonn 

SmtiU 

O.JIjOO 

0 riritii 

0 7:i81 

0 0337 

0 0587 

0.6030 

MadorntH 

0 

O.liOl? 

0 0176 

0 0005 

0.9001 

0.4836 

Larpu 

0 s:i 2 i 

0 8021 

0 (ioris 

0.7861 

0 708.5 

0.6309 

Oul-sUiiidijin 

0 r»r)4s 

0 4K44 

0 2802 

-0 2655 

0 2547 

0.4134 

Till U.1 

0 ilSOl 

O-GTi-il 

0 7:i78 

0 8681 

0 0767 

0 7471 

avoiding the 

]M‘ak ])hi 

ISO. Till'* .Sllllll 

1 ^ teudem 

•y IS also 1 

ideal ly shown 

by large 


.siuispot.s .10(1 (alciiini ]>Iiiu:es. Hut lor all other evimts, large, internuMliate and 
siuall classes follow' thii solai cycle more or ic'ss c losely - the iiumhcir ol’ oec iirreju c's 
111 (*ii.(;li of these easi's being luaxmnim during the peak jiliase of solar activilA . 
It is found (Table 111) that the eoi relation eoc*fliei(‘nt with snnsjiot numbers is 
hvast ler the outstanding elas.^ oi all events while it has highosl value* when total 
niimbor ol events are eousiderod 

DISCUSSION 

It was shown by previous workers, as has already bcjen Jiiciiliom^d, that uii- 
usLiallv high imidcMits of eosmie lay iiierease. |)olar c,a]) absorjition and iiidio 
outbursts at eentimetre \ravelengths oeeiir less frecjnentlN dining the siinsjiot 
iiiaximuni jicriod. The iiresent analysis shows that outstanding (“vemts of sunspot, 
cah iuiu plage, solar Ihiie, radio outburst at medre* wavelengths, short A\ave radio 
fadeoiit and geomagnetic stonn temd to c-onecMitratc' themsedves more towards 
periods ol model at( activity. It may bo notcid that., of these various ovemts' 
visible solar Hare, radio outbursts at. all Aviivelcngths and short wave* ladeoiit in- 
volves A/avc' ladiation of wide range of frecpieneics from the siiii while Ciosmie ray 
increase, ^lolar ciap absorjition and geomagiicdie storms recorded on the earth indi- 
cate particles radiation tliiuviiom, of vaiious energies. On the other hand, simsjiotH 
and c'alcdum plages rc'prescmt centres of activity on till' solai siirfacci. It thus 
appears tliiit all t)u' out.standiiig solar and solar-ttu'resbnal events due to both 
wave and particle radiation from tlio sun as also centres of activity occur most 
frequently during the ascending and cli^sc^cmcling phases of thcA solar cyolo, avoiding 
the peak phase. 

It was indicated by Koclama that solar jirotons responsible for unusual in- 
crease in cosmic rays and fa.st type POA are accelerated simultanooiisly in the 
same region of the solar atmosphere from whore centimetre wave radio outbursts 
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are also produced. This is the reason, according to him, why these three pheno- 
mena, exhibit the same effect of avoiding the tnaxiinum period of solar activity 
Takakura and One, however, suggested that during the peak pliase the frequency 
of distiu-liantie in the solar atmosphere being veiy high, the time interval between 
sucjcessive triggering actions is too short for jmich encrg 3 ' to be stored to cause 
most intense erruptions. During moderate activity, triggers being less frequent 
outstanding events nia^' occur in the sun due to the possibility of storage of more 
energy. Thus the Japanese workers investigating on cosmic raj’^, PCA, and 
microwave outbursts maintain the view, as was indicated earlier, that this rather 
peculiar bidiavioui ol‘ the outstanding events of avoiding the peak jicriod of solar 
activity is exclusively a solar eflect. On the other hand, Warwick and Haurwitz 
working only with eosmie ray and PCA events suggested that the disordered inter- 
])lanetaiy inagnetii field during the maxiinuiu phase might he rtisponsible foi* 
preventing particles li'oin reaching the earth. Since it is now evident that the 
characteristic effect is exlnliited liy both wave as well as particle radiations from 
the sun and it being known tliat the interidamd-ary magnetic field can have no 
effect on wave rafliation, it is clear that tht‘ origin of the peculiar jihenonienon 
is the. solar atinoH]ilu>re itself rather than the sun-earth siiac.e Purthermoro, the 
same phenomenon being shown also b^' sunspots and caleiuni plages, it can be 
concluded that somehow the highly disturbed suii and its atmosphere prevent fJie 
formation of very large so-called ‘centres of activity’ and hence the oiicurreiioe of 
any outstanding event during the peak phases of solar cycles. 

[nvestigations by previous workers showed that unusual events of cosmic 
ray increase, polar cap absorption and microwave outbursts are concentrated 
either in the first half of 1950 or m tlie second half of 1960 or in both. It is found 
from Pig- 2 and Table Tl of the present analysis that outstanding occurrence of 
ealeium plagi'*. geomagnetic storms and metro wave radio outburst from the sun 
have also got tins londeney of preilomiiiatmg at the same periods. On the other 
hand (iorrespoiidmg events of sunspot groui>s and solar flares are more frequent 
at the first and second halves of 1959 respectively while those for short wave 
fadeout are most predominant at the first haU‘ of I960. However, as the inter- 
national data giving line width of solar flares are insufficient prior to July 
1957, it is difficult to assess the situation of intense solar flares at that peri ed- 
it is rather interesting to note that big flares do not correspond to big siiots and 
plages. Ft therefore apiiears tliat outstanding events of solar flares, sunspots 
and calcium plages o(;eiir more or less independently of each other. 


CONCLUSION 

It may thus be concluded that solar and solar-terrestrial phenomena show 
maximum correlation with the sunspot cycle when taken as a whole as well as for 
small, moderate and large magnitudes of their activities. All sorts of outstanding 
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solar and aoliir- terrestrial events tend to oceiir during the aseeiiding and doscend- 
iiig i)liaHes of the solar cycle, avoiding the maxinuini phase Since the same 
timdency is exhibited by both wave as Avtil as partic le jihenonuMm iiu hiding sun* 
spots and calciiuii plages, thc' eflec-t nuist be of solar origin. It a]tpeiirs that 
ujiusuiilly iiitc^nac' eonbres of activity are juiieli easier to be toniu'd in the solar 
iitinosphin’e during the jieriod of moderate activity than that during the niaxnnuiu 
phase. Outstanding flares are not noeessanlA a»s.soeiated witli oulslanding spots 
oi' plages. 

It should, howiwia-, b(' not(‘d that tlie present anal^^sis lias heen carii(‘d out 
ovei xiaii of one solai eyede for which data, are aradalil(\ Studies oJ data ovei 
several solar cycles in future will Ik' iiiteiesting and will estalilish firmly the plieno- 
nienon obtained in tins aiialysis which will definitely revt'aJ iiiain' iiev lai ts on 
solai' ])bvsn s in gcuieral and on the loiniatioii of eentres activitv m jiarlicular. 
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COVALENCY REDUCTION FACTORS IN THE CASE OF 
TETRAHEDRAL COMPLEXES 

R. RAI AND R. K. MUKHERJEE, 

Dki'atitmknt chi' Magnutism, 

Inotan Ahhooiation Kon th® Cultivation ov Soiknok, Cali‘Utta-32, Injua 
(Hctvimd Nobinnher 4 , 1005 ) 

ABSTRACT. BxprHH.sionH for Cio roclut'Lion fuoiors iiHRociiuted wilh Uio orbitiil rojitri- 
liiiliioii Ijo muRnoLif momoiit. and witli ilio Bpin-orlnt inioraRtion in tho iotrahodral romploxos 
iiriHiii^ Irnm l<!io ovorlH)) ol tlio f‘(uitral mo(,a] ion d-orbil^ilH with the bfj;ai)rl n and p orbitaln. 
have boon dodiiROiJ and diHfaiHWod m (.ho light of oxjHl^ing oxporimonlul roHults. It is soon 
that tho ligand /j-orbitalH are mom offootivo than ^-orbitals. 

/ N T R O D U C T T O N 

Siiporiol’ity of tlio iriohM ula-r orliiial thoory ovca* tin? oarli(3i* iiitroducod crystal- 
lino olo(;lri(! Hold tlioory (Fan Vlook. J0I12) in many of tho oonipounds of tlio transi- 
tion j'roup of ('loinontH was first domonstratod by Fan Vlock as oarly as 11)35. 
In contrast to tho cryslalliiio fiold approximations whoro tho basic orbitals art' tho 
piiro oonlral motal ion orbitals, in molocular orbital thoory those are linear combi- 
nations of tho contra! nu'tal ion orbitals with the ligand orbitals allowed by syin- 
niotrv of tho coinjilox Honco tho two orbitals have similar translormation pro- 
})('rtios and tho matrix ('loinonts for tho spin-orbit t'oupling and tlio orbital 
angular niomoiitum L, m the, ligand fiold approximation (;aii fio ropresontod by tht' 
old matrix elonu'iits multiplied by rospoetivo reduction factors arising Irom tho 
admixtures In tiu' octahedral cojii]iloxeH, whoro tho dt orbitals belonging to the 
i'('])rosontatioii havi' tho proper Hyinmi'try to form Ti-bonds with tho ligands 
whereas dy orbitals belonging to the repi esentation ean form ir-bonds with tho 
ligands, the nature and order ot the io.du(*tioii faetors have been invoatigatod by 
Stevi'iis (1053), Owen (1055), Tinkham (J056) and others. 

Ill tetrahedral eomplt'xe.s sueh ealeiilations are more eunibersome boeause 
dt: orbitals of tlio ci'iitrai loii have the proper symmetry to form both n and ir 
bond.s witli ligands, dy orbitals, however, ean foi’iii only TT-bonds. Our aim in 
this paper is to cleduei> expressions for these reductieii faetors and to diseiisa them 
in till* light oi‘ existing experimental results on some tetrahedral complexes. 

M (> L 13 C U 1. A U OKHITALwS OF C f) V A L B >1 T XY, 

T E r B A H £ 1> R A ]. C O M P B B X E S 

The rf-wave fuiietious iii a field of tetrahedral symmetry split up into two typos 
dr and dy spanning the ropresentatioiis and E rt'sjieetively of the point group 

I2fi 
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Tj. Tn a molocular orbital siliomo the magnetic carriers remaui partly ni tho 
central dc anrl dy orbitals and partly in surrounding ligand ,s and p orbitals. Tlio 
form of tho molocular orbital ivavofuiictiom arc as given by Wolfsberg and Hclmo- 
Jmlz (1952) 


+ {^1/4 +7^1/1 ~7T Vjj — TT?/., ) I j 

I YZy ' Nt \^dyy. 4- (T., <T., O-J-l I (71,,-|-7r,2 -TT^’, - TTa, ) 


+ t Kv4-I'7rv. -77,/, 77,/,,) I j 

\ XZy -- Nt \ ((Tr\ \ {nTy \nr.,-n.,, 77r4)j .. 

^N^ l(77v, 477//.-! 777/3 -1-77//J 


( 1 ) 


-| ■^/3(77a?l477®a ^-7r.'^, 4 77r, 


)'l 




r^y = N, 


-n^ + 


Ane 


{(77',i-l-7rra477.r, l'77ri) 


4 V'Ain 4 77//.J h 77//;, 4 771/^ )} J 

Nf and N^. aro tho normalising constant aiwl A’s arc measure (if amount of 
fidinixtnrcs of tho ligand ,s and p orbitals with tho contra! rZ-orbitals 

(lh()i( o of ligand coordinate axes aro such tliatthoir z-axes always point towards 
I lie mota) atom. All tho (r-bonds aro doscribod by using z-coordinatos and 77 -bondK 
In ii.sing X and y coordinates orbitals are porpondicular to the plane formorl by 
flu* (‘(Jijl ral (UKjrdiiiato Y axis and the threefold symniotry axes of tlio jioint groiij) 
T,t at tho respootivo ligand Tho direction eosiiios of 77jj 77 ,,, and y>a-, with resjjcct 


lo the I 


ontral coordinate system (Fig. 1) are respectively 




< i ) 


0 i' 

j and /— — ^ 

1 

- - ) 

DireetJon cosimiH of tt’s and 

a/2 ' 

' ^ x/3 

-x/S 

V3 ' 



cr tor other ligand sites can be obtained from these by making lK(f^ rotations 
^ibout the cubic axes (i.e. axes of tho central coordinate system). 
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Further biik-o Ixitli .s au«l p orluitaiB (^aii iiave tr-bondiug with the motal atom, we 
can write 

h, I <r,-^ = Kp I yA ,. y \8^y (2) 

whore = A„® 

Wavet'u rut ions f.j, arid e in equation (1) can be tixprr^ssed in a different form 
also, whore x, y,z coord mat(^ axes at the ligand sitcH are all parallel to X, Y, Z 
axes of the central coordinate system. This is 

I JT/ ' > > + jyu/l > )-b( |y).r2 > - \py2'^ +(— \px'S > 

H- 1 2y^3> )+(— I pxA > I pij4> ))+i?( I jizl : - H- 1 pz2 > + | ;jz3 > + | pzA>] 

I ~ I ^2^ ~ I I ■ ■ 

i YZ ^ ^t[dTz-\ ^(( |y^?/f > + I pzi> )-!-( - . py2 > -\- • pz2> ) 

f-(— I p»/3 > — j ^jz3> )+( I py4: > — \pz ^'> )} 

+5f I px\ > d - 1 px2> f I ^53-3 > + I pa;4>} 

-1- {l*‘i )>4 , )> - I -s'a )> - I )>}] 

1 XZ > - Xi[d^z-\-M I > -f ! > )+(— I px2 > - [ ^s2 > )+(^- I px3> 

+ (j)z3>)+(j3)a;4>~.ij9z4>)} 

H- B{ ' 53i/l> 4- 1 py2 > + I py^> 4-yy'd >1 


4" 2 H‘ I ^2 ^ — I ^ ” I ^4^}J 


(3) 
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|X*-F‘>=iV.[de-r= + {(|j>*l>-|PVl>)+(-|j<v2>-|w2^) 

+(| j>»3> + 1 py3»+( — 1 px4> + I J)y4>)} j 

B=2^(-A„-V2A7r,) 

Here tho notation of Sfcevena (195H) is folloivod in udiicli, ni oacli ICet voc'toi 
the first letter doiiotos the typo of orbit, tlio aooond antrnlar dojicndenio and tho 
third tho ligand to which it liolonga 

Tho new orbitals \'pxi':>, and jpz?> can oasdy b«^ related to tho old 

ones TTa-i, 7r,^i, witli tho help of usual transforniation niatrii’.es utilising tho 
direction cosines of tt’s and cr’s. 

(1 A L C IT L T 1 () N OF ll B D U O T J O N A ( ' T O Tt S 
(a) OrhitaL taduction factora : 

There will be two orbital reduction faci.ors oociuning 

(i) between a manifold of orbitals and 

(ii) between a and c manifold. 

Wo define them to bo 

K = <i + 1 «^+> : k' y* 1 4 1 X7 > 


where =— \^\XZ > -\-i\ Y Z 

V2 


... (4) 

ivz is expressed in tho central coordinate system but ndiile operating over ligand 
orbitals, has to bo shifted to tho ligand sites. Exjni'ssed in tho. now coordinate 
systems of tho ligands fi.o. ijarallel to the central coordinate system). is 




at ligand site 1 
” ” ” 2 

” ” ” 3 

„ „ ^ 


whore y^’, 




are all expressed in the i-th 
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ligand new coordinate Hystoni and 2n is the edge of the cube in wliich the tetrahe- 
dron is inscribed (Fig. 1). 

fi) Substituting for and operating witli we can deduce from oqns 

(4) and (3). 

= JV,2[l+4vl»-4JJ2+164£l,+8BS,+4A„Sa+ 4 oA„,S. ] 

V 2 1 

I < drz I 7>al > 

- 1 7r„i> and Stap-=<d^,\pa^> 

A’., _■_ <rZ^zl.yj>’ ~ ^tii$ 


111 arriving at the result (5), it is ioiind eonveniiuit to avoid tbe operation oi the 
angular nioiiKaituin oiierator nfion tlie ligand oibitals in the integrals of the 
form <il^d\ l-<z\^htgun<i> l>y ntilizing the Herniitian nature of the integrals 
(Stevens 19/113), The only non-vanishing intograls involving u are those which 
involve the overlap integral also, the rest being niononnals «)1 order three and 
one, ehange sign with the inversion at the ligand sites and lienee vanish 
Further we have negleeted the overla]i between the two ligand orbitals at 
dilTerent sites. 

Using eipi (5), k can be exiiressed in the usual form as 
where 


r I 


Sv^2 


pi) For h\ we proceed in a similar wa.y and obtain 

<A''-r“iA|Arr> 


.V,.V.|I-| V2^A,„+V2A„,(«’,..i+.V)H-«-^‘S t V!^A„,S, 

- 1 - 


( 7 ) 
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In the above equation, we fleline 

< d2^'i_y'i\<p.ic\- py\ > - (\':i I 7ra.j> 

' * ^ *^X~-Y- I ^!/j > ) • ■■ (^) 

vvhore d 

and (S'^, N, and are saiiu', as in etui, (n) and tin*- nernialisin^ t-eiistant A' is f.nvon 
by 

and 

L I “I ' ^ ^an^tr, \ ^ap^toi) 


2 ’ 2\/2 


.j I kj, ('^11 r'"" ■^11* 

Using (!>) and (7), k' jk again expressed in the form 

I k ■ (Id) 

where 

A-, - [j I - I) -!>’<,.+ 


(b) Reduction. facAors for f^pin-Orhit couphwj 

Ilero again sniee we an* etineevned iiiiiiiily with the. liganrl atoms with sniallei 
atoinie niinib(‘rs we. eoiihnt*. to tlie ax)l>i’oxiiua.tion marie, by 0\vt*n (I boo), originally 
Cor octahedial eoiiqilexes, that the spin-oiliit eoupling is only elleetive at the 
eontral metal ion and so the rodiietnm luetors with < t^\ > and i^\ 

I e > manilbld are, respectively 

Hi - 


ir - .V(A\ 


( 11 ) 
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DISCUSSION 

The oxpr(‘.s,si(ms loi* roduotion IW-tdis air qiiilf < onipJuatcMl and iiivolvo a 
tiundx'i of unknown paraniotcrH. Uowovit sonu* (pialifalivo lesults (laii bo 
easily niforird if we sln U i(i soine. appioxitnations Thus in above, exproasions 
teams involving a arc small (siiieei a ibsclt is very small 10 “(an) and can be 
nogi(H;ted Ffiirthennoie tiie sludy in molecular bonding in the case^ of oe.tahedral 
eoinploxos has shoAvn that usually u'-honding is more luqiortanl than TT-bonding, 
111 the ease of tetrahedral (,ouix>lexes this is not veiy obvious. However lacking 
detailud information if foi the prosmit., this approximation is made (i.e. if wo pul 
^jTt ^ ^ expressions for k and k' rediicet o 


K I ... (12) 


where 

.y, - 2 




- 1 1 



and 

k' 1 



whore 

[ 

1 1 2^/2(^/2--l) 

... (13) 


In the tetrahedral (,()mploxos of our concern t|mt(' often the ligands arc oitVier 
oxygen or eliloriiie type with 2.v, 2p or .‘tv, elections rospectivolj'' taking part 
in hoiuling. AM O. ealeulaf ion ol the energy spoctruni in the case of Mn 04 ' and 
(jtO^*™ conijilexes has heen done by Wolfsberg and Hi'hnholz ( 1 952) Tlu'.yhave 
made a furtlu'r simplifying assiimiition that only 2p elections of oxygen take pari 
in bonding and electrons filling mito 2.v oibits fonn a tlosml shell. Dnrhn this 
assumjition (i.e,. — t), A,,^ — A,J i.he equations an* further simplifiiMl to 

6\ = 2 ... (14) 

- LM-V f 

i 


NfN, 






( 16 ) 


Using the xiarameters mainly ofitainod from intensity uonsideratioii (Wolfsberg, 
Ilelmholz, 1952; Ballhausen and Liehr, 1958, Viste and Gray, 1964) 


» _ 3X.151 „ 

0|„ ~ — - - - ; ^5,__ 


V3X.167 . ^ 1 

" "^4— ’ 


2V2X4 

(Table 1) for MnO^-, wo have k ^ .533, k' — ,678 and B = .476, R' = .641. 



Wolfsberg and Helmholz, 1952 



5 


}- Washimiya, 1963. 
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Hallliriii.sdji aiirl Jjiohr (1958), however pointed out a M(tjous mistakti in the 
assignnient of hands niafle by Woiisberg and Iteliuholz (J952) lor Mn0“4 
iiirtlier undertook above iiiv(^.stigatioii < onsidering also th(5 2,s orbitals as taking 
l)ail iji bonding (i e A „a A 9) LI wo iitdi/a* this parameter, we have for Mn0~4 

K ^ .502, k' -- .078, Ji - .512 and -- .676 (Table I) 

Tims W(^ sef5 that whatever be the cffoet on band energy cahudation of tlie 
iijiproxijiiation that 2.s‘ and 3.f orbitals do not take part in bonding, for the ealeu- 
lation of re.diictioii factors it is a fairly good approximation 

Itesidts of caleLilatioiiH for several tetrahedral er)mploxca are siinuned uj» in 
Tabhi 1 

Our r(Mlu(;tion paramet(irs lor Col^SjClg derived somiemiihiiially from siiseepf i- 
bdity measurement art! k' ^ .92 and R' — .83 whieli are appreciably different 
from th(^ presojit values k' — .653 and R' — 584 (Table I). The descreiiaiu y 
may lie dut! to the fact that in tetralu'dral comiilexes 7r-bonding also play an ecpially 
iinporf ant roI(‘ as tr-l»onding. Tin's is actually so is dtdinitoly proved for the cases 
ol Mn 04 '' and (kOj” by Wollkberg and Hehiihol/, (1952). J^’oi tin* presenf, 
lio\v(!V(!r, We c.anuot go to further details due to the insufficient knowledge about 
the parameters needed. 
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DYNAMICS OF THE EXTENSIONAL VIBRATION 
OF A FREE-FREE BAR 

S- K- GHOSH Asn STTNIT, KUMAR RANER.TEE 

DiGPBTM^iNT OTT riivsios, Jadavpub, ITnivbusttv Calchtta-HS 
{Received. Auquet 11, 1965) 

ABSTRACT. The paper disrusses the Dyimmies c>f Virn'iitum nf n Vree-Freo Tlar 
oxciied by an inelastic longitudinal Impact, taking accouiii. of the lunrl la of Latoiul Motion 
The iirobloin is worked oui. using the ])OwoiTul Operational mothod Unlike other iheorios, 
this method is free from any aasiim])tii>u, and gives resuHs of higher accuracy, Tlic 
lirosont problem gives the extension and jirossure at ihe Htruck-ond as functions of time, 
t he other end ef the rod being froo. 

In Section 1 the nature of vibration and displacomoni' of Ihe Htru(‘k-end is discuKHOd 
and 111 Section IT the pressure at the struck-ond at different ojioch is (oiind out as func- 
tions of time. 


INTRODUCTION 


The expression for pressure and displaeenuMit ai tlu‘ ptni(‘l<-e,ii(l of a ilim rod 
liamiuered by olasbie load witli diff(‘reni end eoiiditions has hec^n Mork<*d out 1)T 
Glioali (1951). Bui the present paper proixises to conHider all iJie aliove 
phenomena takinjj; account of inertia of lateral motion lu the case of a thin rod 
hammorod hy an inelastic load at one end the other (Uid rionajiiing Irei*. The 
equation of motion in such a case is given bv, 


' <1^ 




dsW I \ I 


.. (1) 


Tho second term of tlioL-H-S* of (1) i-e- is due to ilic Inertia of lateral 

motion and is the most general equation of vibration of a t-hin tod. An inqiortanli 
contriliution dm? to the second term is that it givi^s tho viOocity of vra'vu* propa- 
gation in tho rod with higher accuracy. 

Explanation of the symbols used ; 

E — Modulus of elasticity of the bar. 

(T Poisson’s ratio, 
y — Area of cross-section of the bar. 

k = Radius of Gyration of a cross-section of the rod about its central line, 
to — Displacement of any section at any time. 

I = Variable time. 

I = Length of the rod used. 
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f — Diatanco ol particle on the central line from the free-ond, 
p — V(jliiiTie density of Uie rod. 

Pq — - Linear density of the rod. 

vii — Displacement of a particle at the struck-end. 

m — Mass ol‘ the load. 

<1 — Velocity of longitudinal wave along the rod. 
where n — 1, 2, 3, etc. 

0 — Period of fre(i vibration of the bar, = 22/c 
Vff =-- velocity of hnpacit. 

J — Momentum of impact- — 

P = Pressure i^xerted by the load. 

J) = Operator , tj — 

The difbiroiitial e(piation (I ) for the oxtonsional vibration of the rod is solved 
by using operational method of Heaviside Instead of using St. Venant’s ‘Varia- 
tional method’ which is long and laborious. 

Now Equation (1) in the operational notations, 

= ... (1.1) 

cr 

Tli(i solution of this equation is given by. 

c) ==- A cosh ftinh ,s ... (2> 

c c 

The end-conditions are at s = 0, 


and 

at 

Prom (2), (3-1) and (3- 


% 


r/(o 


= 0 


ds 

.V = /, W — <Oj 


cosh 

c 

W Ci)f 

coshi’(l±3!^-: .J 

C 

The equation of motion for the striking body is, 



(3-1) 

(3-2) 


... (4) 


( 5 ) 


Now substituting the values of (doj/ds)^^ in (5) and imposing the boundary 
condition, the motion being started by impulse J, we get 


mD^+ tanli ‘ .l = DJ • ■ • (6) 

c c 
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The Presauro oxertecl by the load is, 

dt^ 

From (4), (5) and (7) the expression for P is. 


P = - to,7)(l+i/D2)-S tanli , J 

c c 

= -?!{] tank , j . 


Now putting mvQ for J in (6) it is found that. 


f(jD) = i>+ (1 +!//)=)-’■ tanli / ... (11) 

' me c 

On substituting the exponential values lor hyi)erb()li(? tang(uits in (equation 
(II), ncglooting terms eontaining {y being very small) m tli(‘ binomial expansion 
of ( 1 + 1 /D 2 )-: and writing : J)-\-a, D.^ ' D-\ /i we liav(‘, the final form F{D) 

to bo, 


F{D) = 


(a+/?j[l+oxp{— Z)(l— \ yD^)0)] 




where, = {D+ol){D-^P) — D^-~ D— ^ 


and —a, —/? are the roots of, D^— —— D~ - = 0 
' yEy y 

given by, 


r /?i _ 1 r2mc ^ / 4w^ j ' 

fa./?]- 2 VyEy^ y) . 


' 2 lyEy \y^E^y^ yf \ 

Expanding terms under the radical sign binomially and iieglec.ting higher 
powers of y other than the first we have from (15), 


^ me ’ yEy \ ^ mH^ I 


... (16) 
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PoC, __ me ( 

7ft ' V ” / 


. (16.a) 


TjI •> •' •*> 

h pc^, />„ --- py, 7] = — - 


DISPLACEMENT AT THE IMPACT-END 

Tho (lispladfimont at, Llio iinpacl-eml eaii now be obl/ainecl T>y the help of 
oquationa (10) and (12) as follows ; 


. (a+/?)rH-oxp(— Z)(1 — \ 7 iD^) 0 )'\ 


-( “Sir - ' 'ta ) •■>"{ -»(' ; ’'>•) » i 


_ ( 8(a+^)«7)» _ 16(a+/?)»D!! 10(a _ 2(a-|-^) 1 

-t- oxp(— 37)(l 

(2»(«+/7r '7>» _ _ 2(«+/5) 1 

<-xp (-»o(l - « j +... ... (17) 


Now writing, 


1 / being — 




f (rt _ («+/9)J^ ^ 


... (17.1) 


... (17.3) 
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and so on, 


Lif) - 


(aH 


'0 


we get, 

{ - Ai 4 »imo\ 

f WL(0 l-ii/‘i(01 i^^v\~'2i>{\ \ ,,iy^yf\ 

”{«/i(0 H3/a(0+H>A(0-2/,(0l •- :w{\~^ \ 

-[ {2/i(0--(4«-2)/,(0-f(2//-2)V„(/)-l ... i ( -ir2%,,,{t)\ 


exp j"— 'ni)(l— i -\ ... I 

Ne\\" .since, 


exp - -\ ti/)-)0\ J,M) - IJf 4 

I i nOiij\r{(n) 


Tliorefoi'e, 


-imu,) i«l(',)+>'»A ('3 2 /,(/.,))-i .. 

I |2/,(«„)-(4/.-2),/,((„)-|-(2»-2)^«„)-| ... 1 (- ir2"7„,,((„)}4... 

- i Oi/Pf'M 2/"',((.))-l ,3 0vl4/,"((,)-6//'((,)+2/,"'((,)l 

- J ft/{8//'A)-l<y3"(«a)+10/2"(y-2/, "'(«,)}+.■ 

+ (-l)»2»/„,/'(U}H ••■I 

Now the functions A(<), /,(<) etc- can be obtainod as follow* . 

AW = '’0^ [ 1 (I ^ (i-'-®‘)] 


.17 1 


(18; 


( 18 . 1 ) 


(1‘4) 


.. (19.1) 


f,(i) = [ I (l-.4+a<)e-‘+^ (l+4+/?e)e"^'] 


... (19.2) 
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m = ~ { 1{A-A^)+^- {SA-^)oU- ““f I e-‘ 

{ 2 (A+A^)+\^ p-»‘ ] 


(19.3) 


etc., 


/„(o ^ [yj- ir 

and Ko on, wJicre, A — (/?-]-a)/(/y~a), B— l/(/y— a) 

If w(! now nogloiiL the term containing tJio inertia of lateral motion in equation 
(1) i.e., d, V/ -- 0 we inuat have A — \ , and B — 0. 
and, 

... (i9.1a) 

... (19.2a) 



_ ( 

l-c 

m * J 



PoC \ 



. e-“* 



^ _ Poc 

t C 

t 


Po^ 

m 




-“Tl= 

ttlOq 


.plfA, 

2! J 

PiP 

l m 

2m^ J 


and so on. These results etc- are found similar to those obtained by 

Ghosh (1953). 

Tims the displacement at tlie impact-end at any interval of time can be found 
as a function of time substituting all the values of etc. in the above 

equation (19). 

During the interval, 0 Ct < 0, 

... (19.A) 


After time t — 0, i.e. during, 0 < t a 20^ 

= /,(0-2{A(*,)-A(«i)}+|- «/{2/.''(y-2/,'’(y) 


... (19.B) 
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Similarly during, 20 < I < 30, 

+0 <5?{2/a"’(y-fi/s'"(y 1-4/., '"(yj ... (is o) 

ami so on. 

Equation (19) jrivo.s iliu most general lonii of f1i.s])l,i( etii(‘iit at the stnnk cind 
of the rod. It is found tliat tonus of the right liand side of (I!)) eontaiii eortain 
uumbor ol tennis to bo positive and some, of them to lie negative. By s negative 
term it is understood that waves foTimul arc* reflected from tin' ri'sju'etivt' enils of 
the rod. The displacement equation (10) of the struek-eml is obtained in tlie fune- 
tional form. By putting tlie fiun tionaJ values of/x(/) f^it) eti. m (10) tin* displaee- 
niont is obtained in terms of knoivii (|uantities. The pressure at the stiiiek-imd 
IS duBoussed in Section IT. 

Eurthor, the displaemnent equation shows, that tin' wave' train does not ri'tiiTii 
after reflection, as shown liy the second term of eqnatum (21) below . 

Vre^mre, at the struck end 

Tlie Pressure exerted by the load at the impact end can now be found out 
taking the help of equation (0) and ('((uation (1 !)) as Ibllows : 

F _ ~~-y taiih , j 

Expanding (1-1-///^')“' bmoinially as licfoie, jieglecting liiglier ]M>v\'ers ol tf 
and writing exponential values lor hyperholic iangenl the piessiirc e((uation 
liocomcs, 

_ 2c - i 2c - 4X>( 1 - i 

- h ] f)'/ ■■■ (-0) 

Erom Equations (1 0) and (20) the niinicrical value ol x>icssurc at tJie strue.k-eaid 
can he ivritton as, 

-l-14/'3fe)-2/',(y}-4i;{4/"',((,) - 2r^(i^)] 

-hi/0{4/3^’'(y- 3//’’(y-/3^'’(l,)}-i ... -J 

Thus during the interval, 0 <l / (f the juesBun' is 

A ^ ^7 [ A'w- 4'1/rw ] 


... (21.1) 
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■Kifjf 1 Abaorjiiion curve— KoSOi (CuZ^i) 6H2O Crystal. 
DISCUSSTONB 

a) Crystal field parameters and energy levels ’ 

rollDwing Abraham and Pryce (1951) tbe. jjotantial of an eleotron placed at the 
point (x, V, ;j) in tlio noighboiirhood Oiri ' ion may be repreBentod by 

— 3(a;‘' -1-7/* — tox^y^) J 

The stark levels of the ground stale of Oir*-'' ion are (Mookherji ot al., 1965) 
taking the lowest as zero, 

P5 == \0K-^A-Q 
= 10ir-7C? 

F^ = {) 

where K = “ K'r^ A =- ^ AV* Q — Q'/* f is tlio average radial distance 

105 7 J05 

of the 3d (deedrons, K is tho oubie field coefficient and A and Q are those for 
tetragonal field. 

Banerji and Mookherji (1965) have treated Cu++ i<m under a crystal field of 
above symmetry using Elliot and Stevens method. The field parameters which gave 
the best fit with tho olisorvod values of temperature variation of Bose et al (1957) are 

K ■= +1460 cm-\ Q = — 11 cm~^ and A = —90 cm~^ 
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and hence the energy levels are 0. 14-f577 and 15151 cin-^ 

b) Isotropic GovaUncy Factor 

In oiysialline electric field theory the suiToimdiiig ions arc lonsuhM'cil as j)t)int 
charges or point dopoles; but this will not be exactly true for ions (tl tiu’ iron group 
as d-wavo functions overlap to some extent with the ^^av(‘ functions of the sur- 
j’oiindmg ligands Owen (1955) took account of this (dtect ol iiartuil oveihi]) of !ld- 
orbitals with or- and 7 r-orbitals of the sun’Oimding ligands and came io tlu' conclu- 
sion that the orbital contribution to magnetic mommil is nsluced by a hictor 
called as covnlency factoi. Hence the stark splitting deduced Ironi 

magnetic data will be inclusive of this factor. The stark splitting (AA’),, as observed 
from optical absorption data Anil be then giv(*n by/- - 

Representing the overlap factor along tin* axis of symmetiy oi the vater 
cluster about On ' ion by/n^ and that normal to it by /j.“ we lm\''e 


ff - 


^:i) 


and ./x- 


(>; I'.) 


Using the obsnved Auilues of {F^ and iF^ — F^^)^^ and the (h‘dnc(‘d valuiis 

of {F^ Fa) and (F 4 --F 3 ) av(‘ get /||- -- 0-S09 and - 0-SbS. Hence one may 
take the covalency factor to be almost isotroinc and (‘(|ual to ()-S7. 

c) A anisotropy of the ivatcr cluster about fbr' ' ion 

Following Rose el a, I (1957) the magmd.K aniHotro]>y of Ou^^ ion under a field 
of symmetry as given liy eipiation ( 1 ) is 

/f|l -A\ - ( A+l-T)ir- 


Avdiero D — 



1 


^ , Tfii is the ionic 


susetiptihihty 


along the 


axis ol symmetry ol the watei (duster about Cu+'' 1011 and f\± that noimal to it 
Utilising our observed values of {F^ FJ. (F 4 — F.,) and /- wi* g<‘t Ji 
— 565 as against 569 at :500" K observed by Mookluu’ii and Lai (1965). Tins may be 
compariHl with flie A^lne 572 as deduced from optical ahsoiplum in static of solu- 
tion. Tims it may be concluded that the anisotropy ol the water elnster about 
Cu' ' ion in crystal and hi state of srdution is almost the sann^ m (onlormity 
with onr earlier discussion. 

d) Spectroscoi>i(; splitting factor for directions along and normal to the tetra- 
gonal axis of the water cluster surrounding the 0u+^ irm according to Ahragam 

and Pryce (1951) are 


r/ii 2- 


8A/^ 

F.-F, 
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uHiiig t li(i (j)»Hwvefl valilOK oip, -F^AndF^- F^vft get — 2*48 and gx ~ 2,12 
TJicwi may he eonipaml Avitli tlmse (2.45 and 2.05) nbtained by paramagnetic 
ir-Hoiiiiiict? I’or (^1X2(804)201120. 

riy may lie mentioned liere that experimental g\\ value gives F^-F.^ = 14720 
cnr^ agmeing \\'itli that dediu-ed from susceptibility measurement, but experi- 
mental (jx value giv''(!K F^ F^ more than double as that deduced from suseepti- 
bility data. 
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SOME PROBE DATA OF DUOPLASMATRON PLASMA 

D K. BOSE, N. K. MAJOMDAJJ and S N SE]SI(UTITA 

Saua oi-’ rjj\.sics, ('Aiii'i'n' v. India 

(Itt'vru'vil ‘laututt g 17, 1 OOG) 

The high porformanco of the ihioplaHinairoii .soia’C(‘, is din' to the iiuuihaiiioal 
and magnetio eonatiuiiits (Burton, J961). Tin; magnotijj Jifdd wet in the iiiteis])aeo, 
interniodiato olocjtrode to anode, js so shaped that a magnetic, mirror has hoiui 
supposed to exist in this space (Burton, 19(>J, M'oak e,i al. 1959) and umh'j* that 
circumstance, electrons liavo little chance of escape from this region exc‘c])ting 
along the axis of the system. The experimental investigation of Poiiov (19()1) 
on the distriliution of magnetic field in this sapee acitnally (ionfirms this vk‘W' 
A Langmuii probe (length -- ^mm, diameter — 0.06 mm) lias bi^en placed at tb(‘ 
mouth of the anode orifice, of our doiiplasmatron source (Bose, el al. I9fi5).tu study 
the offocl of magnetic; field on the plasma state in this region under diflercmt 
operating conditions. The probe is operated by electrical jiulses (ISengupta) 
The rising jiart of triangular pulses w'^a.s UHe4 for the; horixontal Hv^eeji of 
an oscilloscope and the other arm was blanked off Sweep duration was 1/60-ih 
of a second and magnitude was 25 volts. OuTrent voltage cliaracteiistics 
of the probe were recorded by photographs of thc^ oscilloscope ti’aues. The* 
c'ffec.t of the magnetic; field is home out liy tlicse photographs A stable 
well develoiied plasma (Figs, b, c) cliaractorisc^d by abscmc.e of any substantial 
potential gr'aclient and a regular Max^vell-Boltziiiann distribution is formed 
at high arc voltage ( s 150V) with the setting of the magnc.tic; field in the; 
interspace;. If we consider that trapped electrons enhance the rates of 
ionisation (Popov, 1961) the mirror action should be noticeable by the sotting 
of a stable plasma tip and hcmcie the role; of magnc;tic field is revealc;d in the sequoncie 
of these photographs (Figs, a, b, c). The electron temperatures have; been cletc;r- 
minocl for high arc voltage patterns (the soini-log plots show diBtinc;t uniform 
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Hl(jp(jR) Increaso of magaotic field has boon accompanied by increase of Tg signi- 
fying iTKrcsascfl fioUisions proeossoa due to tJie trapjiod eleclions At low arc 



Kigs (n, b, c, d) . IOxninpk*.s dhciIJohijojih i'ccmiicL, (d tlio curreiiL-voltiige cham(itoriHtnj.s 
UH obliuncd Tiy the jmlsod prcdio iccJmiqiic. Eiub small divisjon of tho abHoiBsa ropreHoiits 
I 7 voKs and tlial «if l-ho ordmato I’oja-oHciiih .'17^ \ ciii-i-ori(-. (Oetiuls of the photon aro given 
111 table 1 ). tVom the regular patterns of the photogiiiplis it becomes evident that the ions 
ol Duo[ilasiiuilroii have small energy sjire.id. 


voltages, equilibrium condition is not observed and the i)robc pattern shows 
preponderance of particles not coming from plasma (Ardeime ; Chapman, et al. 1964). 
Application of magnetic; field is howovor found to reduce fluctuations and a 
groAN^tli towards a Boltzmann distribution is discernible (Fig. d). The following 
table presents some features of those probe studies. Some of the photographs 
taken are shomi in Figs, a, h, c, d. 
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Blank spaces in the columns indicate quauntips not determinable in view of irregulai sliapes 
Tlie value of debye length clalculated is 0 07 nun 
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A C K N 0 W L E D TJ E M E N T 

TJic authorn are graieiixl to Prol. B. T). Nagehaudlmri, Director, Saha Institute, 
of Nuclear Physics, for guiding the work 
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DETERMINATION OF IONIZATION POTENTIAL OF Gd 
AND Ho BY SURFACE IONIZATION METHOD 

S. D. T)EY AND S. B KARMOHAPATRO 

Smta Tnhtitutt: oy Nrrj,KAii Phyhtcs, (\\ta I’ti'a-!). India 

{Rwrived Fehnmnj S. 

Several authors (Ionov and Mittsev, 1960, 1961: Alekseev and Kamiiiskii, 
1965) determined the first ionisation iiotential of a number of rare earth elements 
by eomparing ^vith the knovm T. P of some other elements and Dresser et al 
(1965) determined the I.P. of Gd. Er and Yb direetly with the help of the surfaet' 
ionisation process In the present work we report the values of F. 1*. of Gd and H(» 
directly detemiined by the surface ionisation method with a ne\s' and simpler ])roe(s 
duro. From the Siiha-Langmuir equation, we hav<‘ 

)/*=*' - (I) 

'^a 9a 

where n'^ln^ is the ratio of the number of evaporated ions to neutral atoms from 
a filament surface of electron workfiiiujtion ^ and maintained at a toniperaturi^ 
T. I is the ionization potential of the evaporating atoms and k is the Boltzmann 
constant. g_^. and |7„ are the statistical weights of the ions and atoms resp(*etively. 
As (7 — 0) is greater than kT over the entire range of variation of IcT in the jiresent 
(!a,S(‘, equation (1) takes the fonn . 

/i,! — nG ei^av—I)lkT (■2) 

or 1+ = nAQei4>av—J)f^^ ■■■ (■^) 

where 1'^ is the positive ion current, n is the sum of n+ and ria, G is the ratio g , 

1 is some constant, <^av the average work function of the polyerystalliiie tun- 
gesten filament surface used in this experiment 

From equation (3) it is evident that if is maintained constant, the logio/^ 

plot will bo a straight line of negative slope, which determines {I-^av)^ 

assuming G to be constant over the temperature range under consideration. 
Determining Richardson plok, T can be detenu ined. 

Experimental set up consisting of a three filament ion source Avitb an ion ex- 
traction slit system, electrometer ion detector and method of pro(>wluie have 
already been reportefl (Dey, 1905) with the results of the measurement of the 
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I.P. of Li Tlio two aido filamonta of the ion souice are now surroimdeMi by glass 
(■a]jHuloK with radial holes in iJicm for faciliating tlie introduction of the volatile 
i ar(5 eartli chloridoa and alsri to allow' the vajiour to come out when heated. 

KKStM. TB AND 1> I B 0. S S I O N S 

Tlie ion source cliamber is evatniaiod to a pressure of better than lO"** nnu 
cif Ilg woth a 4" inch oil diffusion pump and liquid oxygen used in a suitable trap. 
Tlie electron current from the central filament is measured for varying temperature, 


2363 2413 2473 2S4B 2638 



h'lfi. Vari»iit>n ef ion oiuTent witli temperature for Holiuium. 


2638 2307 23BB 



Fig. 1(6). Grapliioal plot of log 6040/^ for Holnuum. 
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which is inoaBiiml by a tungostononolybdoinuu thorniocovii)h‘ (Moigaii vt al, 
1950). From the Tlicliardson plot the value tibtaiiiod for tpav 4 OS 1 0 07 ev. 

Chlorides of Gd and Ho are used. The variation of ion cim oiit ilb tmnijera- 
ture is noted with and ^vitliout molecidar beam, (I—t^ae) piiu ticaHy rcinaiiis 
constant roughly over the temperature range 2200”K-27(M)"K, the tcmperaiur»i 
being measured with the W—Mo thermocouple. Moan T.I’. for Gd irom a set of 
measurements is found to bo 6.7:i ± 0.09 ov. in good agreement with th(‘ value 
obtained by Dresser et al (1965). 

Fig. 1(a) shows the variation of Ho ion cuiTont with tennperature witli ((hirve 

5040 

2) and without (Curve 1) the molecular beam and in Fig 1(b) the log /+ vs 

plot is shown. The moan value of T.P. fi*om sets of four obst iwations is 6 OS -J- 
0.09eV comparable with the value (6.19 ov) obtained by Al<'k,swv ft nl (1965). No 
spectroscopic data for directly detorininod value of I.P. of Ho by siirlacci ionisation 
method is available for comparison with our results. 

The spectroscopic value of I.P. for Gd is 6.16 ov (Moore, 1963) which is lower 
than the present value. This discrepancy may possibly b(‘ explained by tlie fa(!t 
that the Saha-Langmuir theory needs modifications in case of surlace ionization 
of complicated atoms in beams as indicated by Diesser et al (1965). 

Thanks are due to Prof. D. N K,undu and Prof. B. D. Nagehaudhuri for 
constant encouragement and to Mr. M. K. Chakravarty for technical assistaiuie. 
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KLECTRICITY AND MAGNETISM ■ Berkcly Physics Courso— Volume 2. 

Kdwarcl M. Purcell. 459 p Price $ 5 50. McGraw Hill Book Company, 

Now york 

Based uj^on th(^ cjuite adequate foundations on mechanics and relativity 
laid down in volume T of the. series, the author develops in this hook the classical 
theories of olecitricity arul maf^netism The necessary mathematical tool is deve- 
loped side by sirle tliouf?h not to the extent needed for Honouis course Introduc- 
tion of sphciijcal harmoiiii'S to tlie solution of general problems would have been 
ai)pr(U!jat(i(l Approeh to th(‘ prohJems is very refreshing and gives a much greater 
insight into the electromagnetic phenomena than the usual classical mathematical 
approaclios. Tlie (ixemplifi cations and many worked out problems are typical 
of this ini(froscopi(! method of approach Fundamental physical con(;ept of 
treating electric and magnetic, jihenomenon and the law.s guiding them, as mani- 
festations of relativity and invariance t>f electric charge will bring now enthiisiam 
to teaching of physics and fresh scojic of thinking on the part of the students. 

A. Bose 
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errata 


(All Analysis of the J -Plunionumon in Seattorod X-rays, Part 11) 
Vol. 39, No 3., March 196r». 

Page 117 line 9 read instead of 7^, 

11 road = instead of — 

120 loot note read 

127 line 28 read {S/P)‘so^ ,, ,, (>S‘7P)30'' 


ERRATA 

(An Analysis of the J -Discontinuity in Scattered X-rays, — Part 111) 

Vol. 39, No 0. June' 1905 

Page 283 lino 3 affix an asterisk after tlio author’s name. 

Pago 292 Fig 1 (a) lead along Ordinate-axis {S' 

(h) road tlie topmost jioint of interse-etion of each giajili with 
the ordinate- axis as 1 0 and tho lowest iiiarkiu] sectional 
point on the same axis for each grajili as ,9 

(c) read along tho abscissa-axis r (No. of Al slunds each .1 
mm thick) 

(d) road tho marked sectional points on the lommoii aliseissa- 
axis as 9, 1, 2, 3, •#, 5, 0, 7, 8 

Page 294 last but one line in the text road loses' instead ol losses’. 


ERRATUM 

Coupling constant sum rules for the decay of th(‘ = 2+Nonct in Broken 

SU(3) 

V I*. Gautani and P. Ghoso 
Vol. 39, No. 9, September 1965. 


ReB^G{K**,pK), 0{f,K*KhO{f',K*K), 

67(^2, K*K), 0{f, n tt), G{f n n), G(/, KK), 
0{f',KK) and G{A.,,7T'q) with opposite sign. 
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An Appeal to the Indian Scientists 


Dear Sirs, 

Indian Journal of PhyeicB is the pioneer soioiitifio journal in India which has 
a tradition of its uvrji. With the developiiierii of inodoni .science; the necessity 
of t|uick and regular publication of scientific, papers in larger numbers 
is greatly felt by the scientific workers of this country. Keeping pace with the 
groat demand of the rcadera for a journal of high standard and in the better interest 
of the, scientific workers of tlie country, as well as for the further development of 
the journal, tJie Board of Editors of the Indian Journal of Physics has resolved 
as follows : 

“It v\'as pointed out by tlie Secretary, that a large numhor of important papers 
in x^hysics by Indian authors, which should normally be communicated to the 
l.J.P , are sent abroad for publication in foreign journals. In every country with 
a growing volume of research work carried out in any subject and whore a repre- 
sentative journal for publication of such papers exists' it should be a question of 
national prestige that all such papers bo sent to that journal for publication, 
thereby the standing of the journal as the national medium of publication is recog- 
nized botli at homo and abroad. The Board requested the Secretary to circulate 
a letter to all resoarcli workers in physics requesting them to contribute their 
inportani x»aiJers in the Indian Journal of Plxysics and enabling thereby every 
physicist at homo and abroad to recognize the l.J.P. as the important medium 
for publications in physics in India,” 

As regards tlie practical methods that have been adopted to raise the standard 
of the journal we beg to inform you that we have almost cleared ui) the arrears 
in X3ubli(!ation of the journal and that from the next year i.e. vol. 40, 1966, the 
journal is expected to he XJnblishwl more regularly. The time lag in assessing the 
jiapors has been (.;onsiderahly reduced and the standard of assessment raised. 
International xiracticos for good editorshix* are being adhered to and the numhor of 
}jriiii(id pages are intended to be raised as greater number of contributions are 
made available. To avoid delay in publication measures have been taken so that 
it is exxiected that all papers may be x^uhlishcd within three months and 
the LeUern to the. Editors within one month. We have every hope that you wiU 
actively cooperate with us in our attempts to raise the standard of the journal 
and T-equest you kindly to give serious consideration to the above resolution of 
the Editorial Board, which is evidently intended to be in the general interest of the 
progress of science in this country. 

Yours faithfully 
A. Bose 

Hotvorary Secretary 
Board of Editors 
Indian Journal of Physios 
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ON THE THEORY OF SPECIFIC HEAT OF LIQUIDS 

S. C. MISRA 

]'’akiu Mohan (7olli4qe, BaJjAbouis 
{Received December 31, lOGn) 

ABSTRACT. Liquid IK coiiKidorod lieix) uh n Horl (if I'cmipru^Ktid fia.s 111 wliicli iIk' 
moleciilar foioes play a role comjiarahlo io tranhliiiioiial motion. On tins basis tlio ralculal ion 
of specific heat of liquids gives reasonable agroomont Mutli Qxperinieiil,al results of liydrogen, 
argon, air and carbnndioxide. 

TNT ll 0 D XT V, T ION 

Several attorapts to explain the specific heat of liquidB have Ikhmi made in 
the past, hut most of them are (pialitativo. Clhoso (1024) had proposed an empii ic.til 
formula which does not explain the nature of variation of speitifie heat with tem- 
perature . Prigogmo and Suzanne (1942) have calculated the specific heat of 
liquid argon considering the model of Lonnard- Jones, hut they have not got 
good agroomont with ohscrverl values. Latoi Ookawa (1947) has tried to deduce 
a relation on the basis that liquid consists of clusters of different sizes the magni- 
tude of which varies with tomporatiu’e. The final result obtained by him contains 
an unknown function of temperature and hence the values of specific heat have 
not been calculated. 

When the molecules of a gas are forced to come very close to each other, the 
mtormolecular forces come to operation, the influence of which is taken into account 
by the addition of a term to the pressure value of the gas equation as is aiiparent 
in Vander Waals’ equation. This gas equation indicates the energy expiossion 
whicli IS found to be modified on account of the potential energy duo to mtermolo- 
cular forces. The specific heat may now be deduced from sinJi an exxjrossion. 
In this paper we have considered the liquid as a sort of compressed gas. Ro the 
result of the above deduction can be used to calculate the specific heat in case of 
liquid argon and liquid hydrogen for which only translatory motion should be 
considered within the tomperaturo range under consideration. For air whoso 
molecules are diatomic, we are to consider restricted rotations and for carbondi- 
oxido in addition vibrations of the atoms inside molecules are to be considered. 
To explain the specific heiat of carbondioxide gas, we take 3 degrees of translation, 
3 degrees of rotation and the vibratitm of atoms inside the moliMnile. This is also 
expected from the value of y, the ratio of specific heats, which is nearly 1.30 at 
room temperature indicating the number of degrees of freeflom to be 6.67 i.e. 
3 degrees due to translation, 3 degrees due to rotation and one third of a degree 
due to vibration. But it is seen that in case of liquid carbondioxide we require 
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in addition another 6 degrees of freedom for explaining the experimental data. 
This may bo duo to some motion caused by the defonnation of molecules or may 
bo duo to the effect of interaction other than the effect of Vander Waals’ forces. 
The results of our theoretical calculations arc in good agreement with exi)erimGntaJ 
findings. At the molting points of argon and air there is, however, some dis- 
crepanesy. 

D i: D n r T 1 o N 

If we neglect the extension of the molecules in spac.e; and regard them as 
point masses Van der Waals’ equation becomes 

V = RT NET 

Wo write it as follows ; 


... (1) 

The above (equation may also be used for liquids; however, the pressure P caused 
by tho impact of molecjules is very small in this case (Partington, 1949) 

Tlio constant a in the above equation, though originally regarded as indo- 
pendent ot temperature, is found to depend on tomporatuie wlien comparison is 
made with observational results. Tho exact nature of this function is not known. 
But it is clear that a should vanish at high temperatures and at low densities 
because the gas will become perfect then. At a tmnperatui’o where we shall 
got solid state, the product PV should bo zero because solid does not give rise to 
any pressure due to impact of molecidea. Considering these two limiting cases 
we suggest that 

a-- r- 20(Ti. 2 

wliere <9 is a constant independent of temperature Substituting for a in (1) we 
get 

PV = W[ AT- A'T e -20(^1 j 
Energy of the system witli translatory motion alone is known to be - 


E ^ «PF = V[|fcT-f^'T e-28(Ti/2-!r„ii/2) j _ (2) 

Hence C, = ... (3) 

In equation (2) we find that in case whon^ there is translational energy only the 
average energy per particle per degree of freedom is 

iA:T[l -e -26(2^^ /q ^ 
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In diatomic and polyatomic moloculos wo may oxporl rotation and molecular 
vibration which will give rise to new degrees of freedom. In case of liquids these 
motions are not frcM*. but restricted due to interinoleciilar intraction, lienee the 
energy per particle per degree of freedom should not be taken as ^ KT, Assuming 
oquipartition of energy wo shall take the energy per particle for eacli of these new 

degrees of freedom also as ^/i:!r[l—c-2e(!ru2 j specific beat at 

constant volume is given by 

C\ ^ (l-07'l)] (4) 

Avlicre n stands for the number of degrees of freedom. 

C () M P A Jt r « C) N W I T H K X V H 1 .tl K JSJ T \ L K K S V L T S 
(i) Liquid Hydrogen 

Below 50'’ abs. in case of hydrogen only translatory motion need be consi- 
dered. (So 111 eqn. (4) we take n - II in the temperature ranges considered and 
0 = 0.215 (determined by trial). The calculated values of specific, heat are shown 
against the experimental results obtained liy Bartholome and Kucken (lOIKi), 


Specific beat of liquid hydrogen 


Tornp. Ill n]>M 

(obH ) 

111 (’nl/dogiGo 
(.•out 

(0»1) 

III rul/dogiGO 

emil, 

ir» 3.1 

2 54 

2 . 55 

15 HO 

2 56 

2 01 

16 23 

2 63 

2 64 

16 H7 

2 70 

2 70 

17 22 

2 70 

2 73 

17 8H 

2 78 

2.78 

IH 92 

2.84 

2 K4 

19 .50 

2 89 

2 89 

20 00 

2 92 

2 92 

20 .50 

2-98 

2 94 


The agrecmoiit here is quite satisfactory, the maximum deviation being less 
than 2%. 

(ii) Liquid Argon 

Argon is monatomic. So we take in equation (4). u = 3 and 0 = 0.25 
(determined by trial) The experimental results are taken from Euckon and 
Hauck (1928). 
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iSpficifid heat of Argon 


Cf, (cttlculaliion Cjj (our oaluula 
Tornp. ai ubs. C|, (oLh.) (if J’ngngino iioii) in ca]/°C 



m cal/‘'C 

and Suzanne) 
in calj^C 


0(^ 

0 

5 25 

0 47 

100 

6.5 


5 94 

110 

5 5 

5 15 

5 49 

120 

5 20 


5.13 

130 

4 00 

4.30 

4 82 

140 

4 65 


4.64 

1 rio 

4 35 

4 50 

4 32 

160 

4 00 

4.. 30 

4 12 

170 

3 75 

4 .00 

3 97 


The agreement in this case is satisfactory beyond 110° abs. The maximum 
dcjviation is less than 4%. Tln^ro is a tendency of deviation after 160° abs. This 
is expected because (iritical temperature for argon is only 151“ abs. and at this 
temperatui ‘0 things are not normal. 

(iii) Liquid Air ' 

Air is a mixture of mostly diatomic molecules. So in equation (4) wo are to 
take u ^ 5 (for translatory motion 3 and for rotatory motion 2) and 0 = 0.33 
(determined by trial)*. Tlie experimental resxilts are taken from Eucken and 
Hauck (1928). 


Specific heat of air 


Toinp in “obn. 

Cv(obH.) 
in cal.“r. 

Cv(cal.) 

Ill cal l°c. 

80 

7 8 

10.00 

90 

7.8 

8 85 

100 

7.7 

7.90 

110 

7.36 

7.30 

120 

6.85 

6.75 

130 

6.60 

6 40 

140 

6.10 

6 10 

150 

5.70 

5.85 

160 

5.03 

5 70 

170 

6 55 

5.55 
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The agreement here is satisfactory excepting at the melting point. The 
maximum deviation is loss than 3%. 

(iv) Liquid Carhondioxide 

In this case we have vibration of atoms in the molecules. The t‘nevgy due to 
this vibratory motion is to bo c-alculated using the Einstein function for Hp(Huftc 
hoat. The three oharactoristic tomperatiiies (abs.) arc 3400, 1900 and 900. Out 
of these three only the last ono will have some contribution at the touipoi'ature 
under consideration, the effect of the other two will be negligibly small. Wo 
will have only N oscillators Avitli 960 temperature. The contribution of these for 
specific heat (given in the second, column in the table below) can be obtained in 
the usual way from the table for Einstein function. To explain the rest of energy 
we will take w — 12 in equation (4). The experimental results liere are taken from 
Eucken and Hauck (1928). 

Specific hoat of carhondioxide 


Tornp. 

11 ‘■’AbH 

ClooO III 

C m cal,'’c 

<' I-Cdoo- 1 

111 cu.) /''(• 


2:io 

0 .541 

10 no 

10 657 

10 4 

240 

0 004- 

10 :iK 

10 1)K4 

10 1) 

250 

0.06 

10.620 

11 280 

1 1 25 

260 

0.700 

10 8.30 

1 1 .542 

1 1 45 

270 

0.70 

11 .028 

n 7H8 

11 75 

280 

0 RO 

11 .244 

12 044 

12 10 

21)0 

0 86 

1 1 .292 

12 152 

12 25 

300 

0 9 

11 892 

12 792 

12 75 

.310 

0 1)4 

12 024 

12.964 

13 10 

.320 

0.08 

12.1.56 

13 130 

13 .35 


For the last three readings wc have taken = 0 057 and for the rest, 0 — ,055. 
Near the critical temperature a change in the value of 0 is always expected because 
things are not normal then, a step anomaly is seen at 300° abs. The maximum 
deviation in this case is less than 2%. 

DISCUSSION 

It is usually expected that in specific heat measurements at low temperatures, 
there remains an error of 4%. So the theory suggested above gives very good 
agreement with experimental results in case of these four liquids. At the molting 
point and at the critical temperatures abnormal behaviour is always expected. 
So slight deviation at these points should not be considered as defect of the theory . 
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Equipartition principle which is rlorlucecl for perfect gases can be used, as 
we havti seen, to icstricted motions as well. 

We may notice tliat equation (1) can also be written as 

vv^^kt[n- -j^) 

Suhstituting for a in the above equation we notice that a liquid or a real gas can 
bo IooIukI Tiinm as a perfect gas vdtli W[l— e"" ] moving particles 
instead of N molecules and the rest of the particles can be assumed to bo at 
rest. Wo (!aii got all the above results with this idea also. Wo will discuss 
about tliiiS idea m our next paper which will deal with tho variation of the co- 
(ifftcient of viscosity with temperature both in liquids and gases. 

House (1919) has observed a fall in the values of tho spec-ific heat of many 
gases at low tomiioratiiro. Such a fall has boon reported by him oven in case of 
argon which is a monatomic gas A fall of this type is, however, expected from 
eqn. (4) and it will be interesting to compare the calculated values of the specific 
heat from eqn. (4) with the experimental findings. 
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RELAXATION METHOD APPLIED TO NETWORK 
PROBLEM INVOLVED IN ELECTRIC 
RAILWAY SYSTEM 

S. N. DUTTA 

Dki'Ahtmunt ojt Appmed Physics, ('AU-irri’A Pniveusitv 
{Re.ccuH‘d February 4 , 

ABSTRACT. Ill this pnjjoi it has been shown Imw t.lio iiolwoik jirobli'in invulviiifi 
oloctrir railwiiy Hystema, can bo aolvod using lolaxiition iocliriKjur jncscnl mclliud nli' 

liscs Ibo aot ol hnoar aimnltancoua oqnationa wliicli arc obliiincrl ^\lIll the liclji ot Kirchotr'h 
laws of eloctnca] network, and shows how to solve them Tlie rohixn Liomh I Hohitioii us obtiinu'd 
is seen to be quil-o usofnl becauso it gives the values ol llie nnknown voltages at all Ihe nodal 
jiuinta siinnliancously 

T N T H () 1) U C T 1 () N 

Tn the oleeine railway HyKtciiia (Starr, 194b), a definite electrical probleiu is 
difficult to he formidated due to the lluetuatiug loads. But assuming the loads 
simulating the typical operating conditions the prohlein can ht‘ solved hy ilith'-rent 
methods, which (mtail much more labour with tlu‘ increase of nodal points in the 
conesponding network. But the method discussed in this pa])er shows its ad- 
vantage in the sense that the incrcaso in the number of nodal points does not giuie- 
rally bring about more complication in solving the problem. 

In this network sj^stem as shown in Fig 1 the siipjily voltages, resist, ancc.s 
of the trolley, feeders and rails, and ampere loads at tlu^ designated locations an^ 
known. The equivalent circuit diagram (!an be drawn as in Fig 2. Considering 
the nodal points of the Fig 2, a set of linear siiiiultancoiis eijiiations can he ob- 
tained at each of them applying Kirchoff’s laws of networks anrJ these equations 
are then solved by relaxation method 

T H E M E T H () J) 

In this method the following linear simultaneous equations are obtained if 
the required nodal points of the equivalent circuit diagram are considered. 

Hence : 

At A, ij,-{v^-VB)gAB-{yA-yD)9Ai,~(.yA-yc)gAv 

G, ( yA- yc)gAc-( yo- yB)gcB-{ yo- yi,}goB 

B, (F^— rjijj/cB— /js' 

D, (Fj— F„)9 ^x)+(Fo— F 2))ffci>~^DD' 

B' , /„„.+( F(7' — yB')gc'B' ~iy B yA'}gB'A' 

D', iDD—{yD'-ycygD'o-(yD—yA')gD'A- 
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Fig. 1. Diiigriun for nofcwork in Eloctrir. 
Hallway Synioin 


Fig. 2. I^HLiivalont diagram for Network in 
Eleptriij Hallway Syatem. 


■whore 


is tlie ruTTOiii flowing towards A, 


Ijiji' tlirongh the hranch BB\ 

Idd DD\ 

V Iiotontial at the nodal point A, 

B, 

Vc 

A 

Va' A* zero (earth iioiiit) 


V B' 

Vc C\ 

IV 

Qab ~ ^ IBab> whore Bab is the resistance of the branch AB, 


9 AG — ^IBag> 

■«A0 

AC, 

OaD = ^IB-ADf 

- Bab 

AD, 

9cb — ^IBcn, ■ • 

• Bqjj 

CB, 

9od ~~ ^IBcd’ 

- Bcb 

CD, 

On'c' = 0 ' ■ 

■ ■ Bjj'o' 

B'C\ 


Rt,, 

,,..B'A', 

17.0 A' — ^l-^li'A' ■ 

• ■ A 


9j}’o' — ■ 

■ ■ -Bd'c' 

D'C" 
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Tho above set of equations after necessary simplification and rearrangement 
can be written as shown below : 

I A— VaUUb^^Vad-^tOac)-^ ^‘B<JA2i+ ^Cl/jC+ 0 

A9A(j^-y BUCB—A^v{iJAa'\ UcB-\-yCB)~\-y D^CD — 0 — F.^ 

yA9Ah'~^^B{9AB-\-fJCB) 1 y cOcB — 1 BB' F.j^ ^ 

yA(}An~\ ycOcn~'y niOAirVycD ) — ^bd — 0 -- P\ 

^BB‘~ yB'iOa B' \ Ub' A')^y O ilc' B’ - 0 K, 

^Dl) ~ y A')'\ yc'ff/J'C' — 0 — F„ 

where Fj, F F.^, F^, F^ and F ai(^ the I’ositluals Tho values of tho unknowns 
shoAAn in tlie relation (2) cain lie easily found out when Llic n^siduals are liqiiidatwl 
by relaxation method. To liquidate them the basic unit, block and groiqi operations 
are cariied out (Allen, 1054). In basic unit opeiation (Table I) tho changes in 
the values of the rt^siduals due to unit positive iiKTeincnt of the unknowns are found 
out. With the helj) of basic unit operations suitable block and groiqi opcTations 
can bo iMU'formed in which equal simultaneous, and unequal siniultanoous iiicro- 
nients aie givi'ii lespectiveh^ to moie than one unknown to bring about the changes 
in some rotpiired residuals without affecting the rest Tn the relaxation table 
(Table IT) the use of basic, block and group oi>erations are shown in tho liipiida- 
tion stops, number 2 and 0; 1 and 5, and 3, 4 and 7 respeotuoly. Tho liquidation 
is nearly complete in those seven stejis yielding the values of the unknowns. Tlio 
following illustration will clearly show the merit and utility of tho method. 

1 L I. IT S T II A T TON 

This illustrating example described hm-eafter is solved by DaAvos (1052) by 
conventional method. 

In Fig. 1 there is shown a simple railway system with a ring connected trolley 
and a singlci feeder connected to tho busbars at A. and to the trolley system at O. 
Tho station busbars at AA' aie niaintained at 600 volts, busbar A being positive 
and A' being negative and grounded The resistance of the busbar is negligible. 
Tho resistance of tho ov^erhead trolley is as follows : A^ bo B — 0.30 ohm, B to 
C = 0.20 ohm, C lo D ^ 0.20 ohm, D to A ^ 0.28 ohm. A feeder connected 
from AtoG and its resistance is 0.25 ohm. The resistance of tho rail and tho ground 
return is as follows : A' to B' = 0.40 ohm, B’ to C ~ 0.25 ohm, G' to D' = 0.25 
ohm, D' to A’ 0.36 ohm. A trolley car at BB’ takes 70 amps and a car at DD’ 
takes 80 amps. It was desired to determine (a) Current in each section of trolley 
and in feeder, (b) Voltages at each car and at feeding point GG' . 

Considering the equivalent circuit diagram shown in Fig. 2 of the railway 
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Hystom shown m Fig I, and substituting the nuraencal values in relation (2) 
the following sot of equations ean be written : 


|-4Fo- 1-3 rj?! F/,-6392 4 
ryyjr~l^Vc-\-r,Vjj \ 2400 
5Fo+1030 

5F(,~H.571F^4-2002.0 
-O.riFx, -h4Fc'+70 

4Fo'-0.77Si^y,.+H0 

On liquidating the resjdiials of the relation (3) almost nf>mpl(3tely, the values 
of tlui potentials at the said nodel points are obtained eorreet to the requned limit 
of acouraey. From those values of potentials ami the supplied values of different 
resistaiuies, the eunents in the various branches of tlui network wanted in the 
illustration tsan ho easily cjileulatetl as given below : 


- 0 

0 = F., 
0 F^ 
0 = F^ 
O-F, 

= 


(3) 


= 4-9. H6 amps, whom is tho curront llowing through AB, 


— 55.91 „ 


I„.^. - 70.75 „ 
79.44 .. 
= 45 4S , , 
Ivi, - 20.44 „ 
Icif 23.93 ,, 
-0.60 . 


■ ^CB • 

Icj) • 
hyc’ 


0 (K) „ Ic'ji' 


AB, 

. B'A' 

.... D'A', 
... . AC, 
.... CB, 

CB, 

.D'C, 

..CB', 


Vjjij, = .'>5(1.74 volts, Viiii' being the voltage at tho trolley (sar at BB', 


Vjyiy = 555.74 
-- 28.45 „ . 
Vc 581) 13 „ 


... 

Vc 


.. BD', 

feeding point C, 
C, 


The above values as i-alculated by relaxation method are quite c.ouiparable 
with those found out by the otlu*r methods of iiotArork analysis (Dawes, 1952), 
shown in the table below (Table ITT). 


11 3 S C! F K S 1 O N 

This method is seen to yield tho values of the voltages at different nodal 
points simultaneous^, from which the calculations of the other desired quantities 
become very quick and easy. Although ith the increase of the number of branches 



TABLE I 

Basic Umt Operation Table 



Relaxation method 49 86 55 91 70 To 79.44 43 48 20 44 23 93 0.60 0 60 5o6 74 557 74 589 13 28 45 

Conventional method 50 00 56 20 70 60 79 40 43 SO 20 00 23 SO 0 60 0 60 556 80 555 60 589 10 28 40 



168 


S. N. Dutta 


or nodal points the network hooomoB complicatod, with some practice this method 
netids practically no extra labour in solving tlie problem. In the relaxation table 
(Table If) the residuals are not Inpiidatod (jompletely and consequently their 
values are reduced to narrowest possible limits so that tlie desired limit of accuracy 
of the values can be achieved. 
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L SUBSHELL RATIOS OF E2 TRANSITIONS IN 
DEFORMED RARE EARTH NUCLEI* 

W H BRANTLEY**, S C. PANCHOLI*** and J H HAM 1 1, TON 

VnYSlCH l^lil’Alfl'MJCNT. \'ANni'JItl(ll,T UnIVNUMTY, NaMIMI. 1,1-' 'I’I'NM SSl'll', I ,S \ 
JivHHiiii/ 22, ItUiO) 

ABSTRACT Tho L siihslioll mtms of thr 2+t<) 0 ' ovt ilocl stair In ^Monll(l 
tra’isil.ioiiH 111 (MU* J, Y1i 170 inid V\''ih- havo lirtm iiirn.siiroil ivilh iin iioii-Iu'i' tIouMr locvimof* 
sp(M‘Lnnnol.LM . Tho roaiills iiuliiMto thul tlio mid /,,/yv, miios .nr iib'.ui m moir 

liirlior Uian l.lio HiootoLumI vuluPh wliilr Ln///^ mlioh ut;irr ivilh tlir lluuinrs of Hnsr, (Mid o1 
iSliv mid tland 


[ N T K () DU DTK) N 

A, powerful tool lor tlio (letormiiuitioii ol gaimiia triinsilioii-i)uilt.i])olaritio,ci 
IS tlio (iojiiparisou of oxporiuuuital and theoreiitial L-Hiibslioll iiitDiisitv ratios. 
The accuracy of tho niultipolaritiiLS and mixing ratios obtaiiii'd in this manuor 
dopondiS on tho validity of tho thooroti( al (‘oimTsioii-cot'flii ionl/ ratios used in the 
analysi.s On a visit to Vandorhilt UnivcTsity in May, 19(14, M Mladjoiiovic 
coni) mini catod soiiio ro, suits ol studios hoing cairiod out in Bolgiado on tho inoasuro- 
meiits of 7v-sul)sholl ratios of 2 | to O-j- piu’o E2 transitions in tlu' (ieformod I’aro- 
oarth rogion Thoso results did not agi’oo witli tho thcorotnal ratios oitiior of 
Rose (1958) or of Sliv and Band (1950) and Sliv (1901). Tho and 

ratios wore found to b(^ ten to thirty percent higher than tJioory ^^dliI(^ 
agreed. Following his conimuni(;ation, the present work was begun on tho mea- 
surements of L-suhsliell ratio.s in the rare-oaith legioii Lator, at the International 
Conference on the Internal Conversion Process hold at Vandeibilt University, 
May 10-13, 1965, other groujis Stopic et nJ., Novakov ct ah, and Karlsson at al., 
presented experimental data on i/ subshell jutios wliicli also disagiood vvoth tlioo- 
retical results. A brief account of the results of the woik dc.scriliod in tlio present 
paper were presented at the conleience, Brantley ef al., (191i5). The decay 
schemes of Tird’® and Ta^*^ ^ro shown in figures I, 2, and 3. The transi- 

tions studied were the first excited state to gi-ound state 2 ] to Of, transitions 
in each case. 


’•'Work supported in jiart by >i giunt Irom the Niituuml Scionco I’oundatjuii. 

^^Preseiit Address, Delft Technieul Uiiiveibity, DoUi, Netlioilmids 
***Krom University of Delhi, Delhi, India; (present iiddres.s- Oak Kidgr N^iitioinil lAiiboral.oiy ) 
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gamma vib belo vib 



I. I)(M'iiy ,m li(>tiU' dJ l'"i|isi linju I I »•! al ( ( 'XiH) .1 lul t“( .'1 (l‘K5(i) 





Kifi. w Htn-ay schcnu' nl Tmi"0 ns H 1 )»‘fnj sda'ina i>f TaiH- willi only Ilia 

in Nui'lrm Dain Slirals U7i[i(ulant Iratina as ^rivaii In llm Nnclonr 

Data Shcals niirl roatiiit literntiiio sae for 
pxmn])l<) Danipl ot al 

D X V D K T TM K X T V L T J-] C 11 N I Q V K S A X D S O tl 11 C V. 

V K I] 1* A K A T J O X 

Thowo iiioQaiireinonti^ were done on a 30-em iron- free, rloulile-foniging spectro- 
metor, Baird et al., (1002). Moiuentmu resolutions bettor than about 0.10 percent 
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wero required for the present atudise The best i>ioviou^ resolution obtiMiied tin 
the Biiectrometor Avas O.i:^ percent, which uas Ihou^rhi i,, |,(. ]ini\t oh- 

tainablo on the Biioctronieter Ilowevor, tlit* roaoluiiuii w as iiuprtivt d by the nst^ 
of niiTTOwer sourees and liy better abj^muent of the atniruMii the spot Irtnneler. 
A narrow defining slit was placed over the sources Tht' n'soliilion I'oi' the various 
luoasurenicjits varied from about 0 Ob |K‘rcent to 0 10 pen-enl Tliis restdiiiion 
is near the limit of the conttol mechanism tii tlie s-|um Irome.ti'i and caii' niusl bf‘ 
taken to insure tliat no instiuinental distortions enlei into tlii' nii'asunMin nls 
{Several different nieasm-ements tor eaeli transition were rlone and cart' was taken 
to assure optimum t uiTimt t ontroi in tlu' instrument o\ er 1 he long i onntmg pra iods 
of 2t-4Sliours A continuous gas-llow (S ]\1. conntei v itli a 0 .‘JT-jug/i'iir abi' 
mimuiei oated Mylar windoiv was used. Tlie t nloft eiuagy ol the wimlow, aliont 
M ke.V. was sufficiently low to in.siii(‘ 100 perc<Mit transmission at the eniugies 
at wdiicli tlie measureiin'iits wme taken Tlie lowesl eni'igy oi the lliiei* transitions 
nusisured is Sf 2 keV for avIik h the Ijj liiu' is found al about 7.‘? keV. 

The. aitnity was obtaiiu^d by in adit ion ol liighqiurily Eid'*-' in the* 

T\Tat('rials Testing Realtor at Idaho Falls. The a'In it\ was then allowed to decay 
tor nine montlis so that the shoit-lived eompoinniis dieal out or bei anie negligible 
In particular, Eid''^*' }irodii( ed by tnph' neutron i apturi' in llie liigli iliLv of the 
reactor (alioiit fiOxJO^^ neutrons/( ni^-se( ) has a hall' bh' fif only liteen days, 
so that the amount of it reniaming in tlie .sample is negbgihk' Jdoni a considera- 
tion oi its decay seheme one (Oiichides thai- the I Sly c.in also hi* neglecleil 

Twenty-live pereent oi the deea^'' ol i.s to the ground and first (‘xn lied stati' 

ol OiR^^, ami siiiee the energy ot the first exeited stab* of (Sd'"'* is only (iO keV 
this iiait of the decay can x«‘n<lnee no transitions wlmJi w^ould interiere with the 
work on GiR'’''. Almost all ol IJie leniaindei ol the decay is 1o (he second 

and third excited states ol (hR*'® at S7 and lOri keV. so again no transitions orsiilfi- 
cient energy to interfere w ith the Od’''^ w'oik oi t nr from tlusse. decays, inteiniil- 
i.oiiversion spectra and gamma-ray siau-tia taken with a sohd-state- rleteitor by 
Riietlniger cl al (Ithifi) wwe used to de.t.ermiiu' the Rly Eid''"’- conlamiimdion Tlie 
^■ontanlnlation wnis (‘stimated to be le.ss than oni* iieri ent The Eid'^’ .S])eeilie 
activity w^as 114.4 milli-ciiries/niilli-grarn The soiine wais prejiaierl hy tJiermal 
evaporo-tion from the oxide onto a one-mil ]>latimim baihing The dimensions 
of this Honrec, as wadi as those ol the next taro sources disi iissed, Ai'cri' determined 
hy an aluminum defining slit iilaeed close to the souree.s. The suree liad dimensions 
of 0 4x18 mm’ The .source tliiiknes.s waxs estimated to lie 2 micio-grams/eenti- 
moter from kiiowdedge of the .spec ific activity and the amount used and from the 
mtoriHity of the L.^ line of the 123 koV transition combined wdtb know ledge of tlie 
conversion coefficients and the spcctrometiu* transimission 

Difficulty w^as encountered in fabrication of the Ta^^^ soiircti liecause of the 
Ingh melting point of tantalum and the difficulties ol eleetroiilatmg tliis material. 
The activity w^as obtained from Oak Kidge National Laboratory in the 
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loDii of taiitalato in a KOH solution. Its spocific activity v^as 3.0 
niiilli-(Airj(‘s/jiiilli-gi aiii Tlicnnal evaixjration of the vacuum was impos- 

ljfA-auK(“, the Ijoiling point of the tantalum is above the melting point of the 
(ruciblc^ This proliltiin was solved by deposition of the activity in solution 
ftantalate in KOH) onto a thin strip of platinum. The platinum strip was then 
])la( e(l ill vacuum and a current was passed through the strip, so the oxcClSS mass 
of tlie dri(fd solution evaporated and left behind the Ta^®“ activity. The source 
dijiiensions wen^ 0 -1 X ISmm^ and its thickness less than 15 micro-grains/conti- 
mcitm-- obtained with tlie same procedure as for the Eu^^^. 

Tlic- Tnd’“ ai.tivity was also obtained from Oak itidge National Laboratory, 
ris chemical form was TniCl^ in Aveak HOI Its specific; activity was SO. 7 milli- 
c uritiH/milli-grams Tin; Tm”” a(;tivity wa.s liquid-deposited onto onc-tmith mil 
Mylar which was coalecl with aluminium on one side. Tlie source thickness 
was c5stimatcd in tlie same manner as do.sc;ribod for to be loss than 10 micio- 

gr ams / c ( ill time ter^ . 

Tlui rocjuirenuiiit of good resolution made it necessary tliat the sources have 
juinimnm mass and be 1 mm wide or less. To achieve this narrow Avidth, an 
almnimim disk Avif-h a narroAV defining slit Avas placed over tlui sourcios The 
dimensions of this defining slit avoic 0.4xl«Smm^. The counter windoAV was of 
ilie saiiKi v\'idth This defining slit Avas found to improve the rcisolution witliont 
(listoi ting the H^joctrum. Measurements Avere made with and without the slit 
and there A^'as no apjiarcmt offec't on the data other than the improvement in 
rcjsolutioii , 

I’v V: K U b T S A N 1) I) T S (I U S R I () N 

The L siibshcill lines of tht; 123-koV transition in Gd^^^ Averci measured five 
timcis and the. rcisults avciraged. Tlie resolution for tlie different runs was varied 
from 0 00 to O.lO iiercoiit by variation of the spectrometer baffles In order to 
sepaiMic* flui line fiom the hue m the analysis, the lino shape of the line 
was iiscul as a standard. It was normalized to the Lg line, and the lino A^'^aK 
snhtractcMl. A typical moasureiiiont is showm in figure 5. The results are jire- 
s(mli‘(l in Table I The and Lj/Lj ratios are liiglior than theory, while 

the ratio agrees Avitli theory. Because the LJL^ and ratios are coin- 

jiarahlcq a i‘onvenieiit method of showing the results is to average tlm experimental 
value of these tAvo (piaiitities and divide this value by the average of the same 
quantities for the two theories. The moan percentage deviation is ohtamed by 
suhtractmg one from this quotient and multiiilyiiig the result by 100. The moan 
percentage dc\datJon for the Gd^“^ case is 17^:7 liigher than theory. 

Tlie L suhshell linos of the 84 keV transition in Avero measured two times 
and tbe results averaged. The resolution on one run was about 0.06 percent and 
on the other run about O.OS percent. In these measurements line tailing due to 
soiirco thickness Avas a problem. In order to minimize the errors which are in- 
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volvcd, tlio data W'cni analyzed by cutting off the tails at points such that tlie same 
j)ereontago of area is conLained in each Thus i)art of the tail is omitted. 



Various (jutoff jioints below tli(‘ i)eaks wore used to chock on tlie eonsistoncy of the 
analysis. Jiatios obtained from these different cutoff points agreed with oaeh 
other to willuii !l-4 xku-couI One of tlie nicuisurt'iimnls is sliowii in figure 5. As 
in the ease of the L.^ line' was used as the standard shape in order to 8ei>aTalc 



Kif,' r». \ lyjjunl miuiHUK m nf the- L suljhliell lino^ llic S4 KeV iinn&itauii m YIjI^o. 

/>! and Lg. The result also presented in Table I lor the moan porc;ontago deviation 
lioiupared to theory is Ibi-l higher than thcors". 

The L Hubsholl lines of tlie lOO-keV transition in wore measui-od tliroo 

times and the results averaged. The resolution varied from about 0 06 percent 
to 0,09 iioreent. Again line tailing was a problem and tlm same procedure of 
analysis was used hero as was used in the e.ase ol In addition it should 
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bo emphasized that the. ielativ(‘. terrors in this proceduve are sinh that they tend 
to canc'ol when one d(itermines ratios. I’igiu*e. (i sliows one ol these nieasnroineiits. 
The results W(‘.re 43 j_]8 IngJier tiian tlieory lor the moan percentage, de-viatioii. 



l^igiiros 4, 5 and 6 do not show tht‘ eoniplete energy range that was im^asnred, 
J\art of the background on either sub* of tln^ jieaks is omitted t-o better illustrate 
tlio iJ(‘.aks iu the lignres 

The results are iwosontod in Table I along with the theoretical values of Hose 
and Sliv and Band. In this Z region, Rose’s and Sliv and Baml’s values agree 
closely with each other Tln^ results of other nicasuronicaits in the.se jsoto])efl are 
also imscnUvl in Table I. The ratios for Yb”'- ami W'"“ agree with the results 
of Stopii, Bogdanovie anrl Mladjeiiovie ami Karlssoii rt al nithiii the limits of 
expormicntal oiTor. The results of Graham ami Geiger are lower, howerer 

In the time sinee the International Ooiiierenee on the Internal Convorsion 
Process at Vanclorhilt University tliere has been more thought ami study of the 
deviations I'rum theoiy of the I.-sul)shell ratios for F.2 transitions in tlie rare-earth 
region Figure 7 sliows a plot of experimental moasureinents which are the sum 
ofLJL, ami LJL, from experiment dividuil by the aveiage of this sum for the two 
tbeories", versus atomii. number. Tliis figure includes results presented at the 
Vanderbilt Coiiferem e by Stniiie r.t al. Novakov ct al. Graham ami Geiger, Karlsson 
<4 al ami Brantley et al, ami the pnblislusl data of Herrlander and Graham (1H04). 
Line’s are shown in Figure 7 and represent «±(i pmeeiit error in theory which in- 
cludes the claimed <3% uneortamty in the tabulated thoorotioal coefficients 
ami <' 3% uncortaintv in tli.i intorpolation. All of the experimental ratios are 
highorthan the corresponding theoretical value*. This disagreement is small 
(< 5»/ ) in the heavy, spherical nuclei and within the errors of the theory. But 
th^ more deformed nuclei the discrepancies are. with one exception, outside the 
6 percent error ascribed to theory and range up to 26 percent. 
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Olio notos, liowovor; tliat the points with tlio largest disoropancios also have 
the largest unoertaiiitios. The Chalk Kiver group has (lonsidered this fact and 
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I'^iK 7, iTriontnl values of Lj/Lm | Li/La dividorl by llu* nvorngns i)i llipi thcjoiolicnl vahips 

cif nnd of Slivo and Hand. (Tjio luboiaioiios oori’Mspond to llio following 

rofojofMjoH ; Holgmdo, Stopic et rl, l!)65; Berkeley. Novakov and ITollnndor ; Chalk 
Jliver, fTniliam and (Jeiger nnd Herrlandor and (ilruJianj, 1904; UppHula, K.ailsKon et 
al, 1905; Vanderbilt, tluH ]japoi ) 

fools that improvomonts in tho accuracies of the moasurenients will bring theory 
and oxporimerjt into agi’eenient within 6 percent. In order to clarify the differ- 
ences between different experiments and botW(»en theory and (‘xperiment additional 
Tnoasuroraents and a careful study of tho techniiiuos of analj’^sos should be made. 

Further light is shed on this problem by studies of Hamilton et al (1966) on 
two deformed heavy elements and Pii®'*”. There the LJL^ and LJL^ results 

agree well with Sliv and Band but are 10-30% loAvor than those of Rose. This 
suggests that these effects may bo related to the calculations of the weak Lj^ con- 
version coefficient and not to some nuclear stmeture effecd. ~ 
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A-BINDING ENERGIES OF HYPERNUCLEI. (1) 

A. K. DUTTA, D. BANERJEE and P. GANGULY 

University College of Science, 

92, Acharya 1‘rafuli.a Cuandra Hoao, Calcutta-U 
[ RccG%ved March 24, 1966) 

ABSTRACT. H' ih (ionflulorocl that the A-binding energy of a Hypomuelous ih rolatou 
closely to tho maximum binding energy ot a nlic’lous with the siime nucleon number as the 
particle munber m tlni A-hypoinuelous, The ratio botween tlie A-binding energy and the 
bimhiig energy E* of tlie correspoinlmg nucleus, gives us a smooth curve of the nature of a 
probabdity lunctioii when di-awn agamst nucleon numbers The curve may be expressed 
by tlie relation ; Ay^c — 7<('*v4>' exp [ — x(>4)] Tt is obseived, on cumpariHon that Ihe func- 
tieii X[A) is roproseiitable in the form whoio En^(A) is tho giound state 

enei'gy per nueleon, imt'orreeted by coulomb and asymmi'try energies (Dutta cl ah, 196.T) 
'^riie empirical finding suggests a statistical approach to nucleonic interactions 

Tho oHHontiiil propertioH of hypomuclei have been summariaotl by Lovi-Sotti 
(1965), in a rouonl- uoimimiii cation It would be noted that A -binding energies 
decrease from a value of tho order of 30Mev. for large hyper nuclei, through a 
range of value of the ordi^r of 10 Mev. for light hypornucloi, to the small magnitude 
o 0.3 Mev. for The hypernuclei liave binding energies as 

3 and 2 Mev. I’liese values are comparable with the binding energies of the 
order of 10 Mev for hypeniuclci in the range ^Li’ to 

It has been proposed by Dalitz (1958), that the -binding energies may bo 
represented by the relation : 

An, - D-(7-A-2/3, ... (1) 

where D is the depth of the nuclear potential well affecting the A-l^yporon and 
C is a constant. TJio binding energies of hght hypornuclei from A^^’ 
conform to the above relation with 77'^ 26 Mev and G 80. The relation, 
hov'over, gives no binding energies for lighter hypermiclei with 5, 4 and 3 iiarti- 
clcs Also, the slowly mcnnising exjieriinental values (Davies ai al 1962) 
for large size hyjDcrnucloi are discordant AVitli the equation (1). 

Tt may be conjectured that the potential well to attract tho mea- 

suriwl in terms of tho maximum binding energy of a nuclous \vith the same nuclv“ion 
number as the number of particles in the A-hypenmclous. As a consequence one 
may consider that the energies of a hypernucleus would be directly 

related to the maximum binding energy E*, of a nuclous with tho corresponding 
nucleon number. Tliesi^ E* values are obtainable from the nuclear binding energy 
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tnl)]os (Konig at al 1962 ) Tluv ratio (T Abb/A’* lias boon plrjtlod in Fig. 1 , fo 
nijoloon numbers from 2 to 100 . The eurve is similar to that oxpoidod for a 
probability function. It should bo roprosontablo in the form : 



,) :jo 40 60 so 160 

Fjg 1 nurloon immbor. 

O- - Abp/A’* 1 

Tbo exponential function becomes smooth and regulaiMvitb t\A) as The 

l iinction log has been plotted in Fig. 2 , and has boon oxpresH(»d as ■ 

l..g,„(/ia/tr) - 7.25 - 1-7 X 10 -'*yl- 3 . 3 {cxpL- 2.08 X 10“^ JKl -^0.5 oxpL -5 X 10 

Thtuiurve for logio(^^/^) similai Lo a ciu-vc tliat measures the energy 

pe,! nucleon for different nucleon nuinbors in nuiuoi, without the coulomb ami 



Fig. 3 (I) log io(d®/ff) against nucloon number 

(11) En»(A) (binding energy, uncorroebed for coulomb 

and asymmetry enorgio.s), against uucloon uumbors. 
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aHynimotT^^ t-ner^y corrections. Such separations of nuclear binding energies into 
( ()in])oiu^ntK '-f{A) (hi^jcndent (uily on nucleon number, the coulomb and asymmetry 
eru^rgy correction 17^ and have been done in a previous communication (Dutta 
at al 1965). It has also been worked out there that the binding energy j)cr nucleon 
f{A)IA are 7.74, S 75, 9 76, 10.80, 11.92 and 12.92 Mov., for nucleon numbers 
7, 19, 31, 55, 111 and 222. These values of energies per nucleon have also been 
plotted in Fig 2 , to demonstrate the strong similarity of the curve for jlSji{A) 
witli th(^ curve for log jq(^^/o’) although the two relations have been expressed in 
com])letely different ways It implies that we can replace 2 303 logio(cr/j4''*) 

■ A'M ) I’Y {—o^^^niA)-^-^} whore K,SA ) — fiA)IA is the binding energy 
jier nucleon dependent on nucleon niimberK only, a '= 2 303, (p 2.303 Xd, where 
d is the displa(.r»ment bi’tween the curves in Fig. 2. The complete expression for 
the binding energies of hyiioniuclei is, thus, expressible in the form : 

An, ^^E*A^ exp [— ai?„(^)+<p 1 ... (4) 

where {aZ(7„(yl)- -f>}/2.303 may be calculated by equation (3) and E* is the maximum 
Ihiuling energy of a nucleus vnth its nucleon number equal to the ^jarticlo numbin 
in <’xperiniental (Levi Sotti, 1965) and calculated values 

of A/jp together with the E* values, taken from the binding energy talih' 
(Konig (it al 1962) are given in Table T lielow 

TABLE I 


(Experimental and calculated binding energies of hypernuclei in Mev), 


A 

4 

5 7 

10 

12 

14 

50 

100 

200 

250 

E* 

2s.:i 

27.. H 39 2 

05 0 

92.2 

105 . 3 

438 

863 

1580 

1870 

A.Jh 

(oxpi.) 

2 :j 

3.1 5.G 

.^10 

— 10 .6 

— 12 

-20 

— 25 

-30 

-30 

(ralii ) 

2.6 

3.4 6.3 

9.6 

11 5 

11.0 

20 2 

25.0 

31.8 

30.5 


It is interesting to note that the oxjionential function in eejuation (4) is 
very similar to the corri'sponding part m the usual destribution function for parti- 
cles with different energy values. The observation is of an empirical nature. 
It should, however, lead us to the formulation of a statistical model of nucleonic 
interaction in iimiloi. 

RiEFERENCES 

Lovi Soil'i, R. 1906, Ei\dea(}oHr, 24, 119. 

Rahfcz. R. H., 1968, Rev., Ill, 967. 

Jlavios, n., Lovi Solti, H,, Raymond, M , KogRoslod, S. and Tomasmi, G., 1962, Phys. 

Rev. Lett , 9, 404 

Konig, L A., Matttiufh. T. H and Wapstra, A. H., 1962, Nnd. Phys., 81, 18. 

Duila, A. K., Pal, R , Gnngiily, P. and Bonerjeo, D , 1965, Prog. Theor. Phys., 33, 1129 




18 

NON-DEGENERATE STATISTICAL APPROACH 
TO THE BINDING ENERGY OF NUCLEI 
AND OF A-HYPERNUCLEI (II) 


A. K DUTTA 

Univursitv roLUflOiC UV SclKKCl!., 
i)2, AollAltVA OjIANDRA Ko Vll, CAT^CUTTA-i). 

March 24 , 190 ( 5 ) 

ABSTRACT. 'I'lui buitluip onoi;'V poi iiucloon of n lisqiolh(‘lif’nl nuclmis, wilhmil/ (lic^ 

coulomb ( 111(1 h y onoc'^Y <“t>irocl mus, is cousKliucd io bo tJui iiu'aii vnliir of iioulroii- 

protrjji irilni'Aciioii I'litirf^y bol.wooii noiRhbouis 'I’lio niunbois of iioiilroiiK and iirofniis in 
ihii liypolibot/u.iil nuclous iiro ponwlorod to bo equal ((o bo moddiiHl whon coulomb and iisy- 
mmolTy oiiLHfj;i 0 K aio talfoji uilo accouui) and l|im tin* bindiug (uiorgy per inicleon, 750 ;, (y|), 
IS lioiiHidorod to bo a^iiiruxiraati'ly conslant for idl the iiuoloonH ni a inub'us In inomoiUnm 
Kjau'o tlioso niicloojis .in* considoroil to bo oouiaiiiod in ddloronl momonliitn hIioIIr, according 
I'O lilio imduoji unmboiH ju tlio nudons Tins gives rise to (bo total iminbor of combination 
HtatoH in cliffei'ont imdui, wbidi along with tho moddiod non-dogonorato Foi’mi distribution 
fund ion iletormuicfl tho probable number ol oecujiiocl atatos To coirospond to tho roquiroil 
values ol 750;, (, 4) (Dutta, et al , 1905) tho parameters m the relation aii' di'lerminod 'J’he 
statistical ridiitioii, read as a lolal.ion to detorjnuio buidmg energy of neutroiiH, helps uh in 
finding tho relation for ( la* biudiiig energy ol ^-particles, in accoidimce wilh the one reciuirod 
empirically. 

The liiiidiiig enorgios of inichd, in grouml state, consiMts of a inajoi* portion 
df“pt*nrloiit on tlie t.oial nndeoii junnber “vl” and tho associatod eovnudion tonns 
■\vliuih are dependent on Zi for eouloinb repulsion and on {N Z) for asymmetry. 
TJie Bc'thcsWidzsaehov relation or its proposed modifieation (Dutta et al 1965), 
put tilt' binding energies of siidi nuolei primanly dependent on these thri‘o 
eharacteristicB of miclear coinpiisitioii It should be a realisable and eompara- 
iivoJy simpler pro(;eduro to find an expression for the hiriding energy of tho 
total nucleon number m a mieleus, without tho asHocaated ooTTeetions for 
eouloinb repulsion and asymmetry and tlioii to aseertam tlui eorreetions. 

It may be observed from tho om])iri(,ally fitted Bethe-Weizsacker relation 
(Green, 195S) or from the modified ridation, tliat the hmdmg energy per nneleon 
m a nucleus, in gi-onnd state, before the aforesaid correntioiis are made, inereasos 
with nufileon mmiliers. This is presiimahly on account of the decrease in tho 
proportion of surface nucleons. It would be expected tliat both the kinetic and the 
potential energy per nneleon, in ground state, contribute towards this inerease 
in energy per nucleon. 

ISl 
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Tliis binding energy per nncloon, might be caiisc-d by the interaction butAveon 
iieutronR and protcjiis, whon tliey are neighbours and react by exchange forces. 
This is in accordance witli the view of Bethe and Baclier as stated on page 

150 and 95 of their communication, that “any given nuclear jiarticle intc^racts 
essentially with two (neighbouring) particles of the other kind” and that “the 
nuclear forces have the ciliaracter of exchange forces bctwecMi neutrons and protons”. 
On sucih a basis, whon we do not take into account the asyinnietry or ccuilomb 
cmergy terms, wo havcv the hypothetical cas(‘ of nuch^i couljioscmI of ocj[ual or nearly 
(^(|ual numbers of interacting protons and neutrons, such that half the binding 
energy of a neutron jiroton paii or rather oiu^ foutth tb(‘. binding energy between 
two jirotons and two neutrons, which are nmghtioms, is legarded as t]ie binding 
(mergy xier nucleon. TJio corroc.tions bring dov^n the binding oiuirgy of the h;)^)otho- 
tical nucleus to the actual value obtaining there 

The energy per nucleon of the hypothetical nucleus, thus considered, is 
expected to be fairly constant for all tlie nudeons liotb in les^ieet of tlicir kinetic 
and potential energy constituents. For nuclei witli larger nucleon numbers both 
the constituents increase, in accordamie with our ])rt'.vious observation Thus, 
for a iiarticnlai iiucleus, without the corrections, we may take the potential energy 
per nueleoii V^'{A), as ai)i)roximatol 3 ’^ constant, giving us ininuHliatety the total 
Xiotcntial energy of the nucleus Tins eliminates the usual xiroeess of jjotuntial 
energy cialculation by relations of the foim 

V S «//,(.ra)'Pifc" (‘^’ 2 ) f ’’i) J{rrj)dT^dT., (B) 

t,_i fc..i 

as Huggestend by Betho and Baduu- (1936), uliere and refer to the 

solutions of one particle >vav(» equations for the protons and neutrons and J(r^o) 
IS the intoraetion iiotential TJio khietic energy T„°(A) per nucleon in tlie ground 
state, similarly, is considered tf> lie fairly i-oiistant for all tlic mu Icons in a nucleus 
It shoidd, hc)Wc‘.ver, liave a range to accomodate tlic diffenmt energy' states of the 
nucleons, wliidi aie i^xdusivo. It would naturall^v require larger range of energy 
for midei witli larger nucleon number Other jiossiblo disjiositions of nucleons 
for any particular iiiideus Ai ould have less binding oiicu gv and the associated 
kinetic (moi'gy. Tlie total cmergj'^ per nucleon 111 a nucleus in the ground 

state may, however, be considered to be determined b^’^ the sum, ~ 

A\o(A)^T\(A)+V\(A). ... (]) 

We may, thus, state that if the nucleons are distributed 111 momentum space, 
the con'osponding values for all the nucleons in the nucleus, in gi’ound state, would 
lie in a momontimi sliell 47r(p^„y^dp, rather than 1)0 distributed to fill up the 
riiomentiun space with p varying from 0 to p,„ax 7 whi(!li is the usually 

adopted procedure (Fermi 1 950) 
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Tho niinibor of states lor such neutrons acid protons in tho nncloiis, ulion spin 
degonoracy is taken into acciount, \vould hc^ dotornunod by tho oxiirossions, 

wlioro £2 is the enclosing three dimensional space. Thc^ neiili on -proton combnia- 
lioii states in the slielJ, n here each of the neutron states could tiomliine as ith each 
of the proton states, Avould bt^ giiam by the product as 

^ ^ ) (/’“a- ip^r ... (a) 

Such a combination ol neutron and proton staters is also envisaged in the expres- 
sion tor the xiotcmtial energy V, m e(|n (B) abov'-e, used by Bethe and Baclua- 

We. considei £2 as Avell as which increases with A, to bc^ jiriniaiily pro- 

liortional to A In ilu' case of small nuclei w ith loss than about fourteen nucleons, 
JioAvever, the nuch^ar volume in some niickn or the. binding oneigy in others, is 
known to decrease much more slowly tlian recpiircKl by the proportitmality with 
.<1 (Holbtadter, 195()) Such irrc'gularitv in the lange ol small nuclei may be taken 
into aeciouiit by a term of the form f(^\) = [1 | /S'(.-l)}, as an additional factor in 
the^ converted equation (2) lor ctdl muiibeis. It is considered that tlie stmcjturo 
d(‘pendent constituent *Sf(/l) establishes itself <*oirq)aratively slowly, at the 
dyuaimcally equilibrium (.ondition ol i be nucleus, in gi’ound state Tt gives us the 
total number of possilde ('ombination cells for a nucleus, given by nucleon 
number as 

P»j)f POj, 

a{A) o-j Ay'{A) J f (/>“^ dpj!^){p-p d'Pp) 

0 0 

ooA^f(A) ... (a) 

Ijct us noAV consider the distribution of N combinations of neutron and protons, 
Avith the total energy PJ. Tho combinations may be ])laced in differmit energy 
shells, eoriesxjondiiig to the nneloi of different “.d’ values. Tho nuinhor of colls 
m a jiaitienlar shell is CiA), Avith NiA) nucleons ol one tyiiu, in each eombination 
that is associated Avith tho energy (A), for the shell. The eonditions 

S N{A) - JST ; S N{A) • 2E\ {A) - E 
and the distribution number satisfying Fermi or Bose distribution, 
gives tile usual form of most jirobable distribution function, 

N(A) = C(/l ) I oxp ( ‘ 1 1 


(4) 
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Wo coiiBidor the i)ro})]cin to be nondogonerato for imeli'i, AAnth ^ ^ 4, on account 
of the large nucleoTuo (Miorgy and mass TIh'k AVoukl gives u.s tlie simplified non- 
degenerates Htatislical relation eonnesesting the number ol oiseupied states and the 
ground state, energy of the ninsloonH in differe.nt nuclei a.s, 

N{A ) =0 A^M) .jxi, I (5) 

We have eonsidored h(M-(s that the munbor of occupied single states is A /2, with 
the energy associated with the occnjiicd combinatitm states JV^(.4) in a 

nucleus. If we lestrict ours(4ves to these- single stales, wo havi^ the more explicit 
form of equation (fi) as, 

A 12 kA^>f{A) exp [ --L\(A)IKT[ ... (G) 

1 = 21c • ^^f(/l) exp \-E\{A)IKT], ... (Ga) 

where oxp Ef^jKT has boon ineoi’porated in the constant of proxiortionality. 

TJie relation (6) implies that half the occujiied single state nur Iconic colls 
equals the probability of occniiation of cells with tbi^ eiuu'gv of a single neutron or 
proton, out of the total cell number Further sinci^ 1 /2 unit of occujiied single state 
iKMitron and pi’oton ccdls measures 1 unit of occupied neutron nr proton coll, Wo 
may put the equation (6) also in the form 

1. (occupied neutron coll) — kA*f{A) axj) \ ^^{A) I KT] (6b) 

The equation (Ga) is very snitable to deterniino the binding energy E\{A) 
of a nucleon in ground state, for different nucleon nnnibers A. The parameters 
k, KT and/(.<4) have bemi detorin hied .such that the values of ^”„(^), determined 
from the relation (6a), more or less aginc with the vahie.s ohtained in a iirevious 
work (Dutta el, al 1965) where the values of i?,," [A) along noth the expected 
amounts of the coulomb and asynunetr 3 >^ onergy contributions, give us the binding 
energies of nuclei, in close approximation to the observed magnitudes. We, thus, 
obtain e^. (6a) in explicit form as 

1 = 2x2.327xlO*{l+iS(>l)}^4oxp[^j5oj^)/0 40] ... (6c) 

with iS(^) = 4.2 exp [-3.27 x 

The required {K2') value varies from 6 to 3 per cent of nucleonic energy. 

Tt may ho statwl that too large coulomb repulsion energy for largtir nuclei, 
with equal proton and neutron numhors, and a coiisequcnt too largo intornucleoiiio 
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separation for nuelooiiie interaction to be effective, lutnxlines tlu* asyninietru! 
nueloons which are not as strongly bouiul This lirings in the associatiMle orivc- 
tioiis. It may also be noted that such non-degonei ate statistical appioaeh to 
the binding energy of the nuclei automatically iiicoiporates the Bethe-\Vcis 7 a,ckcv 
relation, from which we started. The numbers of prol ons and neutrons m a miclens 
and the magnitinles of th(‘ asjnnuiotry and coulomb energy eorreclions are to lie 
determined by considering proper functional forms of the tn^o i-oTTcetions m terms 
of A and Z and finding the partieular value of Z that makes Lhi‘ sum ot the coi rec- 
ti ons a minimum 

Th(^ statistical relations disoiissed so far must iieei^ssiirily he conciaMicul with 
tiui determination of the number of partieles occupying different (tiu'ig\ statics, in 
the equilibrium condition One can not extend these statistical lelations, as smli, 
to nonccpiilibrium condition We may, however, consider these statistical 
violations in the reverse way, to determine the eneigy pt^r nucleon in thi' ground st-at n 
ill terms of a function of the nucleon nnnihcr .,1. Siicli a consideration may then 
he extended to incilude tlie noii-equilibiium states also It would be seen from 
eq, (7) below, that the ground state binding energy of a ni'iitron is detei iiiiuable 
in units of by a measure expressed in terms ofyl An ap])ropi iato change 

in the functional form of llie measure, would give us the hind mg energy in the 
noncquihbriuin states also, m units of gnmnii state eiie.rgy Thus, we 

may rewrite ihj (fih) in the equivalent form 

E^^{A) ■ 1 - i^V(.4)l2 ;t27 X 1 I )} <^xp ( IC^\^{A)H)A{)] . (7) 

\Adioro the values of k and KT ascertained m eq. (tic) liavi' hciui incoi 7 )()rated, 
Tlie funetional form associated with on the right hand side, is the nieasuro 

of ground state energy in units of E'^j^{A). The binding energy per nouti’on E^jf{A), 
in noii-equihbriuni state, would be determined by the coi i (‘spoiidiiigly cluiiiged 
functional form in the exjiressioii for tlie measure. In thi^ ease of the neutral 
A-particlos we consider tliat the i ompaiativlyslow stiuctuie dcjiiMideiit conslituiuit 
f^{A) drops out and that the parametei {KT) is suilahl^'^ modified Tins would 
give us the hiudmg energy of the diffeieiit associations, as 

Azi. - i^V^)f^-'^27xl(P^Uixp[-i<,’V^)/(/.r)Aj 

2.327 X ■ A^ oxp \^E%{A)lO 42J, ... (7a) 

where E^{A) is the uncorroctod total binding energy of the nucleus, E^^jf{A)x A 
and {KT)/\ as 0.42Mev, has been ascertained by trial. A similar expression on 
empirical approach, has been found in the iirevious note (Dutta H al 1, JO(iG), 
to be suitable for the dotormination of the binding energies of the A-liyperotis. 

The ealculated values of E°j^{A) and Abj by equations (be) and (7a), along 
with the previously obtained values (Dutta ct al 1965) of fbo experi- 

montal values of Abe (Levi Sotti 1965), are tabulated below : 
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TABLE I 


A 

rq (Oc) 

{Previous) 

hUi 

eq.(7a) 

AUc 
(exp ) 

4 

7.02 

— 

2 3 

2.3 

6 

7 30 

— 

3 0 

3.1 

7 

7 66 

7.74 

5.1 

4 9— 5 5 

H 

7 79 

7 80 

0,5 

0.4^- 0 0 

10 

8 04 

7.83 

9 0 

8 .5—10 0 

i:i 

8 41 

8 10 

11.3 

10.0 

14 

8 52 

8.20 

11 8 

12 0—13.0 

19 

9 01 

8 75 

13.2 

— 

:n 

9 80 

9 76 

15 8 

- 

55 

10 71 

10 80 

19 2 

— 20 

III 

11 83 

11 92 

24 3 

— 25 

222 

12 95 

12.92 

30 2 

-30 

250 

13.14 

13 03 

31.4 

-30 
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ABSTRACT. TJh> diolecl.rif losses oi chloi-o-, br-uiio-, jiieliiclu’liloio imkI I, 2, l-lii 
chluioboiizooH and ol a-c’lil irona])lit,haloiie in 1 ho Jiquid hIhIo at diffoi-o.il loin|toial iiios diu' to 
aljsuijiliou of muTowavos of \vavolou(^lh 3 If cm havo boon moiisuiod uml Iho viiliioH ol Inm 
of volaxation (t) of all the oom]>ounds have boon dotoimmod Jl lias boiai slmoMi lioin Iho 
lo-^ults lihal, fho viscous foroos (Q iiilnbitjiip fbo rolations ol tho inolcciilos ol 1lj(*sc coinponmls 
in Iholiquid sfaio arc functions of iln* maoroscopK visi ositios (tq) of llic* u‘s[ji’( Inc' li(|ui(l,s and 
Hint tJio jntoriial Irution iilny b« |rtii in llio form (’otisl , Avlioro y is tlic in ho of flii' 

niolai lioats of activafion foi diolocino rolaxution and vncous flow Fut’lJici, fiom a (oin|iari- 
son of tlio r-valiios of ohloio-, bromo- and motadicliloiO' bon/, one and of u-cliloi oniiplil liaicnc 
in (lio liquid stalo with iho r-vaJuos of the resjioctivo compourids in solulion in nonqiolai sol- 
vonf'S wilh Vise isiios equal to or gioiiter ilian thaf of flio rosiiocii vi> iiurc liquidH, li bus bci'ii 
concluded that at least in the jimsoiit oa-so of Iniuids having molecules willi dqmle nionici.l 
aboid, 1.(5 13, tlio dipolar inieractions have only minor ofTocl on (lie hiii(*s ol rclaxalion of ilm 
inoleculoH 

T N T R () J3 IT f ; T 1 () N 

The tune of relaxation of some organir polai nioloeulos mtIIi rigid (lijioles 
such as elilorobenzoiie, bromobenzenc, a-cliloronapliihaloiie etf. in the liquid state 
and in dilute solution in benzene at different temperature in different radio fre- 
(pienty regions were investigated by many workers (Wliiflen and Tboiiqison, 1946, 
Hennelly e^ ttZ., 1948, Fischer, J949, Curtiss e^aZ., 1952, William 1959, Sinytli 1955). 
iSmytli (1965) made a comparison of the r-vralues ol a number of organic molecules 
in the liquid state and in solutions in benzene at a certain tonijierature and eomduded 
that the larger values of t in the pure liquid compared to those in dilute solutions 
might bo duo to dipolar interactions m the liquids which are almost absent in 
very dilute solutions. In making such conclusion the effect of tho difference m 
the viscosities of the twt) media on r-values has not been properly taken into 
account, Tlio object of this investigation was to study bow the dipole-dipole 
interactions influence the r-values of molecules with rigid dipoles in the 
liquid state and as such a systematic investigation on tho r-values of some mole- 
cules with rigid dipoles in the liquid state and in solution in non-polar solvents at 
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(lifforeiit t(^TVJi)oraUir(^H was undertaken so that the offent of the viscosity, tempera- 
i;urc and other ])arainet(!rs could be eousidcred'. The results are also expected to 
throw sonui light on the flependencc of the internal fric;tion on macroscopic visco- 
sity (jf tJie m(^dium. 

In a previous comniuniciation (Bhattaciharyya et al. 1964) it was shown that 
ill tlu-t ease of some polar alkyl biinzenes in the liquid state composed of molecules 
w'itJi dipole moments ahout 0.5D, such dipolar interactions are negligible. In 
ti)(i jirescdit jiajier tlu' results of iiwestigation on some substituted benziuies and 
najiliiJiakiiKi with rigid dijioles having dipole moments about 1 .5D have been 
discussed 

I*: X P E l A1 E N r A L 

The compounds studied in tlie prcsiuit investigation are chloroboir/eiu^, 
biomohenzc'iie a-(‘hloronai)hthaleno, metadichloio-benzone and 1 , 2, 4-trichloro 
lu'iizeiie All the cluuiiicals, obtained from leputod firms, w'-ere of cheniically 
pine quality. These were first frai tionated and the proper fractions wm^e 
nqieatedly distilh'd under reduced ])res.suro and dried by usual methods before*. 
Iieing us(‘d 111 tJi(' investigation TJie experimental arrangement for the deter- 
mination of dielectric loss at ') cm is as shown in Ibgin'o I. 


MOVABLE SHORTING 



I Schciii'il ic (liMgr.im of oxiiiTimoiitaJ I'aogemi^'il fur iln(.oruuniiig (lioJcctric Iosh hI 
;j M ( 111. 

fc' and c" viT-re calcidatod from the A'-ariations of the reflootod powm* as the 
shorting })lung(u- is moved in tin* liipiid filled w'ave guide absoi*ption c:(dl. The 
magnitudes of the maximiuii and minimum powder and the distance betAVoen the 
HuecessiAUi niiuima were used for the calculations of (.' and e'' folloAving the imithod 
due to Snrber (194S) Tlu* temperatiin* of the absorjition cell Avas maintained 
constant Avitli the help of a thermostat. The r-values Avere calculated from c"- 
values by nsmg Didiye equation for polar liquids as usual. The values of 
(static dielectric constant) of all the compounds and the macroscopic viscosities 
(?/) of eldoro-hroino- and nn^tadiehlorohenzeno wmre taken from standard! itcratures. 
The viscosities of 12, 4-triehlorohenzone and a-chloronaphthalonc at different 
toniperatiiros Avero dotermin(*d oxporiraentally. 
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largw because of the presence of dipolar intoraciiou So, it may be inferred that 
dipole-dipole interactions in these liquids have only minor effect on the r-values. 
This conclusion is also expected to hold in the case of a-chloroiiaplithaleno mole- 
cules having dipole moments almost the same as those of chloio, bromo- or nieia- 
dichlorobenzeno. Moreover, because of gi-oater size of the a-cliloronaplitlialene 
molecule and l onsequentlj’^ because of greater separation bi^tu^eeii tlie dipoles, 
the dipolar interactions would be less effective than m tlic, above liquids l^roiu 
these consideration it is expected that tlie r-values o1 a-cJiJoj-oiiaiiJitliahuu! in 
dilute paraffin solution should be greater or at least equal to tJiose in the. jmre 
litpiid But actually, the reverse is tlie ease. This ^ixuild suggi'.st that tlit^ larger 
values of t in the case of a-chloroiiaphthalenc in the liquid state may not be due 
to dipolar interactions in the liqcid, but may be due to peculiarity in the arrange- 
ment of molecules in the li(|uid state 

From these it may bii concluded that at least in the case of polar liipiids 
composed of rigid molecular dipoles having modmate luomeiils (alioiit J filJ), 
the mHuence of dipolar interactions on the tiim*. <if iidaxation is less iiiiportaiit. 
than that oi structural hindraniics 
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DYNAMICS OF VIBRATION OF A CANTILEVER UNDER 
LATERAL IMPACT OF AN ELASTIC LOAD 
(General Theory— Part 1) 

B B BANEKJEE 

HiIYSIOH iJKPA-llTMliJSfT : UNlVlSUaiTY UOLl^lCaK or JONOlNiJiriUNG, HuilJ.A-OllIHSA 
{Hecetved Septenih^r 11, 1 UHA) 

ABSTRACT. In t.luK puper (whu;h forms jinrt 1 of u sonos of piipors to appour), iho 
wriior works out. tho ilynamics of vibration of a oanlilovoi duo to latond impai l of an 
oliistn* load at. tJio fioo end as also at its middle The ^•aIltIleve^ is tit rest bofoio iinpai t 
bogins and is supposed to boliave like a loaded beam so long as the load is on fontaot with 
it The olastK* load is taken, to bo haul loail baekod by weightless spring Earh of the 
exprosHions foi displacement of the bai and proBsuro of impact comes out in lorms of 
respeetivo senoH involving diioi'tly meaHuroablo quantiLios. mass, longtli, shape and young’s 
modulus of the material of the cantilover and (ho striking diatunce as also tho Htrjkmg 
velocity and fho mass of tho load Uiiliko previous theorios, the prosont theoiy is ljudt 
up without' aHHumiug any law of force between tho load and (he beam Tho thooiy is 
peiTeoltly gonoial andean be easily followed m case of beams with difloiont ond conditioiiH 
Tho agreomont between tlie theory and tho expeninent is remarkablo 

[ N 1’ R O D U 0 T I () N 

Young (1807), Hodgkonson (1833), (’ox (1856), St. Venant (1883), Tiiiiu- 
slioiiko (1956),, Hoppmaii (1948), GIiohIi Huy (1955) anti (itlu'rs liavt^ tried to 
tlovolop the dynainicK ol vibration of a beaiii uiidei lateral impaet of a load, 
H. L Mason (1936), Hoppnian, 'riiuoalienko, have, given a partial aeeoimt of 
tho history of boani-impacd problems. The major analytical investigation of 
tbe problem started from Cox H., wlio assumed the deflection of the beam under 
dynamic condition of impact has the same value as given by statical deflec- 
tion condition, rurtber lie assumecl that the. impinging ball moves with the 
beam until the kinetic energy of the system is completely transformed into poten- 
tial energy of bending St Venant (1883), developed a tlu'ory on the assumption 
that the impinging IkkIa’^ remains attached with the beam for liaK the period 
of vibration. He suggested that the vibration of such a beam can bo expressed 
as a series of normal functions. His case can be looked upon as a loaded beam 
excited by initial velocity at tb(‘. point ol loading Experimental observations, 
made by the A^Titer as also other workers slionmig e,xistence of multiple contacts 
within a total period of impact and the load terminating its contact before the 
maxi mum deflection is reached, give evidence contrary to these assuiiipiions. 

Timoshenko derived the integral equation for the case of the central impact of 
II loail oil a simply supported beam. He assumed a definite law of force between 
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hall and the heani and worked out the problem in line of forced vibration . Furlhei* 
taking into account, the local deformation of the contact region, he coriHidenHl 
Hertz’s tlieory of impact whicli depends on a knowledge of tlu^ geometric and 
clastic properties of materials at contact surface in specific heain- load Hvstein to 
obtain expression for displacement of the beam Further, as remarked by Hopp- 
man, the procedure consumes ninch time and so it is not satisfactory. But tlie 
solution of the problem as given by Hoppiiian, on the basis of an assumption of 
a normalised force of sintisciidal charactoi‘ involve prior determination of some 
quantities, om* of thcs(! quantities is co-efficient of restitution for which a formula 
must be provided in terms of known functions. 

Ghosh and Ray considered the problem of lateral impac-t at the free end of 
a cantilever Subsequently Ray applied the same deductions of the ])roblom 
111 case of the load striking at any point of the liar But such application is not 
valid and leads to error as he as.sunied tlii^ shearing force to lie equal in values 
with the change in tlie shearing force, incurred in crossing the struck point, and 
they (*,oul<l not anticipate correct boundary cnditions at the struck point. 

Thus, as the force between tlie load and tin*, beam is not known apriori, those 
workers had assumed this foi ce as known liinction of time The theories are not 
gonoral 

The present writer develops the dynamics ol the problem in a straight forward 
w^ay Operational method duo to Heaviside lias bemi employcfd to work out. tlie 
problem. TJie main id(^ upon wliich the theory is built up is that, the cantilever 
behaves like a loaded beam so long as the load is in contact with it Further 
within limits of olastieitv and for a finite and constant area of contact, the pressure 
exerted hy the hammer during impact is proportional to tli(‘ compression of the 
hammer Di spl acorn crit of the centre of graA'^ity of the liammer at any instant is 
l-he displaceniont ol the cantilever together with compression of the, load. The 
shearing force is not continuous near the struck jioint The ])resBure exerteil by 
the hammer is equal to the alteration m the value of th(‘ shearing force in the 
eantilover fncurred in e.rossing the struck point 

X P L A N A T I O N OP SYMBOLS 

I — length of the cantilever = a + h 
a ^ segment of cantilever toAvards the fixed end 
b — segment of cantilever toAvards the free end 
t = variable time 

X = variable measured along the length of cantilever, being fixeil at a; = 0 , 
and free at x = I 

= displacement of the struck point x a. 

2/j — displacement at any point x <. a 
= displacement at any point, rr C .c 
M == mass of the cantilever 
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~ Young’s moflulns of iho matorial of tlut cantilovor 
1 — Tiioniout of iiuirtia of cross soctioii aliout tho noutral axis 

/r radius of gyration of cross section 
c ~ velocity of longitudinal waves in tho cantilovor 
m — mass of the load (hammer) 

-y,, — velocity of the load before impact 
n — compression of the load 
z -- displacement of the load = 2 /a+a 
id — 7 , na — /qy, vh ~ 

Elastic (ionstant of tlie load (other than Young’s modulus) 

— ‘mass ratio’ 
m 

T) = (operator) 
at 

00 — duration of impact 
J 

tiD 

^ - \kc 

EJ M 
I 

Tho equation of motion oi the transvorso vibration of the bar is given by 

7 2 ■■■ 


which can be VTitten as 


_L 

dx* 



0 


The solution of this equation is given by 


y ^ sinh W.T-I--R 2 «osh nx~\-R^ sin nx-\-R^ cos nx 


2) 


whore 


n — 


liD 


In our problem tho load strikes the cantilovor at x = a, and if ya is the displac-o 
mont of tho struck point, we have 

at a; = 0, 7 / — 0, and = 0, (3.1) 

dx 




at X — I, 


... (3.2) 
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MS also 

M.t .r — a, y ^ = -= y,. 


i ) - 1 

I \ 

\ (fiX / 

\ dr I jr-^a 

1 ^ 

( (l“lh \ 

\ dxV a- a 

\ dx^ j, „ 


With iho help f)f cquaiioiis (3), we have 

y y (sinh nx — sm ?U')- |-A 2 (<‘or1i nx — eos //.r) 


?/2 ^ ?/« 


Aarsmli /<,(/- a')-|-.si u j/ (/' — .r)]-|-A 4 feosli n{l — r)-)- (•!)« n{l — r)] 


(3.3) 

(3.4) 

(3 r>) 

(•4.1) 
(4 .2) 


Avliore 

Ai — 2[sinli wZ sin eosh eos nh —^mnl siiih ntt-eoH nl (!Osh i\h — eo.sli va 

— eosym.] (5.]) 

An = 2fsnili nl eos ;/7;-|-sin nil cosh 7/6 -cosh n! sin nh “Cos nl sinli nh 

-|- sinh 7?/r/+sin na^ . (5.2) 

A, — 2rcosh 7d eos 'lut — Hinh nl sin «<7— sin nl sinh na — e«)s nl eosh na |-cjo,s nb 

— eosli 7?7>J , (5.3) 

A,i — 2[(!Osh nl .sill na — sinh ua eos 7il- sinh nl cos nri-l-siii nl t:o.sh 9ir/~sm nh 

+Fiinh7/,6| ... (5.4) 

A(i = 41e,o.sli 7/0/ sill na — sinh 7/,o < os na I .siiili nb cos w,6 -cosh nh sin nb 

H-e.osh 7 // 0 / eosh 7?/6 sin 7 ?/Z — eos 7 / 0 , cos r/.6 .sinh 7?/?] . . (5.5) 

since 7/7 -- y, we shall lioncoforwai-d write na — k^y, nh — k„y, as , 

h 


iind k„ ^ 


The pressure exerted by the load is given by 

P =z m — -E.,u (by Hooke/, s law) 
dt^ 

and subsequent motion of the load is repro.scnted by the equation 
dt^ \ dx^ / x^a 


. . ( 0 . 1 ) 


... ( 6 . 2 ) 


where A ^ ^ is tho alteration in tho values of ^ in crossing the struck point. 
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and EAA I \ ] can hn writitai from tho valuos of and in oqns. (4) 

\ a.T® / a-'-rt 

aH EJyan^f(r)). ... (6.:J) 

vidinrc, at .r --a — 1,\ for the struck pt)int at the free end, 


l+cosh 7 coav 
fiiiih 7 cos 7 - cosh y sin y 


and at .r — - a - //2, i.o , for the middle point of tlie liar being striirk point, 


RD) 


2(1 -j- cosh 7 COB 7 ) 
ainli 7 cos^ ^ —cosh* ^ sin y 


With the ludyi of eipi. (0.3), oqn. (0 1) and cqn (6.2), can be witten as 
mDhj^\-7nD^u~E-^lyan>^j[{D) — DJ 
rnD^ija — DJ 

Now solving tlioso equations for y^ and u, wo got. 


_ FiJR _ 
v’« F,{T)) 


J)2 ^ 


With tho lielp of Heaviside’s expansion tlioorom 

f\0t8) 


Va _ m) 


-1- V ^ 

Z_i agF\{cx,s) 


(7.2) 


(8.1) 

( 8 . 2 ) 


(fhl) 


(9.2'J 


( 10 ) 


wliore summation extends over all roots of J) — la^J, (.v — I, 2, 3, ... r) 

Now F{{)) — 0, putting D — 0, and Fj(0) 6, 

as for X ^ n = /, ^^(0) ^ 

For roots of D from F^{Dl = 0. we have F^^{D) = 0, when from eqn. (9), 
for X =■ a — I, 


1 + cosh 7 cos 7 
cosh 7 sm 7 - sjnh y cos y 


E^I y^ 
' M P 


... (11.1) 
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for X ^ , 

m 

— y 

2(1 4 I'osh 7 cos y) ^ 

cosh^ \ sin y— sinli y (; or 2 I _ 7* 

2 2 JS?., ■ 3/ /a 

Eqns. (Hi) and (il.2i, can Im solved graphically by plotting 
for x ^ a = I, 


( 11.2 


>li 


I 4 cosh y cos y 
cosh y sin y- sinh y cos y 



i/\l y^ 

* il/ ■ P 


and lor x ~ a — 


2 ’ 


(11 :i) 


(11 4 ) 


Vi 


2(1-1- oosh y cosy) 


cosh^ ^sin y— smli y (“os^ -7 
2 2 


and 


A’j 1 w. y'* 

K, JIf 


(11.5) 


(11.11) 


4s 7 / 2 — y, curve exists only in the positive direction, the different values of y, 
arc obtained from the intorsoctions of two sets ol curves i/j y, and 1 /.^ y , 
lying entii-ely in positive quadrants. Thus y, assumes different sets ol values for 
dilferent struck points. 


Therefore 

nl, — yg, yg — pure number (for .s =-- 1, 2, 3, ... r) 

... (12.1) 

Thus 

^ — [a,] ^ ±iqH> 

... (12.2) 

'vhere 

y. — ■ Vot ’ 

... (12.3) 
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After Hoino raetl)OJ)iat]cal manipuJatioii and tins liolp oi‘ Heaviside h 

expansion thcoreni (eqii, 10) we finally get, 

lor X — a — i e., at the free end of the liar 


C-- 




«i , , Ihn 

‘ I- ft 


.. (1X1) 

y. ' 


nt. L A’/* J ■*" eothy, -ei 


' - eF 


-eot 


The same ex])rossion was obtained by Ghosh — flay but tlieiv dcidiietioii was 
faulty as stated earlici . 

Again at r -- a — j' ,i.e , Jbr ijeiitre-struek case, 

«iii UbJiIu^ 


yt ^ 


1 , ‘kWA , 

E.. «-■ 


... (1U2) 


e'. 


- +r. 


eosh yg sin y,-- smh y* cos r* 
i + eosh yg eos y^ 


(',osh y^cos--^ sinh y, siu y, — cosh" eos y^ 

-hy« - - — ... 

Hiiili yg eoa^^^ -eosh^ siii y, 

U’or hard load, since A'o is taken to be infinity, and mjE.y is zero li’nially 

the oxjiression for displaceineiit of the cantilever at the sxiocitic struck x>oints can 
be represented in some form as 




sin (?i^4- shi q^-{- sin 
(73 


(73^H-..- j 


when' A^, A^, etc. and f/«, etc, have their values as required. Different 
terms of this series rexiresent, different modes of vibration, excited during impact, 
whose x^eriods are obtained from eqn. (12. U) Similar typo of expression for dia- 
placenient was shown b^-^ Prescot in case of a blow at the free end of a cantilevtu' 
but amiilitudoH of dilTerent modes ete. m his case are however different from those 
of ours. Only limited number of terms of the series is required to comi>uto the 
experimental observations. 
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H E s u T. T s 

The values of e\ e" , tan and r along with the macroscopic viscosities (iy) of 
all the compounds at different teinporatures are given in Tables I-V. The t- 
valuos of chlorobenzene, bromobenzene and a-chloronaphthaleno at different 
temperatures along with those roi>ortcd by Hennolly zi al. (1948) has been repre- 
sented graphically m Figure 2 for the sake of comparison. The values of heats 



Fig 2 Crnphfi of t vs T 

(/Urvo T — CJJorobonzono , ('iiirvn T1 — iSromolieiizono 

(Jurve III - a-ChloronuphUialono (Tho Hoale for t ih lo 1)0 incrcriHcd by » liir-tor of 
Ivvo) 

Open Circles donoLe Uie t-vuIuom obtainod by llio aubhors 
Solid cin'los tire blioso by Hennolly ct (d (1948) 

of activation for dioloctric, relaxation and viscous flow (A//„) have been 

obtained respectively from the graphs log (r * T) against 1 jT and log ^ against 
1/T as usual Some of these curves are shown in Figures 3a, 3}» and 3c. The A//t 
and values and their ratios (y) are given at the foot of tho Tables. 


TABLE I 

Chlorobenzene 
Wave length (A) = 3.14 cm. 


Temp °K 


t' 

e" 

tun 5 

TXlOin 

wen 

If) in millipniNe X 107 

278 

298 

313 

320 

333 


4 fl.70 

4 707 

4 726 

4 501 

4 629 

1 770 

1 400 

1 .226 

1 05H 
0.9.63 

0 3809 
0.2974 

0 2595 

0 2345 

0 2104 

12.69 

9 80 
8.51 
8.08 
7.20 

9 55 913 

7.. 66 8 70 

6.38 H 78 

5 96 8 . 88 

5 26 8 . 87 


AHt 

= J J9K 

Cnl/mole 


Y =-0 60 



aIT»] 

= 1.99 K.Cal/mole 



_ 
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TABLE n 
Bromoboiizene 


Wave length (A) — 3.14 em 


“K 

b' 

c" 

ian S 

tX 1012 

HOC 

Tf) in millipojKo 

xio- 

2S8 

3 . 852 

1 454 

0 3773 

17 03 

11 89 

9 21 

20H 

3 976 

1 378 

0 3465 

14 87 

1 0 . 5.5 

9 02 

30H 

4 . 075 

1 302 

0.31 95 

13 19 

9 17 

9 09 

31 R 

4 137 

1 234 

0 2983 

12 05 

8 20 

9.25 

333 

4 230 

1 . 1 10 

0 2624 

10 28 

7 05 

9 15 


aUt — I 49 K (1nl/molo 

Y 

=-0 68 




aHt) - 2 21 K.( 

';itl/m(»lo 








TABLE III 






Metadiclilorobon zeiie 





Wavelength (A) = 

3.14 cm 



Temp “K 

e' 

b" 

tail S 

tX 1012 
,soc 

7) 111 iiiiUipoiao 

X lOT 

288 

3 54(5 

1 049 

0 2959 

15 13 

11 01 

13 53 

303 

3 601 

0 931 

0 2585 

12.82 

0 17 

13 20. 

318 

.t . 86 

0 851 

0 2374 

1) 87 

7.80 

13 89 

333 

3 630 

0 740 

0.2039 

9 95 

0 07 

13 1.5 

348 

3 620 

0 678 

0 1874 

9 18 

5 82 

13 55 


aUt - 1 02 K rn]/nio]o y -0.40 

AIIt) =2 09 K.Oiil/molo 




IV 

1,2, 4-trichlt)robenz0ne 
Wavelength (A) = 3.14 cm 


• 

Tomp °K 

e' 

e" 

t ail 8 

tX lOia 

7] 111 railliiioiHe 

'"y xioi 





.sec 



288 

2.900 

0 8113 

0 2806 

30 48 

26 04 

30 94 

303 

2 917 

0 . 7563 

0 2593 

26.03 

18 28 

31.13 

318 

2 983 

0.7269 

0.2437 

22.43 

1 3 . 65 

30.91 

333 

3.026 

0.6905 

0.2282 

20.16 

10.84 

31.31 

348 

3 003 

0.6384 

0 1775 

18 41 

9.01 

31.72 


aHt — I 11 K.Cftl/moJe 
aH,, --3 47 K.Cal/nioUi 
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TABLE V 
a - Cliloronapli thaloiie. 

Wavelength (A) — 3 14 cm 


Tpmp °K 

e' 

e" 

iiui 8 

tX 1012 

HOC 

V 111 inillipoiHo 

ly 

28H 

3 006 

1 633 

0 4060 

69 0 

42.66 

17 19 

no.'i 

3.216 

1 478 

0.469G 

44 0 

29.17 

17 10 

318 

3 160 

1 003 

0 3184 

31 6 

20 30 

17.37 

333 

3 170 

0 823 

0 2690 

27.3 

14.69 

17 60 

3JH 

3.215 

0 820 

0 25.'>1 

24 9 

11 .22 

19 07 


aTTt - 2 71 K Cnl/im.lo 

SiUti —4.42 K.( Ifil /molo 


Y -0 61 




TABLE VI 


f’( impound 

Somi-axial loiigthm 

in A 

r 


a 

b 

n 

T)„— 1 mil Tjo — 0.2 mp 

CoUbCI 

3 46 

3 11 

1 60 

1 44 

97.4 40 8 77 9 

(67.6) 

CnUgBr 

3 56 

3 11 

1 70 

1 .27 

100 0 42 1 70.4 

(78.8) 

m-C(|U4Cl3 

3 31 

3 11 

1 70 

1 35 

87 3 01 9 140 7 

(04 7) 

a-CioH^Cl 

4.04 

3 46 

1 60 

1 .35 

118 0 79.6 149 1 

(87 8) 


DISCUSSION 

a) Dp'pende/nce of time of relaxation (t) on the macroscopic viscosity {y) 

The Debye relation as modified by Perrin (1934) for ellipsoidal molecules with 
rigid dipoles is 

t^^!2KT — (1) 

where 

^ = ^TTohcfy^ni ( 2 ) 

C being a measure of the viscous force inhibiting the rotation of the dipole lying 
along one of the axes of the ellipsoid about the other two axes, a,b,c are the lengths 
of the semi axes of the ellipsoid, / is a factor tabulated by Budo et al. (1939) and 
is the internal friction of the medium in which eUipsoids are rotating. As 
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Eqn. (1) shows, tho product t ■ T is a measure of The nature of dependence 
on the shape and size of molecules and on temperatures can be soon from the 
plots t T against T for all the compounds as shown in Figure 4. It is soon that the 
values of tT (i.e'. decreases in tho order toluene ♦< chlorobenzene < meta- 
dichlorobonzene < bromobenzene < os-chloronaphthaleno. The viscosities of 



3a. Chlorobenzene 
Curve 1 — Plot of log (t-T) vh I /T 
Cui*ve XI — Plot of log ij VH I /T 



Fig. 3b 1. 2, 4-trielilorobonzene 
Curve I — Plot of log (t T) vb 1 /T 
Curve II — Plot of log V vs 1 jT 
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Fig. 3i‘. a-CliloriHiaphtlmleim 
Curve I — Plot of log (t T) Vb 1/T 
Curve n Plol. o/ log V vs l/T 



Fig, 4. Graphs showing the variation of t.T agiiinst T 

Curve (t ) — ToIuotio; Curve (i»)— Chlorobenzene ; 

Curve (iti) — ^m-dichlorobenzone ; Curve (ii') — Bromobenzene ; 

Curve («)— 1, 2, 4-trichlorobonzono ; Curve (wi)— B-Chluronaphthalene. 

the compounds also decrease in the same order. The first four compounds have 
their molecular volume almost equal and so the values of ^ in those cases is mainly 
a function of macroscopic viscosity. The functional relationship between ^ and 7} 
can be advantageously studied from the plots of log(TT) vs log tj. Two of 
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such graphs aro shown in Figures 5a and 5b. The linear variation of log {tT) 
with log 7) can be designated by a relation log(T!r) — A-\-y log 9;...(3). The slope 
of the c;urve givers tlui value y — iSubstitution of Eqn.(3) in Eqn. (1) 

gives 



Fir. 6a. JV h nation of log (t.T) with log V for Bromobonzono 



Fig 5b. Variation of log (tT) ■with log for v 1,2, 4-triohloroDenzeno 

which is of the same form as derived in a previous communication (Sinlia et al. 
1965) Following similar argmiients as given in that paper ^ may be written 


£ = 2t^T = C. (’» y"' ... (5) 

whore G has the dimension of a volume, ijq is a constant having the same dimen- 
sion as that of 7) and ■ 7f is tentatively indentified with 57 , 

Combining the equations (1), (2) and (6) 

C = ^TTobef . . . (6a) 


'TJio data lor toluene i« talten from a previoiie paper by Bhattai^haiyya etnl. (19tV4). 
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and 


tKT 


-- ^ JT abcj 


(6b) 


Tho value of r/o can not be dotenninedj hut with certain tentative values of //„ 
a comparison may be made between tho experimentally obtained vjilues ol rkTj 
^ViV(ilvV~^ and the calculated values ol 4/3 nnbej Tlie values ot u, i, c are deter- 
mined from atomic radii (Fischer, 1946) and those of are taki^n iVoiii tlie 3’able 
of Budo ri al. (1939). All these data are given m Table VT. Tin* value of mole- 
cular volume (4/3 nahe) are given in braiikots 

It is seen from Table VT that if the value of is propt^rly choseii, some amount 

rhT 4 

of agreement between tho experimental values '1 ^ 

be obtained This may provide some justification for identifying y . (v/o///)^'’^ 

I e 7 /'^ for a certain compound as a measure of inteinal friction as has been sug- 
gested earlier (Sinha et al. 1966). 

b) influpnee of dipolar intpraciion on relaxation time 

The T-values of the molecules of elilorobonzeno, bromobeiizono, niiitadicliloro- 
luMizeiie and a-ehlorouaiihthalene (having almost identic.al di})ol(*, moments) in 
the Inpiid state have been compared with those of the molecules in dilute' solutions 
in suitable non-polar solvents, whoa© viscosities are oitlier equal to or greater tlifiii 
those of the xmro liciuids*. The results arc shown gra]jlncally in Figurcis fia and 6h. 

It IS soon from the figure 6a that tlie r-values of (ihlorobenzeno in tlie liquid 
st ate are. slightly smaller than those in solutions in COl^ winch may jiresumably 
be due to the slightly lower values of rj in the case ol the imre liijuid. 

In the ease of broinobenzone and metadichlorobenzeiio, hou'eveu-, the t- values 
m the pure liquid, are almost equal to those in solution in (ICl^, the viscositicjs of the 
xmro liqmils and the solvent being almost the same, Tho behaviour of co-chloro- 
naphthalene is diflferont from that of the above throii compounds. It can bo 
scioii from Figure 6b that tho r- values of a-chloronaphthalene in solution in a very 
viscous solvent jiaraffin over tho range of temperature investigated are much smaller 
than those in the pure liquid in the same temperature range, although tho visco- 
sity of the pui'e liquid is much smaller than that of paraffin. Curtiss et al (1952) 
also reported that tho value of ( = ^ttct) of a-chloronaphthalene in the litiuid 
state at 20‘’0 (y = 33.3 mp) is 11 cm. which is only slightly smaller than the value 
of 12 cm. for A„«* in solution in nujol (y = 1080 mp) at tho same temperature. 

Tho results in tho oases of ohloro, bromo- and motadiclJorobenzone obtained 
in the present investigation do not show any decrease in the r-values in solution 


♦Tho data on Holutioiis are taken from tho works of Smha et al. (to bo published soon). 
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as comparod to those in the respeutive pure liquids. This can not be reconciled 
with the (jonclusion made by Smyth (1955) that the t- values of these liquids are 



TEMPERATURE “K — 

Fir. 6a. OompariHon of tho x-valuon at difforont iemperntiiros 
Curve (i) -- Chlorohenzeno-pure liquid ; 

Curve (tt) — ChlorobonTsene in solution in CCI4 
Curvo (lii) — Bromobenzone-pure liquid 
Clurve (iv ) — ^Bromobenzene in solution in CCh 
(jUI'vo (i»)' -Motadiohlorobenzene-puro liquid 
Curvo (tit) — Motniiiohlorobenvione m Holuiion in CCJl^ Tlio 
Buale for t values is given on the right. 



Kig, Ob. C’ouipnriHon of the t- values at difforeni temperatures 

Curvo (t) — a-Chloronaphthalone-puie liqiud 

Curve (it) — B-Chloronaphthalene in solution in paraffin. 
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i^or v'^orilicuLion of tho tlieory, tlio loQow 
iiaiiiii-jeo (1964). Loiiglh of Oantilovoi , 90 c uts 
(niid-pt), sphoriual brass load, ‘mass ratio’ 
pwr soc. 


ing data a.ro takon froui a paper of 
dia I 11 i-iius., sti’iifk point 15 c.ms 
3.71 (i-alculatod), ^ SS.5 cms. 



-Plio oxporimontal photograpljn- «,iu ve for Llio sti iick point is proj(M;to(l upto 
a sciuarod paper by tlio liolp ol an cpidias. opo Tin, c uive trace, I out by tlio s„i face 
ol the cantilever diumg and shortly alter miiiact is drawn upon tho papei Tlie 
'iisplaconient-tnno curve as calculated lioin th,‘ theory witJj tv o terms ol thci series, 
Js then superimposed upon the experimental curve v ith saimj units Tln^se cm-ves 
an, shown m big. 1 . Ihey are ideiiticai upto the time tin* contact did not c^asc 


i.c. u]jto about .011 see (see th(5 said paijcr) Tins chjarly upholds th,» valid ityof 
the pi., sent theory Alter this time ( 01 1 sec) als,) the, curves are strikingly similar 
and very small diflerenco is due to after-nniiaet ellects, which has been discussed 
in Part HI of this series. 


ft JO S »S U R 10 10 X JO Jt 'r ED li Y 'r H 10 I ( A JVI M 10 R 

Substituting values of and ol equations (9.1) and (9.2) respectively 
ni eqn. (6.1) wo write, 


-- — mvo 




(14.]) 
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where, al x =-^ a t. 


n' {Ti\ - 1 -1 y y y 

^ ^ ^2 ^ ^ 'h^iosh 7 coK 7 


and al a; a — ^ , 


cos- ^ flinh 7 — oosli^ sin y 


U^A-y ~ 

J-t \ i 2(l+cosli7eoK7) 


Kor j'jjoIm ()]' I) lixmi Fo{D) -~ (►, Ave lind lhal D -~ [a,], — saino rools 

.IS ohlained l»y e((nalif)iis (II), lor lespeelivo slrueh pojuts 
WjHi the hell) ui Heavisid(‘.’.s (expansion liieorein 


' - "‘"4 r,(oj ' 4 ‘J 


Ilei'c^ a^aiii -- 0 and FJS^) ^ (K ])utt.ing -- 0 

Finally allei' some jiuilliemalieal maiiJ|)ulalion and siiii|)Jiheatjon we get, 

ihesHure at x a ~ I, 


\ - - 7-sin<y/ 

4 we/;,, > ^ r T 

- - ' II •> I I 1 1 I o . r I “ 1 


colli Ys — cot 7« 


I'liis i;x})resHit)ii is saini; as oblainod by (jUiobIi and Kay 
and Kressnre al a; -= r/ — \ , 


I ~ ' Ivaeo 


V« Hill ys^ 


^ 3'm 2.^, i I _ „ 2I eosh 7, .sin 7, -smh 7, cos 7, 

\ 1 d- cosh 7„ cos 7, 


shih Ys sill 7s-|'t;osh“ cos 7,, -cos'-* cosh 7, ... (17 2) 

2 ( r+eosh Ya '^■’OS 7 ,) 


Further veloi ily of Ihc bai'. u liich is given liii roprcseiitod m the form 

f't (’OS cos q.J-\ cos q./-\ J ... (IS) 

Thus it is possible to ducclly obtain the vcloeily of the load fiom otpi. 18. 
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DYNAMICS OF VIBRATION OF A CANTILEVER 
UNDER LATERAL IMPACT OF AN ELASTIC 
LOAD— PART II (GENERAL THEORY) 

B. B. BANEKJEE 

I’lTVHllS DlCl-AllTMllKT, T^NIVICUKITY CfiT.TJSnR rjV I^NmMKRTtmr;, BiniLA-OUTSSA. 

{JtHinrrrl SrjttnnhP7 11 , 11 ) 05 ) 

ABSTRACT In Piui. I, Ihn rlyminncs ()I l.lie inohUmi has hni'ti worked out for the 
Ht.nick |)oin(,h !it tlu' Irno and and ai the middle n) the eantdevei. In tliiH iiaper the general 
cMHi! ol an elaHlii load, imjjingmj^ tniUHvevsolv on any pninl ol the c-nnti1cvi'i ih rigiil’ously 
dealt witli Till' dmiiliieenieiit of the caul ileviT at jioiid (ineluding I he stiuek jioinl) lins 
hei'O woiUed out, and a gimeial exjueHsiou lui the same is given The disjd a cement comes in 
(orm of a series and ih found to be diieillv ])i opoi tional (o (he stiilving velocity t’urllier j1 
involves (enns lonlaining eiisilj inciisuv.ible quantities The dynamics of Hie piobloin is 
developed withoul^ iissinning any niiluie of forie between (he loud and tlie bin. The theory 
is period ly gonoral 


I N Til () I) XI t T1 OTS’ 

SyjiiliolH iiHotl 111 this jiarl. Itavo tlie Rami' significanees as given in pari T 
()])erational metliod duo to Heaviside iR oinpioyed to work out the problem. 

With the help of eqn (4 .1 ) and (4.2) Baiierjeo, (196r>) the diRplacement at any 
point of the cantilever can be obtained. 

For any point xH) ^ .t ^ a), eqn, (4 1) is iiRcd 


_ Aj(siiih vx- sin A2(coHh wr— cos nx) 

?/i - Jfn — A 


whore the valueB of Ai, Aj, Aq, are given by equation (5.1), (5.2) and (5.3) respec- 
tively (Biniorjee 1966). 

and iiHperequ (9.1) (Banerjoel966) ~ ■ ^^liore F{D) .stands for D and 


F,(D) - IF- «’ ( 1 + )/(i)). 


Therefore 


-Vi _ foW 


... (1) 

... ( 2 ) 
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Mahore 

JiW) ^ 7 will ^27 oosh y cos Ky— sinli t^y sin y ms y enph l\y 

- cohIi k^y~ (!()s A’iy)(sirili y xfl —sin y .i:/ 0 -H(Pinh y cos A*.y-|-(‘osli ifcay sin y 
- 1 -sin A:, 7 /-|-sinh sink k\y cos y -cosh 7 / sin k\,y) (cosh 7 / ,r//— cos y a;/ 0 ] 

... (3) 

iiiicl 

f,(i)) = 2 ff' »»(l+ ... (4) 

V liprc 

— 2(l-hcosli y cos 7 ') ... (5.1) 

iind 

(0 - - [sinli hx]' cos A': 27 '-| -cosli ky)f sin ^ 17 -' ^ cosh k^y cosh /i; 27 / sin y- t osh k.// sin/c 27 / 
-siiih k^y cos 4 '| 7 '— cos k\y cos k^y sinh y] ... ( 6 . 2 ) 

Wil li tlio help of Hoavisiclo’s expansion theorem 


?/i 


/o(0). I _foM _ ^ 

F^{0) a,.'F.^'{a,) 


... (6) 


JVoM'^ jnittiiig D — 0, /„(()) — 0, and ^^(0) ^ 0. 

Thins ^ ^ foi^s) _ ftcLgf 

w„ - ag . F^'{ag) 

M'lierc .siiiruiuitioii oxtonds over all roots of D — \oLg], (.s — 1, 2, II, r) 
t’or loots of I) from Kj(/)) 0, in oqii. (4), vve have F.J^D) — 0, whenco 


m 

M'y 


m y^ 
M ' 


(7) 


J^qn. (7), can ho solved graphically by drawing two sots of curves reprosonted by 


Vi' 


(S.l) 


and 


1 — 



A’ll m 


' M’ 


y^ 


Vi = 


( 8 . 2 ) 
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Aa ^2 ~ y (:urv(f oxiata only in iho positive cliroction, the different values of of 
rfjiiaiion (7), are given l>y the pciiiita t>f interaeetioTia of two seta of curves 7/^ y„, 

find fjfn ~ y^, lying entirely in ptjsitive c|U!idnint,s. Thus y aasunies different seta 
()1 values for different atruck points given hy the values of and etc. in parti- 
cular beam-load ayateni. 

Thus nl — y,, y, -= pure number, (a — 1 , 2, 3, ... r) ... (9) 

n = (9 2) 


We have for erpiation (9) 

i^V(a.) - 24 F/(a.)] ... (10.1) 

and is obtained from F^{D) in eqn. (I) and ia given by 

3m 




1 




I , m o 


, ^ coali jg sin y,— ainh y, cos y, ___ L 
" i ^ cosh yg cos yg * w 


... (](h2) 

where (o ia given by eqn. (5.2) and 

7j ~ 2 [ifcg ainh k^y^ sin k^yg -hi ainli fc^y* sin ^iya]d-eoBh y^ cos k^y cos k^y, 
cosh ^-ly^ cosh k.^yg cos y,— ^i[sin kyyg cos Ky^ .sinhy^ d-f^iny,. sinlifc^ys 
coah k.rfg\ -f?:;a[sin Ar.^y* cos k^y, ainli y*d- 8 in 7 '.,sinh k»yg cosh kyy\ ... (10.3) 

Further 


2 sin qgt 

OLg ~ 


Thus we liavo after simplification 


2 /i = 


2».C 


iWy.) 

iWy.j 


aing^< 

9. 


... (10.4) 


( 11 ) 


whore ^/'(y,) =- 


whore ^^'(a,) ia given by eqn. ( 10 . 2 ) with cl,^ being 


replaced by — g,® 
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clTul 

Sink .sill kitiIi Ky* biiiys -cuhIi i-usy^ 

—cosh Aj^yg— uo.sfciyg)(sink ygi'll- sin yg.r/;)4 (sink y, uos Ky^ 

+cob1i sin yg-f-sin fciyg+sinh /jiy,— siiili A^y, cos y*— cosh 7/, 

sill ^27*) (co«ii r« r* *70 

\vliere is given by (5 .2) . . . ( 1 1 . ] ) 

JCquation ( 11 ) for can be represented, in a convenient form as 


.'/,-= 2, vV^''* ... (11.2) 

^\]lei(' (g laii be obtained from the (uiotient 7^i(7«) ],,,. ] o, ;} ... /. 

'A(rs) 

W'/ini the ob,sf‘rimd point' at x 'ta the struck potnl ttsetj, t, c Joi any ftom, I, x — a, 

We hav(' lor (ujuation (7), /(,((>) and 


l)iittmg i) = 0, as usual 




= 0, in iMiii («) 

vm 

and we, get from eqn. (11) 

Va - 4v„ V sin y.l 

^ «7g 

w'liiu’e 

j 3y//, 

1 ^2 * cosh 7/g sin y* — siidi y* ( OH yg __y ^ 

Ag~ m „ i + cosh y. cos yg ' w 

w'liere 1/ is given by eqn. (10.3) 

'Hie velocity of the load during impacd is given by 

^ ^df ^ 


(12.1) 


(l:i) 
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For hard load swca is taken to be iiilinity, tJie tj,, y rvJation as lujr oqn. (8.2) 
IS ^^1‘itten as 


Vi ^ 


m 

Tljl 


y 


and the ^ y ciu’vo is a straiglit line passing through the origin having an incli- 
nation such that 


tan 0 — 

M mass of the bat 

From (npi. (11), it is noted that the. disidatiemcnt of the; cantilever is exxiressed 
in form of a series and is direetly iiropoitional to tlie: impinging velocity of the. 
load and since it l oiitains y , tin* disjdacement dejimids on the striking distance, 
measuretl from the lixerl end, ‘mass ratio’. Young’s inoduhis, length, and 
shaiie of the, bai as also on the and elastic- constant of the- load Different 
terms of the. series, given by (Hjn. (11), repiesents successive modes of vibration, 
whose jieriods are obtaimul from of eqn (0.2) for .s - 1, 2, 2, .. r Further 
from eqn. (1 1 ) it is lonnd that the nilluence ot different modes ol vibration in desve- 
loinng the lorm of th(‘, displacement -time cm’ve is not same throughout the length 
of the bar as it doiiends on y^. 

For the struck iioint at the free end as also at the middle ot the cantilevei, 
i.e. for X --- a — - I, and ior x — a — //2, respectively, eqn. (11) wliich is the general 
form roducob to eqn. (13 1) and (13.2) (Baneijee, 66) 

For any point x{a < ^ /), the displaceiucnt ol the bar (-an be obtained 

Iroin oqn. (4.2) (Baneijoe, 66) 

Aglsinh n{l—x)-\-iim ■«-(/-— j;)jH A4[c,osh a(/- a’) -l-cos n{l-~ x)| 

Vi — Ua ■ ~ ■ 


whore A3, A4, Ay, are respectively given by eqn. (5.2), (5.4) and (5 5) (Baiierjee, 66) 
respectively . 

T^’oe.eediiig in the similar way as was followed 111 case of determination ol 
//*, ^vt' get the same roots ol y^, as given by eqn. (7) ~ 

Finally after simplification 




7A(7.) 


(14) 


where ^/(ya) is given by where F\{cLg) is given by (10.2) and a^- in eqn. 

(10.2) is mitten as — 
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and 

(cos cosh *ay,— sinli y, sin As^y,— ainli Ic^y, sin y,+t!osh y, cos Jk^y, 

-cosh fciy, cos y,)| ainh y, ^1- ^ +sin y, (l- |+(siiili fcay,+ 

eosh y* sin fc^y.+oosh sin y,— sin /c^y,— sinh y, cos A^jy, 

— sinh Ai^y, cosy,) I coshy, ^1— ^j+co8y,|l— | 

ny^) ^ 

where c) is given by (6.2) 

Tt should be noted here that which occurs in different equations is different 
from Young’s modulus of the material of the load but it depentls on the material 
Hi/i* and sliape of the hammer as also on the area of contact surface. 
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BOOK REVIEW 


THEORETICAL PHYSICS IN THE TWENTIETH CENTURY. A Memorial 

volmno to Wolfgang Pauli. Edited by M. G Fierz and V. F. Weisskopf. 

Price $10.00. Interacionce PubliHlicrs, Inc. N.Y. 

By raising a memorial monument to a great man-, we do hero worship, the 
psychological value of wliich is uncpiestionable, though the educative value of 
wliicli is not often so clear. On the other hand, a memorial volume well contri- 
buted is on an altogether different footing. It may sometimes be (questioned 
that such (jontributiona if meant to be expositions of the works of a master are 
likely to be strongly tinged by the biases of the man, and may not be truly critical 
of the drawbacks or inadetjuacies of the teachings. But this can hardly bo heliied 
for a time when this is the only light in obscurity. Indeed, Paulis’ work brought 
light and logic in the domain of “classical” quantum theory of the atom which was 
a strange hybrid between classical electrodynamics and Planck’s quantum hypo- 
thesis. To quote the words of the other great master Niels Bohr “it was a great 
comfort when now dtwelopments mot with his approval. At the same time 
as the anecdotes around liis i)ersonality grew into a veritable legend, he more 
and more became the very tsonscienco of the theoretical physicists”. It shows 
how deeply and wirhdy Pauli’s pi5rsonality and wisdom made themselves felt in 
the 'world of Physics and the homages rendered to this groat scientist in this 
volume are never so apt or intrinsic. On the other hand, many of the contri- 
butors to this memorial volume art» themselves considered to bo so many pillars 
of the grand edifice of modern Quantum Mechanics and thus each article, as one 
rightly expects, brings fresh thought and exposition to the reader and is 
delightful and thought-provoking reading. 

When wo pay homage to a great man we do good to ourselves. Wo drink at 
the fountain of knowledge and inspire ourselves to greater efforts. Each artiedo 
in this vcjlumo has a special value in reference to Pauli as well as to the author of 
the article. 


A. Bose 


214 



22 


DYNAMICS OF VIBRATION OF A CANTILEVER UNDER 
LATERAL IMPACT OF AN ELASTIC LOAD. PART III. 
(GENERAL THEORY) 

B. B. BANERJEE 

(Hecciocd SRjitvmhcr II, IjlOo) 

ABSTRACT. I/i jjnit 11, Uie guiK'ml express i (in lor tlie dispJiu ('iiu iil ol iiiiy poinl 
ul llie cuiilili'vi'r, iiudoi InHn-iil impnei of a loud is given Jii this jnijiei. Hie geneiiil exjiiei^Huni 
lui Hie pK'ShUie exerled by tho lond on the euntiJever ih worUed out The duration oj eoiiliu I 
IS Hu ltM^'esl iiosiiive lool of i, oHier than zoio, ohtaiuod by HoJviiig I’jessuie V 0. loi tlu^ given 
]v>iot Thi.H dunilioii of ooiduet (an be diiert];, obtanu^d IVoni the expiessiou of jiri's- 
siiie lOxisleiue of diireienl inodes ol vibi'itioii goveina the ningniiude of Hie durulioii of 
'oiilacl Ihossiiie is fmiiid t,o be direef 1^ jiioporlioiial lo flie Kt.rilk.ing velocity and dejieiids 
nil all pliysjcLil const arils n,s apjiorii in the goinaal di.Kplaceinniit (*(iua1ioii, given in J^arf. 11 
ft hiiK been possible to explain the ixciiiionee of the phenoinenon ol iniilliple coiitaetK lioin f lic 
|)ie,ssur('-(ime and the velo< ily — tune lelutions The cxIeiiHion of Hic gi'iieial theoiy in light 
of Ifeitz’s thooiy ol im]i.i(.t explain.s fully the. dc'jiendonco of duialion ol coiiliicL on the iin]uiig- 
mg velocity ol t.ho iiummor. 


1 N 'r II () D u i) T 1 O 

111 Pari 11 tilt! gt noral tixprossioii lor tlio displai-omout of any point of tlit! nauti- 
lovTi (iiioludiiig tlio stnitilv point) is givoii In tins pajror using tlii' samo optM’a- 
tioniil iiiotliod duo to Hcavisidt!, tlu* gontnal (‘.xxirosKioii Jrjf jirt'HsiiK' of iiuxiiift is 
tt'oi'ked out The. duration of contact ts directly obtained from the ])rcHHuri! 
licinatiun Without entoring into IciigtJiy matlioiiiatical comjiiitation to ('X[)laiii 
Ihcoc- cuiTcnt.o ot the xilionomcnon of inultiplo contacts, it has heen ])osHihl(! to 
cxiilani the liiglier contacts in hglit ol jnestmt tlieory In jirevious tJieori(!,y, tlic 
pliysical aspect ol the iirohloni Avas not so miicli tackled. 


r li 15 S S U ll J5 (I J-’ I M I* A T 

PreaBure exerted by tlio hammer is given by eipi, (0 1), (Banorjoc, 1966). 


A\'herc 

and 


dt^ 




u = — (Pilidirjec, 1966). 
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Thoroforc, 


F{D) 

i\{U] 


Vf, from oqii. (9.1) (Banerjoo, 1966). 


P—~mvQ 


J'W) 

i\0) 


Whoio F{D) standK for D and 


-fooali k,£y sin -|- sinh k^y cos k^y 
-|-cos kyj cos sinli y — sinli k,^ cos k{/ 


i\0) J -f Z 


cosh kyy sill kyy — cosh ky cosh ky sin y 


M 2(1+ cos 7 cosh y) 

Therefore with the help of Heaviside’s expansion theorem 


I> = -mvS f«'> +y’ . r“-'l 

"L fi(0) Z-ia„F,'(a,) \ 


But putting J) — 0, we get F(0) — 0, and i^4(0) — 1, 
and so 


... ( 1 ) 

... (2) 


F,(0) 

For roots of D from F^{D) — 0, wo have F^{D) — 0, whence 


2(1+ cosh 7 COB 7) 

sinh k^y cos /:27 -|-cob]i k^y sin ly7-| cosh k^y cosh 
ky sin y — (iosli ky sin 7627— smh ky cos ky 
- cos ky cos ky sin y 


m 

m'^ 


Fyl TO y* 


... ( 3 ) 


Et|uatioiKs (3) and (7j (Baiierjcc, (iO) arc same and so the roots of y as obtained 
from eqn. (2.1), in case of displacement in Part 11 (Baneijce, 1966) and eqn. (3) 
arc having same set ol’ values 


Thus nl - 7„ {s 1,2,3, 4, ... r) 

F> ^ [aj -- ±i<h 

o lEj 

and 


“ L. { X (*■' 


w* ^ 2\ sinh 7„ c.ob 7„— (;osh y^ sin 7, 
E., ® / l-] -cosh 7 j, cob 7^ 


+211:2 Kiidi «jnh ky^ sin Aq7g] + cosh y^ cos kyg cos ky^ 

—cosh kyg cosh ky^ cos 7,— ^'j[sinli 7* sin ky^ c;o,s A^oytt+sinh ky: 


•m ^ ocosli kyg sin yg — 7*2! sinh y 


M 


y^- 


y sin kyg cos ^i7«-f sin7^sinh kyg cosh^:i 7 g]l , 
2(l+cosh 7 s cos 7 j J ^ ' 
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After simplification we gel, witli llie help of Heaviside s expansion theorem, 
prf^HSlll■e exerted by the load as 

P = — 47w,i;o 2 sin qj . . . (5) 

N'liere 


] 



Q 2 _l y r 1 _ 0 2 1 fosh sin y,— s inli cos 

L En * j l-|-oosli y^ cosh 


2[A'i sinh k^yg sin k^yg—k.^^ sinli k^y^ sin L.yg) 

H-c;osli kfyg cosh k^y^ cos y^ — cosh y^ cos /r^y* cos k.^y^ 

+ifcj[sinli yg sin k^y^ cos k^y^-^ sinli ky/g cosli A^y* sin yj 

y 2 7 s k,f/j cos fcj^y^+sinli A^ay^-l-Hinh k.,y,^ cosh k.y/g sin y^ 

^ 2( J d cosh y^ cos y^) 


Thus the pressure oxorted by the hammer during impii(,t is directly propor- 
tiona-l to the striking velocity and it involves all the physical constants appearing 
in the displacement equation (12.1), (Banerjee Ihhii) lor the stiuck point 


DURATION OF I M P A 0 T 

The duration of contact which plays a very important part in tlie dynamics 
()1 vibration of a cantilever under lateral impact ol an clastic load, is tlie time, 
measured from the instant the load comes in c.ontacjt with tlic bar and maintains 
its contact till it separates out. There are cases where the phenomenon of multiple 
(‘ontaci arises. The haminei' or the bar may again overtake each other with a 
short period of separation and the hammei continues to remain in contac.t till 
another separation occurs. This overtaking may take ])lace several times with 
iiiterving separations of short intervals until the load is able to leave tin*, region 
of vibration of the bar. In such cases, the total duration ol inqiact may he the 
tune that elajises between the instant the impact begins and the instant, the 
hammer finally breaks off with the bar Thus the duration of impact is obviously 
the lowest positive root of t, other than zero, obtained by solving P = 0, lor the 
given struck point, in the pressure equation (5) This time ol collision is used 
111 the expression for velocity (eqn. 13, Banerjee Ifififi) to obtain the velocity of the 
hammer at the end of contact. Drawing the pressure- time eiirvo as per oc^ua- 
tion(5) for pressure with required number of terms ol the scries we may obtain 
directly the magnitude of the duration of impact in specific ease, of a beam 
hammer system. 

Existence of different modes of vibration ol the bar, as given by different terms 
of the displacement series (oqn. 12.1) (Banerjee 196fi) governs the magnitude of the 
duration of contact. The experiments reported by the writer help to a^icertain 
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tll^^ iiiinifKT of tonus to be incliidrMl iii the pressure' equation (5) in order to 
( alee ul ate tlie exaet of the duration of iinpaet . Young’s rule also holds 

good That is d' the position of any node of a particular mode of vibration is the 
struck ])oint , tJie modi', is not excited, and it is found undi'.r this condition, that 
in our ])rossure eipiation (5), the terms corresponding to that mode vanishes. 
Thereforeil; is possihli^ to e.asily obtain the duration of contact, using required 
mini her of terms in the (‘xpri^ssion for pressure (eipi 5) of the present theory 
which iirevious theories faili'd to do 

I\r tl L T T r L K (MINT A C T S 

We jiroceeded to show that the load and the bar being attached during impact, 
move with a eomiuon velocity (eqn . llf) (TJaneriee llMhi) But at the. instant P — (», 
in our ^jresHure (M(ii (5), the contact terminates. Tlie motion of the bar is affected 
due to dctai hment of a moving mass and so its equation of motion is modified 
alter impact cases The change in the velocity ol the bar is in opposite sense to 
tliat suffe-rerl by Llii^ load at tlie instant seqiaratioii misiies This will create a space 
gap betwetm the, load and the bar At the end of a contact (when P -- 0), the 
velocity may have anv direiition with lespcct to positive impinging velocity of the 
load and is di'ti'nnined liy the striking distance and th(^ numlier of modi^s 
stimnlativl into activity during im]>act Wliim this vi'loeity, at the enp 
of a contact eonics out as positives the load moves in a forward direction with a 
uniform vedoeity as it has no resistance to overeoini' aftm impact ceases, and 
shall moot tlie cantilevei again Avhic.h would he vibrating with the modified 
displacement law ohtainiii at the beginning of separation with load. Thus 
the second contact in such case's is a lie.sli contact, compression of tho load 
follows and yiressui'e is built up again to reducie to zero, when another 
separation oc.curs Phenomonon of multiple contacts uiah e^ observed in the. 
region, tho load reverHi\s its direction where the magnitude of the vedocity 
of tho bar shifts towards highi*r value So theu'c shall he^ a suddim set hack in 
tho vidoeity of the bar due to any detachment of the moving load Overtaking 
the hammer to make anotliew contact in this re'gion dcpi'iids on the recovery of 
this lime-lag by the bar by siiitahlv modifying its di.s])lacement condition Thus 
at tJie filial termination of contact three conditions are satisfied, namely, the 
])reHsure hetweori the load and the cantilever is zero, the velocity of the load is 
negative and the displacomont-tinio curves of tho bar and the load do not meet 
again Tlu' higher contacts other than the first arc therefore different from what 
IS given by our general dynamics using pressure eejuation (6). Tho higher con- 
tacts shall sliglitly modify tho vibration form of tho contiloveu- obtained from tho 
displacemont eipiation (12.1) (Baiierjeo liMifi). 

fVom the general ('Xpressioii for pressure (eqn. 6), is found that tho duration 
of impact is not altered by the impinging velocity But consizering the effects 
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nf olastic oolliHions of two bodies, Hertzian impact is supenm^iosed over tlu^ {i^eneral 
condition of elastic impact, dealt in tlie previous ]iarts 


APPLOr^TTON OP HERTZ ’8 THEORY OF T P -V T 

Gliosb (1940) (ill case of struck siriiij?) lias considered the duration nf contact 
to bo dividi*d into three distinct periods In our iirobleiu too, we follow the same 
arguments.. Thus the three periods are named as 'First Hertz', ‘Hooki^’ and 
Second Hertz’ periods rospecitively During the First Hiu-tz period. thi‘, displace- 
iiiciit of the bar in our case, is not appreciable, and the pressure of impact obeys 
HiTtz’s law of impact uhtil a certain pressure is develo])ed t(> make the displaco- 
lucnt of tlie cantilever appreciable As soon as the bar Avas displaced, the ])ressuriA 
ol)(‘VS ‘Hooke’s law and the motion of th(‘ hammer is given by disjilaceiueiit eipi, 
(12 1) (Baiiorjoe lOhh) of the present general theory TJie duration of contac-t 
during tin's period is calculated by equating the pres, sure (‘Cjuation (h) to zero 
as usual Alter this ‘Hooke’ period is over, the extra compivssion developed in 
lids pel 10(1 IS relc'ased and the ‘Second Hertz’ period begins ft. is assumed that 
the ‘First Hertz’ and the ‘Recoiid Hertz' pc^nods have the* sami^ durations t (say) 
Tluaelorc^ the total duration of (;ontaet is where is the duration of 

Hooke’s period, as c'alculatod from our general expression of pri'ssuri' 
Following the method of Ghosh (1940), we wTitt‘, 

TIkv prc^ssuie exerted due to Hertzian inipact 


m 


(th 

dt'^ 


dhu 

dt^ 




dhi 

df- 


(0.1) 


— — c?/ 


3/2 


(0.2) 


s ^ and let n, ^ ^ . (0 3) 

r» 7n, 

wlic're c IS a constant depending on the geometric and elastic properties of the bai' 
and tlie hammer as also their .shapes at the contact surface Assuming ~ 0, 

during Hertz’s periods, and v,, =- , at/, 0, the time to produce eonqiression 

/i,). where is the limiting value of u at the end of a ‘Hertz’ period is given by 
(dio.sh (1940) as 


T = 


'hi 

«’() 




( 7 ) 


Thus taking the first approximation, i o rataining only the first term 
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(j)Q Ih (,alculai(Ml in tlin usual way from prassuro function (cqn 5). The value oi 
IS obtainerl by Helection from a partiisular sot of experimontal valuefl of the 
duration (d contact. 


A 0 K N 0 W L 1^ J) a E M E N T 
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DYNAMICS OF VIBRATION OF A CANTILEVER 
UNDER LATERAL IMPACT OF AN ELASTIC 
LOAD-PART IV (ENERGY OF THE BAR) 

B. B. BANEEJEE 

UnIVEIISITV OP JteNGTNEieUJNCJ, .HuitLA-DltlHbA 

[Received September 11, 1965). 

ABSTRACT. In Uiihi piipoi, tlie onoigj IohI. Ly the Jiainnun. diiuii^,' inipnct (■\^'llll•h ih 
to bo Iho onoigy of tlio Imi) ih dodiicpd, lollowiiiy; llio rhiouohoiis ol the goiii'iiil thooij , 
.1- gixi'ij 111 Purls I to Jil oi this HorioK of ]iapi>iH Kajk*! unonl s niiuorl oul miIJi ii ciiiit jJi'M'i 
ol k-nglh 95 cins., dm 1.27 onib and inutovial jiiild hUh'I la rojioi led Tiu' ngnrniont bohiooii 
llic l.lioor;) .md tlio expoj inioiit is oxfclloiil. 

It 18 sho^^ai by Banerjoc (JOOG-Part II) that tlio vnlooity of tho load at any 


instant is given by 



il 

1! 

4:VQ'LAg cos qji 

... (1) 

or 

= 4 It A, cos qgt. 

... (2) 


^0 


initial energy ol th(‘- liamrnor \ 

iOcjnatioii (2) gives tlie ratio of tlio velocity of tlio lianinici' at any niRtant 
iLiii’ing inijjaet, to the initial nii]wngiiig velocity ol tho load The variable time t 
j.s replaced by the duration of impact, when wo require tho ratio of tlio velocity 
ol tho han liner at tho termination of contact to tho initial velocity. Tho duration 
of impact is obtained as usual, by oquating tlie expression for pressure (Pt. II 
baiieijiic 1966) to zero for tho given struck point. 

The ratio of the loss of energy to the initial energy of the load is given by 



It is noted hero that the velocity of the lianiuier V, as calculated from eqn. 
(o) (lianerjoo, 1966) at the termination ol first contact is different than the 
rebound velocity of load in cases of multiple contacts. But in cases, where the 
mfluences of multiple contacts aro meagre, the energy lost by the liammer, as 
( alculated from eqn. (1) (Baneinee, 1966) will give sensibly accurate results. 

The apparatus used is similar to that used by Banerjee in the study of lateral 
impact on cantilever excepting the photographic recording arrangements. The 
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rod Js struck transversely by the liammer from different distances away to achieve 
different iinx)inging velocities The arc along which tlie hammer swings is measured 
from the shadow ol tlio outlini^ of the hamjm'.r cast ou a graduated translucent 
scale idacod viTy near to it The length of the hammer (pendulum bob) and its 
maximum arc of swing in eacli case helxj to measuri^ the velocities respcctividy. 


TABLE f 

Cantilever mild steel, length !)5 ems dia. 1.27 cms. 
Hammers 


Hammer A 

Ham me I B 
Hammer (^. 

Hamimu' U 


Brass, weight, 285 5 gms ‘mass ratit)’ 13.29 
radius of curxoiture at contact surfac(‘ 2 luns 
mild steel, other specifications same asHanimei A 
Aluminium, weight I OS gms rad at contact 
Hiirlaci*. 2 cnis 

mild steel, weight same as Hammer C, radius 
of c.uivature at contact suiiace 1 cm 


Hummci 

velocity A 

buioi-c iinjiiict <1:1 75 
('nih/scc 

A 

4 7,30 

79 21 

A 

94 73 

0.5 

1) 

0.5 

i; 

05 

IJ 

05 

Sinking 
dmtanco (cins) 


i-lai 

\«0 





115 

0751 

.(•030 

0519 

. 0030 

0031) 

0975 

1)375 

.9159 

1)0 

.H 100 

SI5) 

8100 

8151 

8151 

.7975 

!)J2J 

939.5 

N5 

S70 1 

S075 

8270 

8311) 

.8479 

8 100 

0 444 

949 4 

HO 

OOMl) 

8970 

8775 

8775 

8775 

8.') 50 

9450 

9500 

75 

1) 1 51) 

1)100 

8814 

SS4 1 

1)010 

8775 

9804 

.1)070 

70 

l)-105 

9 1 .5!) 

1)100 

1)040 

1):12 1 

. 8970 

1)919 

974 4 

05 

.1)210 

1)375 

.1)100 

9100 

.9100 

.8911 

.9933 

. 1)890 

00 

. 0000 

. 9572 

8970 

.1)100 

9100 

. 8844 

.9718 

9039 

55 

.91)00 

.9S79 

9801 

9831 

.1)831 

.9850 

. 9600 

.9694 

50 

1)780 

9000 

1)000 

9000 

9600 

9744 

.9984 

. 9994 

45 

. 1)500 

1)151) 

1)500 

1)510 

.1)448 

1)500 

9920 

9980 

40 

93.50 

.9321 

1)210 

9324 

.9100 

9324 

. 9000 

9490 

35 

SS44 

884 1 

.8814 

8844 

.8775 

8775. 

.9450 

9842 

30 


— 

— 


— 

.8440 

.9906 

9958 

47.5 

(iiiul-pl ) 

- 

— 

— 


. 9003 

- 

- 
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TABLE II 

Oaiitilovor : aanii'. as givoii in Tablo I. struck at. Ircio end 
Hammer : mild steel, velocity before impact 05 ems/soc 

J 1 "bh Ttu Tt 

31)1(4 .5914 Gl)75 .72KG Dlf.!) 


j\UlSh I'lVllO 


Tlio curves in Fig. 1 are for the same striking velocity and for liajumcu'S A, 
11, C, and D, respectively. It is foimd that the value of 1— * discontinu- 
ously lluctuates with striking distances The dilfercnce in the loss of energv 



lor particular struck point is very small for hanmiors of same mass but different 
o.lustie constant. Further comiiairing curves A and B, it is found that tJxe natui-e 
ol the fluctuation of the ratio of the 1ob.s of energy to the initial energy of the ham- 
Juer with the striking distances appears to be similar. But for haminers C and D, 
diis fluctuation is not similar. This shows that the radius of curveture of the 
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^,wil. l»l|tl., (SO — ) « Ifc . 0 - »“• 1 “" 

, .!„. (1. Oi ta of (O ^ ^ 

With ralio’ f(jr ilu' Haino ntiu<.k pom . ’ . , . 

U,«lH Uf a oonsuul maximum value aa Urn 'maaa latm meroaao . 


£ e 10 12 


ilui oauUlevov, sUm.U l.y Uam.ucr B at 47.5 cum (mul. ,>t) caloulatod 
f. I I ''‘V as Dcr c(|n 3, i« 3513 ami tlm expimmatal 

’*‘“"" 7 '; i-». .o«.* - »—o 

iauiumutal value m .3058 Tlu«e are very goml agreements. 

VCKNOWloHU'iEi'lKN''' 

pcrimeiit. 

itfUfcnoo, H. n., latw, J- ^ 

’ , lUM, I„dun,J.I-lm, 38,fl9-l«5- 
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DIELECTRIC CONSTANT AND INTERATOMIC FORCES 

C. M. KACHHAVA and S. C. 8AXENA 

PnYSica Depahtment, Rajasthan Univeiisity, Jaipuu, India 
(Received July 4, 1U65, RenubmtUcd yooembei, IS, ll)or») 

ABSTRACT. Tho existing elasBioul Uioory of diolootru- eonstuni is impruvi-d hv consi- 
deling a moiv clptaiLnrJ form for ilio uiforatomic forcos and tlio coiTohjjoruling ('Imugr in Uio 
|j(»lni'isatioii of tho medium. A )Drooeduro has boon sugge.siod lo dolonniuo Ihe n(>( polarisa- 
1i()ii Ttio theory is finally testod by eonsidoiing ihe low and high frequency dielectric cons- 
lani data of alkali halido crystals 

I N T R () D U 0 T I O M 

The mcchatiiRtii of polarisation of a dioloctrir wIkmi plarod in an oleetric, Held 
IS iiOM' fairly well understood Debye (1929). In developing such a theory the 
piohlem IS posed in tho calculation ol the effective field, Efjj, responsible for 
the ■[lolarisation of each of the atoms oi molecules of the ukmIjuiii. Mott aiul 
(Jurn(‘y (1948) discuss a procedure for evaluating Efjj in wliicli tbe contTilmtion 
ansiiig from the polarisation duo to the overlap of tlio neighbouring ions is also 
iiiclucled. We follow tho same general ajiproach and reformulate the theory 
taking into account a more realistic force-field. We furthiT specialize ami 
( orifine our discussion to tho alkali halido crystals having the sodium chloride 
1v])e of structure. For such crystals the xiotential miergy wlicn eonsidi^ring 
only the nearest neighbour interaction is, [Kachhava and Saxena {19fi.‘l)and 
Siixemi and Kachhava (]9(i4),J 


Hitc r is the interionic separation, c tho electronic charge, a and p are tlie potential 
paranioti'rs, and c and d are the van dor Waals constants. 

T H F () R y 

Tf we represent the polarisation of tho medium by P, when placed in an 
electric field of intensity E, the effective field responsilile for polaiisirig the 
molecule is given by 

Ee,J=E+^”P- (2) 

fn many crystals, as in alkali halides, there is considerable overlap between the 
negative and adjacent positive ions. This causes a reduction in that part of the 
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(^fMdfcivc field whieh is diKi to the polarisation of tlic medium. This neoessitates 
writing (Equation ( 2 ) in tho following form , 

E,ff = j5!+^ nP(\~l})^E+f^7, Py. ... (S) 

W(i further suggest that ft t>f y can be detorminod if ^(r) be known and for the 
parti(;ular form of equation ( 1 ) it is 


/; = 


1 - 7 == 






(4) 


Here is tho equilibrium iiitcrionic separation. Tt may be remarked that 
7 — — 1 ) corresponds to maximum overlap and 7=1 (^ — 0 ) to no 

overlap betw^eon the ions. 

As .shown by Mott and (Tiirnoy (1948) the high froqiionciy dielectric cions- 
taiit, r,„ IS given by 

^ _ N(a^-]-oL.j)—{HI3)7TmoCiOi ^{l~y ) 

-4r~7T 1 --(4/:i)7rA^(a,+a2)d-(l6/9)7r2JV2aia2(l-~')'“) ^ 

in which N is the numb(U‘ of ion pairs per unit volume and and are the polari- 
sabilities of tlu^ two 10 ns, 

Again following Mott and Chirnej’' (1 948) it can be shown that the low frequency 
dielec.tric constant, c, is 


c -I 

■:t+h.-i)7 


^ 7r»JV^a,«,(l -y) S 

1 -r)+ ~ 1- ^ S{l-y) 


(«) 


in which 


and 


2^^^ , -where 
P 



... (7) 


c 


co(r) — — 


d 


... ( 8 ) 
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A niucli cloanor and physicial result is ubtained by conibiniiiR rolaiicuis (5) and 
(fi) when one gets 


g 



b E S IT L T S 


We proceed to check the theory as ro])resentod by enuations (5), ((i) and (V)) 
hy considering alkali hlide crystals in particular. The potential iiarainotcis n 
and p were determinod by writing equation ( 1 ) in tlic Ibrni 

Mr) = — — [L — (10) 

and using the Born-Maycr conditions viz., 


and 


dMr) ^ 3 FT/ 1 dF \ 

dr NKKYOTI 


r — r„. 


(PMr) 

dr^- 


OF 

NK 


also at r — r„ 


( 11 ) 


( 12 ) 


IT(‘r(^ a is the Madclung c.onstant, T' and 7> are van dcr Waals constants and their 


Vtdnes as given by Mayer (1033) are used, T the absolute t(nn])eraturo, ^ ^ j 

/ 

t he coefficient of thc^rmal expansion, i'V>p ^ factor involving ( j. ] 

\ V oj / 


^\w)t iw) ’ are the jircssuro, molar volume and the 

oc^fficicnit of ( 
lolarisability 

d 1 ^ \ 

\ V dr I 


coefficicnit of conipriissibility respectively In the calculations dcscribcul later the 
polarisability values wherever noodod are those of Pauling (1927) Values of r„, 


and Fj,,p as compiled by Saxena (1065) earlier are uscxl. 


In Table 1 we report the high frequency dielectric constant of alkali halide 
crystals. The experimental values are as listed in reference (2). Computed 
values of are according to equation (5) with three different values of y. These 
ai'i y — 0, and 1 being the two extreme values, ami y as calciilateil from ecpiation 
(i). The latter y values arc also recorded in the Table I, column 2 It will be seen 
that £„ values are not mucli dependent on y mdicating thereby, as expected also, 
feeble dependence of on the degree of overlapping between the ions. It is 
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intorosting to note tliat in goneral them is a satisfactory agreement between theory 
and experiment. 

In Table IT wo disenas the low frequency dielectric constant, e, which is 
dependent on overlapping of the neighbouring iims in a much more pronounced 
fashion. Tliis is substantiated by the computed values of c reported in the Table 
lor t]i(? two extreme values of y. The cuiteria of fixing y thus is anticipated to have 
a cnieial t(‘.Rt in tins case It is encouraging to note that the calculated values 
according t(j Equation (h) are in good ragreomont with the experimental values 
and specially when one recalls the rather large uncertq,iiity associated with 
the coiniiuted values due to the greater uncertainty iii the polarisability data. 
We personally regard this agreement as evidence of an overall adequacy of the 
theory of dielcictrio constant as well as of Equation (4). 

A way out of avoiding the uncertainty creeping in the calculation of c hasetl 
on Equation (0) is jiossibhi if one utilises ilie relation of Equation (9) We use this 
ridation in conjunction with the experimental and y values to calculate c. These 
aro also recorded in Table Tl, column 7. It is to be noted that the agreement in 
almost all cases is appreciably improved 

The relation given by Equation (9) can also be utilised to fix the values of y 
itself. In such a calculation experimental values of r and arc. used. The suc- 
eess of the procedure is tlu'TC'.fore related to the accurac.y with which the.se c;oiis- 
tants can be determined. Tli(» y AUiluos obtained according to this procedure' 
are recorded in Table I, column 3. * 

Within the soojie of large uncertainty in the y values obtamofl from Equation 
(9) we feel it reasonable to conclude that the two sets of y value, s are in good agree- 
ment with each other, again lending confirmation to the procedure suggested for 
evaluating y. 

tSo far wo have essentially worked within the framework of classical theory of 
dielectric constant as modified by Mott and Gurney (1948). In this picture the 
effective charge of the ions is assumed to bo uneffocted Sz.igeit (1949) pre- 
sented a different theory by (ioiisideriiig tliat oveilap causes deformation of the 
olectrenic shells so that they are no more spheric-al, as usually assumed. This 
approach tlius finally makes the reduction in polarization so far considered 
eijui valent to a change in the value of the eharge on the ions. According to this 
latter theory the actual charge ze on an ion heliaves like liaving an effective 
value of Szigeti (1949, 1950) has calculated the value of .s for thirteen 
alkali halides and eleven of these are reproduced in Table III. If this theory is 
made equivalent to that of Mott and Gurney (1948) s and y sliould he identi- 
fiable. We further confirm this by calculating €q and c from Eqs. (6) and (9) 
respectively by using s values as listed in Table III for y in them In this very 
Table in columns 3 and 5 wc report these values and their percentage deviations 
from the corrreapondmg experimental values in_coiumns 4 and 6 respectively. 
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Those values are setm iu bo in good agreemonl and also favoiuably coniparo 
with the findings of Table I and II. The low friu|iieney dieeleelriu constant c 

TABLE I 

Values of y and for alkali halide eiystals 


Calciulatod y values 




Eo 



















Cnlcidal I'd 




Eq. (4) 

Eq. (0) Kxptl. — 




— 






y vuiiablo 

% dev. 

y — 0 


7- 1 

LiF 

0 74 

0 40 

1 

92 

2.13 

+ 10 9 

2.13 


2.16 

Ju(U 

0.(iH 

0 40 

2 

75 

3.63 

+ 28.4 

3 51 


3.54 

Lillf 

0 70 

0.51 

3 

IG 

3.83 

H 21 2 

3 65 


3 84 

Lil 

0 G7 

0 (5G 

3 

80 

4.70 

+ 25,3 

4 , 75 


4.78 

NiiF 

0 70 

0.3G 

1 

,74 

1 77 

+ 1 7 

1 71 


1.78 

Nad 

0 70 

0.70 

j 

25 

2 67 

+ 18 7 

2 . 63 


2 70 

Nil Hr 

0 70 

0 21 

2 

62 

2.90 

i 14 5 

2 83 


2.93 

Nul 

O.GO 

0 03 

2 

91 

3 15 

+ 1G.5 

3 31 


3 48 

Kb' 

0.74 

0.70 

1. 

,85 

1 75 

5 4 

l.GO 


1.78 

K(U 

0 71 

0.41 

2 

13 

2 27 

+ 67 

2 16 


2 31 

KH] 

0 GO 

0.40 

2 

33 

2.42 

+ 3.4 

2.32 


2 48 

KI 

0 70 

0 30 

2 

.69 

2 78 

+ 3 3 

2 67 


2 84 

Rhl' 

0 71 

0 H8 

1. 

,93 

1 87 

- 3 1 

1 79 


1 91 

jihd 

0 71 

0 G^ 

2, 

,19 

2 23 

1- 1 8 

2.10 


2.29 

HliHr 

0 G!) 

0 84 


.33 

2.34 

+ 0 4 

2.21 


2.40 

Hbl 

0 70 

0.53 

2 

03 

2 63 

0 00 2 50 


2 71 




Av.AI)K. % dov. 10 1 








TABLE II 






Ex])eriiiiental and calculated ft value.s for 

alicaJi 1 

lialido crystals 



Calculated Eq (G) 


(Jalciiluied Eq. (9) 

( 'rysLul 




















y 

V unable 

%dev 

7-0 

7-1 y 

variable 

%dev. 

7 

-0 7^1 

LiF 

0.27 

12 10 

+ 31.5 

6. ‘15 

20 3 

10.50 

-1 13 3 

G 

24 15.13 

JaCl 

11 05 

14 14 

H-27.9 

5 25 

44.3 

9 . 79 

-11 4 

5 

49 17.35 

LiHi 

12 1 

14.45 

+ 19.4 

5.03 

66 8 

10.66 

- 11.9 

5 

54 19.07 

Lil 

11.03 

15.69 

+ 42.2 

6 76 

67 2 

11.13 

-h 0 9 

5 

80 23.81 

NaF 

0.0 

7 10 

+ 18 3 

5.19 

9 64 

7 03 

4 17.1 

5 

19 12 90 

Na( Jl 

5.02 

7 ti4 

+ 39 5 

4.77 

11.34 

G 37 

+ 13 3 

4 

.36 8 31 

NaHr 

5 09 

8 21 

+ 44 5 

4.85 

12.49 

7.27 

+ 21 4 

4 

64 10 00 

Nal 

0 GO 

8 08 

+ 31.5 

4.98 

13 80 

7 03 

-1 6 5 

4 

58 9 82 

KF 

G 05 

5 44 

-10.8 

4 10 

6 63 

5 70 

- 4 3 

3 

.99 G.H9 

KCl 

4.G8 

5 . S3 

+ 24.6 

3 98 

7.54 

5 46 

H 16. G 

3.95 6.63 

KHr 

4 78 

4.89 

+ 2.3 

3 96 

7.46 

4.47 

— G 5 

3 

96 6.83 

KI 

4 94 

6 56 

+ 32.4 

3.26 

8.99 

6.23 

+ 26 1 

4 

28 8 25 

KbF 

5.01 

5.18 

-12.3 

3.84 

6 29 

5.23 

-11 5 

3 

. 98 6 39 

KbCl 

5 0 

5.12 

+ 24 

3.67 

6.41 

5 00 

+ 1.2 

3 

.76 6 04 

HbBr 

5.0 

5 13 

H- 2.6 

3 70 

6.57 

5.16 

-1- 3 2 

3 

81 6.57 

UbI 

5 0 

5.69 

+ 13.8 

3.84 

7.20 

5.57 

11 4 

3 

97 0.H2 


Av. Abfa. % dev. 22.3 
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TABLE III 

CaJ(Jilatofl valuoH of tiiid c fi(jin Eqs (5) und (!)) rcjspootively UHing s 
values of Szigeti foT y 


t’ryHliil 

R 

(hiiculaLuil 

ew 

% dev 

Ciilriilatod 

e 

% dev. 

LiE 

0.H3 

2.13 

10 9 

11.7 

20 2 

Nah' 

0 93 

1 7S 

2.2 

B 03 

43 8 

NuUl 

9 74 

2 tiS 

J9 1 

6 57 

15.1 

JSIaUi- 

0 99 

2.S6 

9 2 

7 IM 

19 9 

Nul 

U 71 

3 4(. 

18 2 

7 20 

9 1 

KCl 

0 MO 

2 32 

9.0 

5 77 

23 3 

KEr 

0 7(j 

2 40 

5.0 

5 69 

19.0 

K1 

U 69 

2 75 

2 2 

0 28 

27.1 

UbCl 

0 H4 

2 25 

2 H 

5 44 

8 8 

Jlbl3r. 

0 82 

2.30 

1 3 

5.57 

11.4 

UbJ 

0 79 

2.07 

1 5 

5.84 

10 8 


Average % dov 7,5 19 9 

Jlow on thoa vorago is reproduced within a margin of 20 per cent. In Table II 
we find the reproduction to b(i relatively superior . The average absolute 
deviation was J1.2 per cent. This indicates a preforeiicc for the use of y 
values as obtained iiere in the theoiy of Szigeti (1049) for s. Those results 
fiirthei' lend confirmation to tlie picture advanced liere for the role played by 
the overlap forces in the dielectric polarisation , 

A 1* r E N O I X A 

While developing the theory of dielectric constant in this paper we have tried 
to take into account the effect of the overlap on the polarisation of the medium 
The rcMluctioii is ostiinated by introducing a factor ^ (or 7), which is defined by equa- 
tion (4). This defining relation was stated more or less on an ad hoc basis and here 
we present a simple brief proof for the same. 

In the absence of overlap the polarisation P of the inodium is entirely due to 
charge-charge interaction. If the potential energy because of* this interaction 
be (fig we have 
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If 7, is the corresponding intensity of the electrical lic^kl ihoii tlio forcjo, F,, ex- 
])rriL>ncocl by a charge q in the polarised medium is 


F. = qh = 


% 

dr ■ 


(A2) 


In tlic presence of overlap the i)olarisation of the luedium is altcrcnl, and so 
arc the electrical intensity and the force on a charge. The force 7’„ now acting 
oj) 11 le same charge q because of the overlap only is 

= ... (AS) 


/„ JiS tliai part of the total electrical intensity which owes its origin to tlu^ 
ov('jlap Ibrc-e 7’,, The defining relations for lor the j)otciitial of equation (1) is 


^0 -- «xp (-tip)- 


(A4) 


Obviously 






7 , O^Jdr • 


(A5) 


or 


1-7 ^ 




■^o/P- 


6c 


8d 


ey/ro 


(A6) 


A p r E N o 1 X n 

In the theory of the dielectric constant discussed in this jiaper the effect 
"I overlaj) of the neighbouring ions is regarded t(» cause the reduction in the 
jiolarisatiou of the medium In this picture the effectivt'. charge of the ions is 
A'-sumed to be unoffected. Szigeti (1949, 1950) lias considered this pioblem 
<n a diiferent way. He assumes that the reduction in tlie ijolarisation is 
ccjiii valent to a change in the value of the charge on the ions. He introduces 
d parameters to estimate the refunetion in the actual value of the charge 
These two pictures can be regardiid as ecpiivalont and his s values can be (!om- 
pared with our values. The two sets of values agree reasonably well. tSzigeti’s 
ideas have been further developed (Dick e,t al., 1958 ; Hanlon el al., 1959) and 
some comments in this direction we hope to report in due course. 

3 
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ELECTRON COLLISION WITH CAESIUM ATOM 
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DeI'AUTMENT 01<’ TIIJEOIIETICAI. rilYSK’S 

Indian Association fob, the Ci/lttvatton of SnuNCF 
Jadavpuh, Calcd'i’ta 32. 

{Hcocived December 11. 1965) 

ABSTRACT. Tlic oUihI-u' scattoring crosB Roriion for slow oloctron srnUonng by 
( uosiuin atom lias boeii calculated by taking the form of Stono and Keitz foi the atomic poli'ii- 
tiiil and tliat of Bionnaiiii and Hai'tmg for tlio ])o]ari/atJoii jiolcnlud As tli(‘ I'xtliango idfocl^ 
ih nugligiblo in tho onorgy corresponding — 1 a u., ils consideration has been excluded 

INTRODUCTION 

111 tho study of tho olastio soattoriiig of slow olootron hy noutral atom wo ari' 
up against tho diffiijulty ol tlio ohoioc of a suitahlo pntontial to ropr(‘Sont tlio hold 
gcTioTiitod hy tlio niKilous and tho surrounding oloctrons of tho ai-om; furtlior wo 
Jia\''o to consider the distortion of this field indii<‘,ed hy tlio incoming electron 
111 such a calculation wo have to hoar in mind the possihility of exchange of roles 
helwoon tho incoming electron and the hound electron when they are close to each 
otlna during the impact. iSalmona and Soaton (1 960) have calculated such a process 
ill Ih^tho approximation for sodium and caesium atoms and have found that tho 
vahio of tho cross sootioii for Os. atom roaches a maximum at an energy value 
70- — 09 atomic units, which is nearly the samo as has been found expcn'innm tally 
by Brodo (1929), hut tho magnitude of tho cross section at that energy is niiuh less 
iliiiii that of Brodo. Garrett and Mann (1963) have taken tho potential for tho 
atomic fi(dd of Cs. atom duo to Hartrin^ and for the polarization field duo to Biiu- 
iiianii and Harting (1942); except for a little incroasij in tho region .04 < 

06 a 11 . thoir cross section doorcases monotonously witli tlic increase of om^rgy 
111 tho range .01 < < 1 .96 a u Tlieir calculation fails to sliow th(‘. sliarp 

peak at /\2 ^ .09 a.u. as observed cxperimoiitally hy Brodo. iStone and lloitz 
(1968) using an adiabatic model and including exchange efreci; liave ealc-nlated the 
'loss section of scattoring in tho region 00025 < K- < 065 a u They have 
toLiiid that the influence of exchange is quite considerahle below — .02 an. 
and is small thoroaftor. The valuation of cros section with energy in that range 
si lows a maximum at tho value — .02 a u. However, the exjierimeiital results 
of Ohen and Raotlier (1962) do not agree with their (jalenlatod values Using 
a first order perturbation theory in the adiabatic approximation Crown and llussek 
(1965) have calculated the same problem in the energy range .rK)005 < < 

<2 a.u. They have obtained a minimum value for the scattoring cross section 
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jit - .0085 a. 11 ., whmoaH Stono and Reitz (1903) havo obtained a maximum 
valuo near about the name jiomt 

111 view of the fact that the theoretieal msulta are at variance with each othr 
w(i havo made an attempt to calculate the same problem taking different combina- 
tion of x>utontialB witli a vitjw to obtaining bettor fit with exiierimontal results, 
wliicli are also not quite consistent. For our calculation wo have cliosen the poten- 
tial field of tlie Ch. atom as that of Stone and Reitz (1963) and the xitdarization 
potential of Biermann and Harting (1942). Tlio value of the scattering cross 
section in units of at the energy — 1 a ii comes to 497 as compared to 160 
of Clarrott and Mann (1963) and 70 of Crown and Russck (1965), whereas the 
experimental valut» duo to Brode (1929) is 263 

The potential for the screened atomic field of Os, is split up into two parts. 
For tlui legion 0 < r < 2 a u. wc take the7form of Prokofjew which is a modifica- 
tion of the Hartree potential for Cs+ ion, and which has been tabulated by Stone 
(1962) for the values of the effective charge Z{r) of the Cs"*" ion core against r. 
Wc are justified in taking this potential because inner core electrons are insonsitivi^ 
to the state of the valence electron. In the region 2 < r < oo we choose the 
values given by Stone and Reitz (1963) who had plotted the logarithm of the 
potential V(r) against r. As this curve is a straight lino wo choose V — Ae~^^. 
Our ])oteiitial is c.ontiiiuous at r — 2. For the polarization jiotential wo use the 
form of Biermann and Harting which has also been used by Garrett and Majin in 
their calculation. 


where a is the polarizability of the atom 

As the mfiucnce of exchange is not of considerable value at = 1 a.u. 
(27.2 ev.), we have not included it in our present calculation. 

THEORY 

The diffiu'ential (uoss section is given by 

<r(0)=l/(0)l“- !..| 2 (2?+l)f’'f8inw.,(ooaO)|= ' 

A" 1=0 

Tlie total cross section becomes 

ce 

(T = S <rj 




where 
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To oalc.Tilate the phase sliift i}i mv have iisoil WKB uK'thocl w itU Ijanger niodi- 
lieation, according to which the phase shift is given by (c.t. Landan and Lifshits, 
1959) 


W -/C ]rfH -Kr, 

w liere r, is tlio value of r for whicJi the expression under the radical sign is zero. 

n E S U L T S AND J) I S C, IT S S T O N 

The potential term U consists of tAvo parts; one due to the field of tlie Cs. 
atom and the other duo to the polarization induced by t]i(‘ incident electron. 

— V ^ F(r)-| r^(r). 

K(r) — for 0 r ^ 2 

-- 2.2594c lor 2 < r < cn 

W - )"}1 


We have taken 

a = 243 atomic units 
= 6 13 atomic units 
/ = .8 

Using the abov(‘ values of the parameters wo have' numerically integrated 
the expression 

]■ |, 1 * 


From Table T it can be soon tliat at the incident energy K'*^ — I a.ii quite 
a large number of phase shifts contriutes appreciably to thc^ total cross section 
The contribution from such a largo number of jiliasc shifts has considerably in- 
‘ reased the value of the total cross section tr. The value of the total cross section 
obtained by us at K‘^ = 1 a.u, in units of ib 407, the same obtained by Garrett 
and Mann is 100 and by CroAvn and Uussek is 70; whereas the experimental value 
due to Erode is 263 at that energy. It may be mentioned hero that at oui- energy 
the i nfl uence of polarization potential is not of mucli consequence. Tlie value 
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TABLE I 

Cahjulaiod pha.so sUiftR anrl partial croHS sactions at = 1 a.ii. 
(27.2 o.v.) 


l 

ni 

tjl m ih(j uniiH of irno 

0 

18 220 

1.30 

1 

17 9r»,5 

7 30 

2 

12 048 

0.13 


0 030 

3.32 

4 

4 000 

34 47 

5 

3 001 

20 48 

0 

:i CO.T 

12.40 

7 

2.824 

0.84 

8 

2 247 

41.30 

9 

1 207 

00 38 

10 

1 .009 

00.19 

]] 

0 807 

03 40 

12 

0.638 

3.0.02 

13 

0.491 

24.03 

14 

0.374 

10.47 

15 

0 273 

9.04 

10 

0.269 

9.37 

17 

0.173 

4.17 

18 

0 117 

2 03 


obtained by Garrett and Mann witli Hartroc potential is less than tlie experi- 
mental value of Brodc, the potential of Stone and Eeitz extends further than the 
ITartr(^e field, ns such "we felt that the, potential of Stone and Reitz would increase 
the valuer of the cross section to bring it in better agreement with the experimental 
value, but the increase is much more than our expectations. It is difficult to judge 
the suitability of this iioteiitial by calculating the cross section at one energy, 
for proper appraisal it is necessary to see its variation with energy. It is not 
easy to reconcile our too large value with the too low value of Grown and Russek, 
Avho have, in support of their result, compared with tlio expcrunental value ol 
Morgulis and KorcOievoi (19fJ2), which diffius consideiably from tliat of Erode 
(Margulis and Korcliovoi have obtained 57 for — .048 whereas the value of 
Erode is 300 for nearly the same point) , 



Electron Collision With Caesium Atom 


237 


ACKNOWLEDGEMENT 

Tlu‘ authors wish to thank Prof. D. Basil for liis kind mterost in tho ])robloni 
and for many helpful discuasions during tho progress of tho work 

REFERENCES 

l3iormaiin, L. and JTarting, II. 19't2, Z. Asltophys 22, S7> 
l?i()d(', R. 13 1920, rhyt,. liev , 34, (573. 

Chon. C L , and Raolhor, M. 10t)2, Fiii/s Heu . 128, 2070 
Crown, .1 II. and RuhsoIc, A , 190/), Phyn. Rev , 138, AliOO 
Gaijott, W R and Maim, R A. 1903, Ffti/s Rev 130, G5S 

Landau, L D and LifHhiiy., F. M , 1959, Mechuiiie^ Mon icUtitvihite Theory 

Torgamon Tiohh, Luudoii-i‘ariB, p.41G. 

MorguliH, N. D. and Kondiovoi, Yii.P. 1902, Zk Tech. Fiz 32, 900 (English IrauHl, 1902, 
Sovet Fhys. Tech. Fhys 7, 055) 

S.ihnona, A and Soaloii, M- J. 1900, Froc. Fhys Roc 77, 017 

Slono, P M, 1962, Fhijt Rev 127, 1151 

iSiono, P. M. and Rmi/. .1. R. 1003, Fhys Rev 131, 21UJ, 



26 


INFLUENCE OF LIMITS SET TO LATERAL DISPLACE- 
MENT ON THE DETERMINATION OF MEAN 
MULTIPLE COULOMB SCATTERING IN 
NUCLEAR EMULSIONS 

PUKM K ADITYA 

InIJIAN lUSTlTU'J'Ji Olf TEtJHNOLOOY 

New l)j'iaTi-29 (India) 

{Itawhotil Jufji 27, HKi.'J , Rcsu,hnnUe.d Dccnnbei C, lObfl) 

ABSTRACT HciiitpriuK •■ouHLaai haH >»ouii (Iftormiiiod ui nufltiai omulBions 

UKiiig 8 C!()V[A-im‘Houh. 'J'fu* iiiflu('nc5( <i| limit.K not <iri laieml hf iiUouiig of I, nicks has hooii 
invGHtigaUid 11 has licou hIiowii llial/ an unclorcHtimulioji to an ftxtoiit of ujjto 25% may be 
uiLroduood by lOHtuci.jiig truck dinplaccmcntH to say about 50 |xm in 10 cm travel Such limits 
aro gonorally imjioaod upon by tho roqniremont ol having close puu’K of tracks to avoid spuri- 
ous Hcattormg 111 relative scuttoring meaauremouts or duo to the limited width of the field of 
view of tho microscopes and duo to finite thickuesB of tho emulsion layer 

INTRODUCTION 

111 roconl years tlioro have been many invostigations on multiple Coulomb 
soattoring, particulai'ly the rietormination of tho seattoriiig eonstant in nuclear, 
emulisions. The scattering (ionstant for a singly ehargetl particle is clehned by the 
relation, (Voyvoclic and Pickup, 1952) ■ 

^ „ KZti 
■pfic 

where a is tlio mean scattering angle in degrees, ])pc is momentum times velocity 
in MoV and t is tlie cell length in 100/y,ni units The scattering constant, K in 
MeV deg. (R)0//m)i is known to lie about 25 to 30. The determination of K 
involves moasui*einenl of the mean angle ol scalioring, the method generally 
adopted is tho coordinate method developed at Bristol (Fowler 1950). 

In an investigation carried out rocontly (Aditya 1964a, 1964b) multiple scat- 
tering measuremonts had been made on tracks of 8 GeY /t-mesons. It has been 
shown that because /t-iiiesims have only olectroinagiietic intoractiou, in contrast 
witli pj-oLons and 7 r-niesons whicJi have also a finite cross section for inelastic inter- 
action, tlie multiple scattering is more precisely defined for them, 

STATEMENT OE THE PROBLEM 

From the observed multiple si;attering for particles of known, energy the Scat- 
tering constant K should bo directly detoriiiinable. 

Ideally the observed scattering should be entirely genuine. There should 
bo no additional component and thoro should be no restrictions imposed upon 
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hy Ihti oxporimental method. In actual practice, however, the omulsion Hiil'fois 
fi oiu the presence of spurious scattering (scje, for oxaiiiplo, Biswas fY 1955, 
Aclitya ef al 1963) which severely distorts the frequency distribution of angular 
hcaitoTH and leads to an over-estimation of scattering. 

In order to eliminate spiu-ious scattering one of the giuiorally accejitcd nietliods 
Ijab l)een the relative scattering of “close tracks”. It lias been shown (Biswas 
(f al 1957) that, spurious scattering increases with increase of mutual separation 
bi'.tv een two tracks of a jiair Limits are thus generally sot to track separation 
(Ic'.poiiding upon the magnitude of spurious scattering in tlio plates. Limits are 
ht'i sometimes also in order to avoid the inconvenience of realigning a track moving 
nut of tJic field of view due to largo angle scattering and curvature due to genuine 
sciittiu'iiig. Such a limit is sometimes enforced upon the observer hy the finite 
lliicknesH of emulsion. This phenomena called flat-cliaiiiber effect (Menon ct al. 
1951) IS severe for low energy particles rctstricted by limits set on lateral displace 
ment in the vertical plane 

it has heen shown (Aditya, 1964a) that the r.m.s. valuta ol displacement 

(/oil) of a track of energy (GeV) with repect to original direction in 
traversing a distance x{cm) m emulsion is given as : 

_ 50 a;3/a 

In deriving this relation it has biwn assmiied that the angular scatters have 
a normal distribution. Thereby this relation gives the fraction of particles which 

i(x,p/ic,d) 



i. Tho probability, f{x, pPc, d) that tlio track of a particle of energy p /jc((jiBV) will 
have a displacomont loss than d((xw) in traversing a distaniie x{rm) in emulsion, 
plotted agauist a?, for various values of the product pPc.d (GeV (xia), letLors attached, 
to the curvoB. 
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undergoing genuine seattciring wdl eoiifino themselves to the iirescribecl limits of 
latei al displaceineiit. By making use of standard tables for area under the curve 
(jf the Gaussian flistribution, the fraetion of particles that will confine their lateral 
dis])laceni(‘.nt to sev(»ral other limits, measured in tlie units of tlie standard devia- 
tion, lias bt>on (lalciilated Tin*, results are plotted in Fig 1 The ordinate gives 
h(a‘e f{x, ppi', d), the, fra^!tion of tracks for which a paiticle of energy p/?o (GoV) 
IS ex])ected to liavc* a displacement less than in travc-rsing a distance x{cm) 

in emulsjfm. F<jr cm travt^rsal and f(x, pffc. d) — 0 5, the jirodiict pfic.d is 
se(*-n to be 40(1 GoV./^m. Thus tmly 50% of particles of energy lOGeV, under 
going genuine scaitiumg, are t*xj)oeted to liavc a lateral displacement within 40//w, 
measured Avuth respect to tlie initial direction at a; — 0. A small value of / indi- 
cates that most of the partick'S (i e , fraetion 1 — /) will not have their tracks limited 
to the prescrihcd lateral dispkwamient If measuromiiiits are made only on such 
tracks as remain within limits, the observed scattering would be underestimated 

The curves in Fig.l, can he converted into /(a;, p/^c, 6) for mutual separation 
.s(//m) between a jiair of tracks ol equal energy p^c(GeV), starting initially with 
almost im angle ln^twc^en tkeiii In sucii a (axso the probability that the angle 

will only inci'case due to scjattoriiig is — ~ 1 , where 12 is the solid angle de- 

471 

fined liy the? a^pei-tun^ of tJio pair TJie avoiage soiiaration at small distances may 
be assumed to lu* \/'l tunes the individual disiilacemont, (Aditya 1959). llefer- 
ring to Fig. 1, and the case a; — 5 cm, f{x, pfic, d) — 0.5 as considered above, 
the jiroduci p/k.s would lies 400/'v^2. Thus for pairs of tratjks of lOGeV iiartiidos 
tiansvorsmg 5 cm, only lialf ol the total number of pairs will have a separation 
less tliiiii about .’lOgm or that only about 35% will have separation to within 
50 pm. 

In tlie present work wt^ havo detorinined the underestimation in scattering, 
flue to sucli rostri(!tioiis imposed on lateral displacement. 

E X P Jt I M E N T A L M A T E Jt I A L 

Multqile scattering measurements on tracks of 8 GeV //-mesons made for the 
earlier Avork (Aditya 19()4a) have been emi>loyed. The momentum of the 
//-mesons was precisely knoAvn in each region Suitably selected tracks were 
followed for over 10 cm length. 

The overall noise, (personal cum that of ilie equipment), had been measured 
from iiino to time using standard toelmiquos (Biswas et al., 1955); it varied from 
0.l//m to 0. l5//m lor different tracks. The observations had boon restricted to 
regions having no inoiiauiable distortion, studied in eonnoction'with another work 
(Aditya and Puri 19G4) where wo have shown that spurious scattering can be under- 
stood entirely in terms of distortion Spiu-ious scattering is estimated to bo at 
most of the same order as the overall noise 
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Particulflir flittontion hficl boon pa>i(l to bias, in tlio solcotion of trades, arising 
JiLc to limited lateral disidacemont. From equation (1) abov(' ami making allow- 
ance for two standard deviations it was known that 95 of particle's would rc^s- 
tiK t tlic^niselvos to proHcribod lateral displaeomcmt On this basis iiiily sueli tracks 
were picked up for nieasurcmient as Avoro oxpociod to stay w itliiii the thicknoHs of 
eiuulsion for entire path length in the plate. No limits Averc^ set on tlu^ dis^ilaee- 
iiLi'iit in tlm projected piano Those conditions ensured a bias-free sample of tracks. 

ANALYSIS 

The influence of tho setting up of limits has boon ox^K'rimc^ntally dcAtcM'minod 
be cjilcjulating moan scattering for diffciront arbitrary limits sc^t to the lateral 
(bsplacomcnt of //,-inoson tracks with rospoc-t to initial tlircctioii Limits liavo 
Itcoii sot at value's from 10/nn to 150/nn over 5 cm traversal of omulsion , tbe^ results 
on scattc'riiig constant for 5 cm coll length aiv gmm in tabic I. Tlio porcc'utago 
iiiidc'i -ostimation is given in t'olumn 3, having boon takem as HI 0 (Voyvodic 
;ind rickup 1952) Thc^ influemeo of sc^tting arbitrary limits to latoial displaco- 
iiu'iit IS McMui to bo considorablo, Tho data alloAV an oiiipiricsal relation to be 
■MTittcm as : 


porcontago undorc^Hiimation — H0(1— 

\\ liei(‘ /,y, is the value of the function /(a;, vftc, d) for displai.C'inc'nt in tho projocitod 
jilano. This oiniiirical rolaticm is expected to hold u])to about 25% uiidcreHti- 
niatiun only. 


TABLE I 

Dcpondcnico of K on Limits Sot to Lateral Scattering for S (h*V /f-mc^sons 
at 5min Cell Lcmgth 


Maxiraiun 

lutUl'Lil dlH- 
ploccJinont (am) 

N obaorvod 
[Mcjv dcR. 
(100 

Uiidc'icHtiina- 
tion (pore Oil - 
tago) 

/(ft, (/) 

10 

24 O-hl 8 

23_L« 

0 10 

2n 

2.5 Oil 0 

I7i0 

0 28 

.'10 

20.4:1:2.0 

1.5 ±0 

0 52 

100 

28 7±2.l 

7i6 

0.83 

150 

30 2i2 2 

2J-0 

0 05 


Tho observations in depth wore not taken at each successive coll but only 
at low points along the tracks However an approximate estimate of tho influence 
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of Hotting \xp of limita in tho doptli diroction has been similarly marie ; wo find 
(‘inpiricsally: 

poroontago iindorostimation = 8(1— /g) 

Those considorations may iioav be applied to data available in literature 
whore limits harl been sot to track separation. The underestimation in K duo to 
rest! iritions on latru-al scattering has been calculaterl by using omperical relations 
givrui above results arc given in tablr? IT. It is seen that K may be underesti- 
matrid by about ij% to 20% by this type of restricted sampling. Tho bias for 
obvious reasons is large in oxpr^riraonts involving larger length per track. It is 
quitci ]»osHible that the apparent decrease of scattering constant with cell length 
(Ho.ssain et ah 1061, Pal Hal. 1963) is partly associated with this effect. 

TABLE II 


Undoi-estimation of K calculaterl for limits set to lateral rlisplaccment 
by other investigators 


lioforonro 

Pttriiclo 

Energy 

(GoV) 

binutB 

d or «(gm) 

£r(em) 

Under- 

eBtimaiion 

(pereeritago) 

Bnsboul- ct at. (1950) 

<77 

4 5 

By = 50 

1 

0.6 




«/, = 20 

6 

7.2 , 

Biswas et al. (1967) 

P 

6 2 

sy =200 

5 

3.G 




HZ = .50 

5 

5.0 

Aditya el al. (1963) 

P 

27 

By =100 

8 

3.0 




HZ = 50 

R 

3.2 

Kamal et nl. (1964) 

P 

24 

By = 50 

10 

17.4 




BZ ■= 20 

10 

6 7 

HoRBain et al. (1901a) 

•7T 

16 2 

fly = .50 

10 

18 

Bozoki ef al (1904) 

TT 

17.2 

dy = 50 

10 

17.4 


The influence of this bias is not felt in the scattering constant values of all 
thr^ Avork referred to in Table II, presumably due to different level of spurious 
scattering. If tho level of spurious scattering is low, then the scattering on tho 
whole is underestimated, as in the case of, Brisbout et al. (1956) and Hossain et al. 
1961), leading to underestimation of K. However, if spurious scattering in tlm 
jilatcs is large, as is for other references in Table II, then in spite of best elforl 
it may not be possible to eliminate entirely its influence. Tho amount of spuriouss 
scattering that continues to remain in the result would over-(5stimate the scattor- 
ing It M'ould in the flrst instance compensate for tho underestimation due to 
bias and eventually incnmse the observed scattering. A wide variety of result.'^ 
might thus bo obtained under different experimental conditions. 
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LOCKING PHENOMENA IN INJECTION SYNCHRONISED 
PULSED OSCILLATORS 
B. N. BISWAS AND G. BATTA 

DlCPAllTMENT OF PHVSIOS, UNIVETlfilTY OF HITHOWAN, 

Wifiai’ Bengal, India 
{UecvAvad January 28, 1908) 

ABSTRACT. 1’ho plionomoium of RynrhroniMaiion m a pulsotl oHcillaior with a CW 
roforonno Hifjrnal has Jaioii stuiliad with parlu-ular omphasiR on tho locking rango. Tho offert 
of low fi'oqnoiicy tiiTi(i-c onstant of tho gain ofmtrol i ironit <if tho pulsor) osfillatui' on the lock- 
ing rango has boon taken into consicloration It has boon pointod out that tho brotidoning 
ol tho diHcroto Hpoctral lines which would have* otherwise ocourreil in an incohoieiiii modi' of 
oscillation will bo reduced in tho case studied Exjiorimontal results have boon jiresonted 
and louiid to bo in good agieeinenl. with tho eonolusions of tho analysis. 

INTRODUCTION 

A pulsod oscillator, as its name implies, is an oscillator tho output of which 
consists ol a series of pulsed sinusoids with a delhiite duty cycle A tyxiical (;ir- 
cuit diagram of the oscillator is shown in Fig. 1. It is to he noted that thc^ circuit 
shown IS essentially a supor-regoriorative receiver (Wliitclioad. J. R , 1950) and as 



Pig. 1 . \ typical circuit diagram of a directly Bynoliromsed jnilHod oaoillntqi The output 
waveform of on-period T and lotal period Tf niHot in tho figure. 

such there are two different modes of oscillations so-called logarithmic and linear 
depending on wliether the on-period is such as to enable tho oscillations to attain 
a steady state value in this interval or not An injoetion synchronised pulsed 
oscillator is an osidllator ’\vhorc an oscillation of desired frequon(!?y and amplitude 
is injetdod into tho regenerative circuit. The amplitude and frequency of tho 
injected voltage must bo such as to quench the free oscillation, tho quenching action 
being obtained through an instantaneous limiting’duo to whidi there is “strong- 

244 
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signal capture” and “small-Bigiial rojection” (Cliakraliarti. li id. It is 

to 1 ) 1 “ notod that if tliero arc finite transiiiissionH tlmnigli the regenerative c‘ir(uit 
,it other frcHpioneies generated tliroiigli tlic proeess of limiting then the aniount 
of v'eak signal suiipi easioii olitainable is small (Biswas B N., l‘)G-l). The 
jiheiioiiK^non of synehroniziation of a CW oseillator with a OU' signal (Van Dor 
])ol, B , et (d.) 1934, or with interrupted sinusoids (Ihaser, D, W., 1957) is 
(gute v'ell-knmA'ii In tliis paper the^ phenomeiion of s^mehronisation of a pulsed 
oseillator with a CW signal will lie^ studied 

In seetiou 2, the governing eipiatioiis viz (i) the equation lor the mstantaiieous 
aiiqihtiide of the pulsed oseillaiion (^4) ni jiresenet* ol tlie external signal and (ii) 
the equation for instaiiiaiieoiis phase difrorenee (qi) hetween the local oseillations 
ami tJie rolereiiee input have been deiivoil A simiile graphical nudJiod {A -tb 
])lt)t) has b(‘en illustrated to visualise bon the range ol frequeimy entrainmeait 
d(“])('nds on the amplitude of the external signal and as Arell on the steady state 
filuise dilTcreiiee (OJ between them 

iSis.tion 3 deals with derivation ol an equation for the loeltiiig range of the oseil- 
lidoi This is lollowod b}'" a study in sei'tion 4 ol the effect ol low Iretjneney tinu'- 
I onstant of the gain control circuit of the oscillatoi on Die loelviiig range of the 
pulsed oscillator 

Section 5 deals with the sxieotral analysis of the outjiut wavolorms of 
(i) the coherent mode ol oscillations, (ii) incoherent mode of oscillations and (iii) 
llu“ synchronised mode ol oscillations in a pnls(;d oseillator. It is suggested in 
this section that the broadening of the discrete sjiectrum which would have other- 
wise oceuned in an incoherent mode of oscillation wull be reduced in the syncliro- 
nised mode of OBcillations 

DERIVATION OF THE GOVERNING EQUATIONS 

Let us consider the eipii valent analytical representation of the, inilsed oscillator 
dining the on-period as shown m Fig. 2 Lot us assume that the non-lmoarity 
of the oscillator c.an be roiii'esentod by 

F(x) — UjX — UjX’®, ... (2.1) 

where and aro constants. 



Fig. a. Ec|\ijvulrni, uiialyl-iejiJ rcprusonUiiiun ol thu clii-eftJy syjitljroniHOfl |julHod-o»ciJlator 
(luring tho.on-periofl wiili t.ho extornal syucliruniuuig signal E' cost) 
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Ntjw for iho locjp Bhown in Fig. 2, one can write the following equations 


coii{(Mji-\~ii))[F{A, E)-\-E’ coh OJ 


A 

m 


—E' sin (J) sin 


( 2 . 2 ) 


wJion; A is the instantaneous ainpliturle of oscillation in presence of tlio external 
signal of ainpliturle E' and fp is the jihase difference between them and 


y{p) - y. 


ap 


Now li we put p S one can write'- Y(F) as 


(2.3) 


1 _ 
YiE) " 



-df-coiS \ 

acoj / 


... (2 4) 


whore E rejirosonts an operator in a slow time scale and 1/a — Hence 

comparing Eq. (2.2) and (2.4) one can write 

a W =4 ... (2.5) 


and 


2 

a 


(If ^ 
(it ^ 


2 , , E 
il — ^ sin f, 
a A 


(2.6) 


E IS the amplitude of the external signal at tlie input to the limiter and f2 is the 
instantaneous angular difference of frequency between them. From Eq. (2.7) it 
is quite clear that Aq would have been the amplitude of the local oscillator if the 
external input were absent. In Eq. (2.5) it has tacitly been assumed that the 
strength of the external signal is small compared to that of the local oscillator. 
This equation also suggests that the oscillations in the on- period “build up from 
and decay to noise in absence of the external signal and in presence of the external 
signal the oscillations build up from and decay to the reference input signal. From 
Eq. (2.6) it appears that during the on-poriod the local pulsed oscillator will be 
pulled tow'ards synchronism with respect to the reference inpi;it if the following 
condition is satisfied : 


5 . ■ “• 


( 2 . 8 ) 
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\vlu‘re ^1, is tlio steady state amplitude of the local (iscillator io pi-ivsenoe of the 
cxt.eriial sjgjial. It is to Ixi noted that the value of dejxmd belli on /fJ and 



I'iK .i. Amph(,iiclo-i)fuiao ptuir' irajiM-toiiOH of il)c> ilnct-Uy svii« Iiioj)ihc« 1 osnllntoi loi llu- 
rjjsu when ihti amjtlitude ol ili(» local ok( illiiLJun is hinall { ompurorl lo thnl^ ol ( lin syia 
chrojiismg signal. 

<l\ - sill ~^(Q//v). An idea about the dependence tA' on E and t|\ can be had 
b'oin the (A —(b) jilot shown in Fig ,*{ under the following eojidition.s : 

^ —Id 

A, . JO . (2 0) 

m - 0.2 

- U - 1.0 

a 

^vow .is tile, niaxnnuJil peinnssible value ol js 00^ so it is (|ujte < lear fr jju the 
(J ~cb) plot that the locking range during the on-^MTiod depeiulK on the .iinjih 
(ude of Iroo oscjllation. 

t" U Jt M U L A T I O N F O It 'J' H JO K q IJ A T I () O t' L () ( ’ K J N (1 
It A N G E 

lleloTc attempting to formulate an equation foi the locking range, it is to bv*. 
Jciuoiuborod that the locking range is limited hy tin; stixidy state amplitude oj the 
Jo( al oscillator (vide Eq. (2.S)). This is hocause of the laet that dm ing the building 
uj) of the oscillation, the external signal will have bettei control on the nistantaneouH 
fthaso of the local oscillator than when the local oscillator attains steady state-, 
bo ni the synclironised condition the phase of the local oscillation will be pulled 
b'varda synchronism during the on-period and during the off-perjod its jiliase 
(■^o tcj Hay) will bo deviated and the amount of this deviation will dopoiid on the 
"if-poiiod. A pulsed oseillator will, tliorofore, ho said to l)e in synchromsm 
ith reference to mput when the local oscillator iu the on-period is able to 
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ooinpouHato for tln^ pUaao doviation iiicjurrod during tlio ofF-jicriod. That ie, tin*, 
not j)haH() wliift botwuoii tlu) locial otioillatoi and tlio roforonoo over a period is 
/Aii’fj. Exxwessed analytically 

0 

Now the X)lia.s(! tiquation for tlu) on-XMiriod is givoii Ijy 

__ O - A' sin f ... (:hl>) 

at 

and during the olf-jieriod it is given hy 

... CU) 
at 

Now at the edge of tlu^ hand of syndironisation one can assume witli a fair degiee ol 
aiiouraey that the- xiliase (lirTereiiee- is aijproxmiately Witli this condition and 

the condition of fh]. (!{ 1 ) in mind and solving Wi| (3.2) and Eq. (3.3) one can 
easily write the lollowing equation for locking range : 


1 

<.>//v 


^ 1 m<f 


•\2 ’ 


iljK 


I I 12 /^ _ _ 


_l- lan(l-a) ilT.j'l 

1-1 taii(l — a) l2^V/2 ’ ■■ 

wlieri' 11 stands for the duty t ycle of the pul.se .sinusoids £n most of the practical 
situatioii.s tiu' linearised veivsion ol the E(j (3 2) which is achieved by roxdacuig 

sm«pl)y^ «p gives a reasonable estimate ol the synchrou i.sation range that is 
given by 


£ 2 _ 

K 


kt) 

i~Exp A:r]-hA^(i-/fc) ' 

\ TT ! Vij. 


(3.5) 


where the .s^iubols have, their usual signilicaiice exoejit tOr/27r indicate.^ repetition 
rate oi the imlsed .sinusoids. 
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F. F K E C T OF L O AV F R E Q U E N C V T IMK r, o S T A N '1' (1 F 
T ]I 10 GAIN CONTROL (MR C U 1 T () F () S C 1 L I. AT O J^. 

ON THE LO(MvlNG R A JS! G E 


Si) far wi^ liavo iaoitly assuiiioil that tho proiioss of syndironiHalioji is duo to 
nistajitimooiis iiiuiting and ilnis no filtoring otlici than at r f. is po.s,si))l(‘ 
iCIuikraharti l!)r)4) But in most of tlio practical tin*, gniii ooiitrol is only 
])arMy iiistantauoous. For oxamido, the low-froiiuonoy oscillators cii‘cuits time 
I (Hist. ml in the Rolf-bias circuit of the oscillator provides a slow acting gain 
( oriirol c,iT‘( nil In such a case one e,an aasniuo that the gain is controlled by the 
i( ftili(‘d ein^elope. In such a i.ase it can be shown (op cit ) that tluro will be 
nonliuenv disirimination of one frequency against tin* othir fre(|Uon(‘y depending 
111)011 tW R time constant ol the « irenit and tin* governing equation of the 
oMillatov diinng the oiepenod is given by 


d(l) 

dt 




2g„ JiJ, 




■ . K.l) 


V, here A',) IS the non-lniear gain controlling volt.agi‘, a„ is a constant that determines 
llic rectified envelope and 


Fip) 


1 

' 1-1 pr 


(4.2) 


Mild T IS the R-C time constant ol the grid circuit. Therefore in such a ease it 
can be shown (op cit- ) that the maxhimm initial difforeiii'e of fie((uoncy 
upt.o winch the local oscillator can be made to synchroiiiso during the on- period 
(li'pends e,ssentially on the average value of the netwoik gain (A^(p)) over the range 
d.t to the initial difference of frequency (0/27r) Thus one concludes from the 
above tliscuHsion that variation of the locking range of a pulsed oscillator for a 
])in’t.icnlar valine of the repetition rate and duty cycle of the pulsed sinusoid.y with 


l\ (' tinu^ constant of the local oscillatoi will be the same as the variation ol F\'p) 
I til the R-C constant. 


S 1* E (3 T R A L ANALYSIS () F T IT E O V 'J' V U T WAV E E O R M 
F OR 0 3 F F E ]t E N T M O 3T T. S O F O S C I J. A T IONS 

From the discussions of the section 2, it is quito clear that the oscillalioiiH 
in each of tlie blocks of the pulsed sinusoids, (in absence of the external signal), 
I' shovn in the diagram inset in Fig 1, build up from inherent eircuit noise and 
i- .‘'Ucli tlio phases of the growing oscillations in the difforoiit blocks are c,omi)letol 3 '' 
III icon elated with respect to the turn-on signal. This is tlie ineoheront mode of 
'• dliitioTi. As a result the discrete sjiectruni of the output waveform is spread out 
nito a series of broad bands (Edson, I960). But in a synchronised mode 
' ' nscillations in a jiulsed oscillator a.s the oscillations in each block build up from 
•I id decay to the synclu’oiiising signal so Ihoro exists a phase colioroncy among 
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IJu) ()H( j'llationH in din’oroni blocks of the. pulsed sinnsoids in relation to tho 
syrif;liroiusing signal Et is, tlie.roforii, felt that tlio hroadoning of the discrete 
■sjjeetral lines wliicli would have otherwise occurriHl in tho incolieront mode of 
oHi illations will be very much roduoiMl. 

Noav in the coherent-mode of osi^illation one r;an 'write for the output 
wave form 

n‘=-\ CD 

I^o(01coz7 ^ 0i,lxT7{t-nTr), 7i ^ 0, 1,2, etc. ... (5 1) 

»i=— te 

winue V{f. nl\) equals stiqi function TJ{1), [n.Tf—\T nl\-\-\T] with unity 

the miixjinuni ainplitndi^ and zero elscwlnwe iSinnlarly for tlui synchroni,serl 
noflr^ (he outinit waveform i-.a-n Ixi analytically riiprosentiid as 

ri— 1-* 

h,(')l,s-Kjf V(t- n'l\)1 cor (<.),«+¥,), . . (5 2) 

n=— OD 

wliero f ^ IS tlie steady stat(‘. phasic difference between the local oscillator and the 
synchronising signal and ‘in' is a ((uantity that depixids on tho amount of coupling 
and the strength of thci synchronising signal In tlu^ incoherent mode of oscil- 
lations tlu' output wavi'form can be analytically reprc'.sentcd as 

H— H- or 

[^o(0 l/jy0077 ^ nTj.), ...• (5.il) 

n-»- CP 

A^dlerc f+i, 'P-t-a otc. are completely imcorrelatcd with respect to turn-on signal. 
Spectral analysis of the outiuit waveforms |vide Eqs. (5 1), (5 2) and (5 IJ)] justi- 
fies the statement made clsmvliore in the text. 

R X P E It I M K N T A L RESULTS 

In this section oxiierimental results with respect to the variation of locking 
ranges of iho ])ulsed oscillator with tho freijueucy of interruption and tho low- 
friHluoncy i,iine-constant of tlii^ gain-control circuit of tho oscillator will be presented 
and (liscussed Exjieriniental set-up is shoAvii in Fig 4 



Rif? 4 E'^poriinontul sol -up for moanuring iho variaiion of locking range of iho pulsed oscillu- 
lor Willi ropotiiion rabo oI iho pulsod oscillation of ilifforont duty cycle and low fre- 
quenoy iiino oonstiuii ol iho gam control nreuib. 
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Tho Q-valuo of tho tiiiied circuit and the coupling cod lor the syiulironisiiig 
signal wore adjusted in such a way as to liavo a snigle-poak rcsjionso cllrvt^ of tho 
tuned cii'cuit witli a moderate value of Q. Prosonco ol dip aiiywlieiv. ni tho ros- 
ponso curve is likely to produce spurious elfect anti soiiuitiincs a typo of oscilla- 



OF PULSED S/N(/S0IDS(r/5) — ♦ 

t’lp; 5. Pull-iii jjerformanco ft( iht' diroftly KyiictininiHod j>iiIhim] oscdlutti willi rcpotil to 
rato and dul^y cyclo «tf tho piilnod oMoilIuiion 

tioiis (Biswas, lt)C)4). Now tho amiilitndo of tho (‘xtta’nal stiuagging signal is 
adjusted to a proxies value so that the oscillator o])ora.tcs in tiic logu-ritliinit! modt^ 
(disciissod olsowhoro in tluv text). Piirtlior the amiilitiidt' oJ the syntihroinsing 
Signal is sot to a iiiininumi value so as to avoid hysteresis otlocl (Minoi’sky, 1047). 
Tig 5 shows th(‘ variation of the locking rang(» with tlio IrtniiK'noy and duty cycle 
ol tho external squagging signal It will he observed that tins rttsults are in quite 



FC TIME CONSTMr(y»t ) — ► 

t If? 0. Locking yjorformancL; of tho dirortly HynchroiiiHod pulsed oBr‘illuU)i' with tho viirnilion 
of tho R-C traio PoiiHlant of tho hIow acting giim-contro] cirr-iiit rind with Lw'o diffcrinit 
inpii t Htron gth b . 

good agreement with tho conclusions of the analysis prosontiwl in section Tl. Fig 
h shows the variation of the locking range with R-O time constant of the grid 
circuit. Thesii confirm tho theoretical findings of section 7 . 
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C O N C J. U D I N a R M A R K S 

Tlui jjlioiioinonori of injoctiori Mynclmmisation of a pulsod ofloillator has been 
jirjalysisd for continuous wave synnlironising signal with a liigh value of CNli 
aiifl its performance stuflic^d oxpenniontally The phenomena of automatic phase 
control of a jnilsed oscillator w ith respei;! to a GW ininit accomiianiod by an inter- 
Icring signal and noiscis will bo considered in a future commimication. 

A t; K N O AV L E D G M E N T 

One of the nuthors (B.N.B) is greatly indebted to Brel'. N. B. Ghalcabarti ol 
llie Tndian InstiLutc. of Tiu-hnology, Khanigjmr, for suggesting the problem to the 
author. The autliors tak(^ tint opportunity of thanking Prof. A Mookherjoo, f) iSc , 
oi Burdwan Univc^rsity ior his kind interest and constant encouragemout in this 
work. Thanks are also due to Mr. A K. Datta of the Burdwnin University for 
stimulating discussions . 

R E F E R E N G E S 

RiawuH, H. N.. J904, Indian J. PJujfi, 38. /iGJ. 

Ohnlmibai'l/i, N li nnd HiHwn.s, N , Indian J. PJiji/*, 19(11' 38. 148 

Edson, E. A., llKiO, Prov l.UP., 48, 1454 

FniHor, J). W., 1057, Pror I. ILK., 45, 1257 

Muioisky, N , 1047, Inii odaction to Non-linear M n'ha.nics" J. W. Edwards, Ann. Arbor. 

Van Dor Pol, B., IIKJI, Plot. J.HK., 22, 1051. 

Wliilulii'ad, J. R , 1050, '' Super -Rcqoicralivc Reoeivcr^" (JainbrulK(‘, At llic Univorsity 
Pjosh. ' 



28 


dielectric function of a degenerate electron 

GAS IN THE PRESENCE OF A STEADY 
MAGNETIC FIELD 

P. MISRA 

DKl’ARTiMJfllSrT OP’ rHYSICS, itAVlCNMTlAW COliLIXJK, OLTT'J’ ACIC 

(BcccidmI November J5, l‘J05) 

ABSTRACT. Using BoUzmaim — Vlaasov oquation wi' ilmvi' I'Apiohsions lui Ilm 
iHMjiii'iK'V and Avavo-nuinbor dopujidi’iil- ilnilL'iT.iir luiu’lion of a ilcp'iu'ralo oloctioji jji Hu. 
jiiDHi'uco a hl.oiidy magrinlit Sold w}iuli uio valirl at ajii) iifiar ,jl),solul-o /uro li'inpoi-uUnt's 

r N T H o D U C T 1 O N 

111 ilio niagiiotid field, ilie olociTOii gas bticonuiH Jiuisulr(_)])i<-, 

ilio wavoiiuiubor and fioquom'y dopoiidoiii llosponse liiiiniion K{I:, in) ol Jjiiidluird 
is tlieii a tensor. WJion tlio wave number vector is pinallel to the dneetion of 
the external magiietie field, K^i{h, (o) — ei), to) - - - t.)) and 

all otlicu conipoiients except these and to) are identically /ere. TJie last- 

mentioned eoinponont is indejiendent ol the magnetic, field strength The aim 

ot the present investigations is to obtain explicit expiessions Ibi* to) and 

-■ — > 

7i, ;,(/■, to) for a degeiierato electron gas at and near absolutes zero tiiinejuatiire 
is'lien tJie external magnetic fiedd is steady and nnitorm, TJie dynaiiiicH ol the 
electron gas is described liy the Boltzmann- Vlassov ecjuation. Tlie ecjiiilibimiu 

distribution function is a Fermi-Dirae distribution The. juesc'i iption for inte- 

" — ^ 

giatioii aeioss tlici singularity encountered in the, expiessions for K^ft{h , to) are 
obtained by invoking causality (I’radhan J9fi2) as illustrated in our previous Avork 
(Misiu 1902). For evaluation of integials over Fermi-Dii ae distrilmtion liincition 
iiiiar absolute zero temperature Soinmerfeld’s (1928) approximate inetliod has 
Ixicu used. 

DIELECTRIC FUNCTION F Jt O M V L A S 8 O V E Q A T 1 () N 
The wave-number and frequency dependent dielectric function is given by 


Ja{k, co) -- k^fiik, CJ) 

253 


(li) 


whei'i 
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TIk; Luncnl (NitiHjty ,y (r, /) i(‘.sulLiiig fnnn fluctuaiiiig oloc.tric iield £? (r, ^) in a 
j)luHjiia IK given by 


0 — e / u, t) 

— ^ ^ 

wlierri Jj{r, u, 1) nbeyH lh(^ liiK'arisod Boltzmann- VlaKHov equation 


( 3 ) 


+'W''Vr/i- x/y) • v«/i -- {r, t) • v«/o (4) 

wlioKO Hpaee-tiine Foiinoi tiauHlbrin, in a eylindncal co-fiidinate Bystem (u, v, 0) 
— > — > — ► 

for u with Ji and /: along Z axis, is given by 

(lu in, L Ov 

+7.’,%] ... (5) 


wluire 


il 


(B 
m( ' 


Tlie Holutioj) ol tJiiH eiiuation is ininuidiately seen to b(^ 


v<'\iku vi'tH 0 -'ito(!os Q sin / r7/’„ \y^, 

in L {ku , — to)'** — i'ir' \ (Iv j ’ 


?7i u sin n - lOi sin 0 

12 e<»s 0 1 

f % ) 

E\ '' ( \ E 

{ku- co)“ 

12“ 

\ Or ) 

“ ' ku~<A Du } 


and \\bieb wlien useil in equations (J), (2) and (3) give us 

f uo 


CO) 1- f 

CO J 


da 


{A-tf— co)^— 17“ 


-f . . 47TC6^~ f ” n F{u) 

<o) = ] - _ J ^ rf« (tu-c.y- -h- 

77 . , , 47r6)„''‘ f . du 

C.^3 A, CO l-I- - » du- - 

CO J ku—ta 


(7a) 


... (7b) 


(7c) 
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Miicro 


4:m\AL^ 


and F(u) = - f 
m 4 u 


dv 


I i '’/o 

^ 0 


It ^^dll be iioticod that the integrands in the ahov(! expiesHieivs al‘l^ singular at 

^ j u — and « = The pvosrriptien lor integration across 

k ic K 

th(ise poles ohtainod from causality is to add a small juisilue num.iginary pait 
to f.) in the integrands 


COMPUTATION OF iiTu AND A',.. FOK A F U Ml 
D 1 S 'r 111 li U 'J’ ION 


For a Fermi distribution 

^ ^ ) e— V I \ W-) j-1 


and heiie-e 


F(u)-^l f vMv 'J« 


dv nm/i 

u 

Tlierefore from ocpiations (1) and (7a) 


log (1 




'icOj,^/ in 
'Ink \ h 



log 

duu — 


(61—12 -hA;'a){6» 1- 12 I t 

(w- 12 /i-a)(6i-l 12 I'tt) 

1 |-e — »' i 


"h - ( 

2knmp \ 






mfi , ,,v 


1[ 


1+e 


[i}ii 


lu 1 12) 


‘] 


(«) 


The integration over u cannot be analytically caiTiod out However lor tmn 
peiatures near absolute zero approximate analytical forms can lie obtained by 
using Somiiierfeld’s method of integration as is done in tlie work of Pradhan and 
Misra (1900) and Misra and Misra (1902) We shall not go into tlie details but 
give the iinal results : 


G 
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oj) == 


2nk 


(’;)“[ 2 vw^+ 


1 

2 ^ (co — £i)(w-l~n)— 2v„fc&j-l-Vo®P 


_ 1 ^ ( m+q)^ j to+n-l 1 

2 P CO — 12 — Vfjc 2 A;* co-f 12— 7;oA; J 


4- / 7/i (ciJ--l2)(6) -j-12)-^«A;coj3 V^2 

h ) ® (co— l2)(co+a) — 2tJoA:co44o‘‘*A:2 

I / m \ ^ r CO— O I _ f 

■'' KSm^fi'^nv^ h I L (oi-n)^~v^^k^ 

1? ~n ^ f 27r/ m\3 F (w-U)® T 

2JeA,,(A.o.) = ^; I J [V-- J 


(9a) 




}“['•■- 'vn+S'llfi)'!-’ 


(co+_ 1^2 

Ic^ 


iiSm^P^v^ 


} 0 [ V- 


(co+D)2 

--- p - 


.. (9b) 


For llie compulation ol K^^ik, co) wo prooood in a similar inaunor and finally obtain 


HeKj, - ^^ 2 - 


/m I 2WftQ 

\TI 


1 ^ 2 1 „„ (co-|-a)(co- a)--2Vd 2-VA;g 

2 ® ^ (co+a)(co-i 2 )+ 2 Vfci 2 “«^o*^ 


(co + oj^ I CO-j- + I I + 

2 fc“ ® CO I S 2 — VqJc 2 k^ ° CO — £ 2 — v^k 


coq^tt® /m Y 1 q„ {f*> f £2)(co— £2)— 2VoA;£2— 
24m®/5“Vo“7iA; \ A/ (coH- £2)(co — Q)+277 qA:£2 — v^^k^ 


tt^coq- /m \'* ' coH '£2 CO — £2 

iSm^fi^nvQ [hi (co+£2 )® — (co— Q)® — Vq^A;® 


(10a) 
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, "F 7t \ «oM 277 /m \“ r . -I 

«) = - (-J [v- I 




(w + Q)®! J (O, 

■ F J ' 


(o„® 1 27r /m \ 3 

8^ Vn \ k) 


(to -12)'^ 

1,2 


I - - -1 1 


(lOb) 


hi the himt of vanifihing B, the oxpresKion for K^^ik, w) coimn'tleH with the ox- 
])res.sioii for tlio .same obtained in an earlier paper for tlie magiiotio field free ease 

and the K^,^{lc, to) vanishes identically. 
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VARIATIONAL TREATMENT OF SLOW ELECTRON 
SCATTERING BY A HELIUM ATOM 

S. N. BANKRJEE, R. JHA and N. C. SIL 

DKrAUTMjcNa' OT’ ThisouetxoaIj Physich, 

InIJIAN AhSOCJEATTON irfJU TTIE HuETIVATTON OK SciENPE, 

.Iauavpuh, (Jal,cutta-32. 

{Hao&ioed FeJiruarjf 14, 19(J6) 

ABSTRACT riif* Hi'iittormj' (»r hIow oloftrojiH by a helium atiom luis been investigated 
with (lUowiince fur evr liange juKssihihtv mid polaiisution effects. Using a two-pariimotor open 
shell wave function fni tlu' ground state ot helium, the »Sf-wave shifts for sovonil incident elec- 
tron energies have been ciilcuinted hy thi' welbknowTi variational method of Hullb6n (1944) 
'Phe close agi’i'ieni'iit of our /.ero-onorgy cross section with the exact calculations ol“ William- 
son and McDowell (lUOn) shows the correctness of validd'y of the variational method for this 
])iol)lem It may bn icldod tbat our lesiilt also agrees well with the expei imcntal values of 
Handel and (lolden (15)05) 


INTRODUCTION 

R(u:ontly ()X])Oj'i])ioiital results of Park, Phelps H ul (1 901 , 1 964) and of Banilol 
and Cxoldon (1966) iiidiuate agreonient with thoorotical findings nintfli closer than 
what was ])OHSil)Je hofoie; in view of this wo havo tried in this papei to find out 
M'lu^tlior tlu^ same agreeuiont is olitainahlo with variational mothod. 

The first thooretieal investigation of the elastic scattering of electrons by heliuiu 
atom lias heeii carruHl out by Massey and Mohr (lOill) witli the inclusion of lix- 
ohange possiliihlji's and exclusion of polaiisation effects. They found that the 
exchange (effect was cpiite important helow 15 cv inc.idcnt e.li^ctroii energy. Under 
the same assumption regarding polarisation and exchange, Allis and Morse (1933) 
havo diitcrmiiied S and P wave phases shifts by (‘xact iiuinoruial solution of integro- 
diffoi'eiitial e(|uation Moisseiwitsch (195!l) using a closed-shell wave functiEiii 
of liclinm alum, has calculated the* same elastic cross-section using Hulthen’s 
variational method and under the same assumption. Adopting an oiien-shell 
wave function of the helium atom, similar calculations havo boon demo numerically 
hy Moisoiwitsch (1961). 0/i the othci baud, taking au open-shell wave function, 

Mukhorj(M‘ and Sil (1962) have obtained almost the same value of zero-energy 
cross-section as that of Moiseiwitsch (1961). 

LaBahn and Callaway (1004) in their nn-dcwical calcnlation-with Hartreo-Fook 
soparahle ground state irave function have [mind that the influence of polarisa- 
tion effect eon.sidcaahly lowers the tlioorotical zero-energy cross-soctioii towards 
much better agreement with the experimental value; however, the theoretical 
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valuo is somowhat a littlo less than tlio ox])oriiuoiital ono AVillKunsdii and 
::\IcDoA\on (19(55) havo rcoalculatLxl tlin Kamo problom iiitiiUTic ally M ith an o]U‘n- 
,s]ioJl wavo-fiinotioii for helium atom Their fiurlinnr.s iV)r ilu‘ /oro-onolgy oross- 
si i tion is almost the same as that of LaBahii and Callaway (1964) 

Til this paper wo havo apjilied Hulthon’R variational nnahod to calculate tli(‘ 
S-v. a^"e phase-shifts for oloctvon-hohum atom elastic sealtciing taking inlo iu-ceunt; 
keth (exchange and polariKaiao.i offeils, we liavo used the same o])cii-Mhi‘ll wave 
function as used by Williamson and McDowell (1965). Tlie valiu' of onr /-mo 
ciuTgA' cross sec.tion is 16 3ri as against 16.l(k^2 50^,- ,j| j.ajkilin and 

(^dlavay (1964) and Williamson and McDowell (1965) roK])(ictiv(dy 

T H E O 1? Y 

Tlie system of Indium atom and the incident elei lTon satisfii's tin' wavn? 
c( Illation, 

{n -ii) vH'i. ‘ II ... (1) 

lierii H ami E are the total Hamiltonian and eneigy of the svslmn res]H‘ctively 
Tlic Hamiltonian is givcni by 


^ “Vi“ 




E --- /sr„2-[ 


and ?' 2 , ?.j are the distances of the thri'e okndrons from the nucleus ol the helium 
-atom, i\,,, ari' the distances between the elections, Inong t.he giound - 

state (mergy ol tln^ atom (in llydberg units) and is the w^ave luimlnu’ ol tlie mei- 
chiTit electron (unit of length being tJie Bohr radius r/„). 

L(5t iA(r,,r 2 , Ja) bo approximated by the following exjiansion 

r., 7 - 3 ) F^^(r,)iljQ{r.^, rj ;v(l, 2, 3) 1 r^) y(2, 3, 1) 

-I i^o('/-3)'Ao(^i,^.),Y(:5.1.2) .. (2) 

wliiiro i^Q(r) is a function describing the line edectron, 

^ 2 ) flio singlet ground state wave function of tin' His-atom and is taken 
cfjual to A^(c— — lx/' 2 -|-p — H-ij — X7j) w'lth A — 2 1.S32, /r, - 1 1SS6 and N — 
'7(lS991 2,3) is a doublet throc-olootron spin function and is equal to 

“i(a 2 /? 3 — a 3 /?o), a and ft being the sjiin fnmdion for an individual ekvetron 
T|j(‘ above cxiiansion of -ijf is anti -symmetric with respevf to the inti'tidiange of 
-oiy jiair of electrons and hence it takes into account tJio exahange elfoct. 

Suhstitutiiig (2) in (1) and multiplying by l/V'-(“iA"“ 2 Ai)“:i summing 

tile spin co-ordinates and integrating with respect tor^ and r^, obtain 

[V3*+-^o^~ ^oo(^3)]^o(^3) — JJ -^ 0 (^ 1 ) ^oo(^i> ^2’ 'T^dr^dr.j, 


( 3 ) 
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whoro Fo(,( 7 * 3 ) the BiaLio potential and is oqua .1 to 


-g I ’ ' +/. )e-^^’-^-2h (i + 

xT'a / \r^ / \r^ Z / 

where (j — 1.13573 and h = .864273 

Pmi'Tu »-2, ^.0 ’Ao(»'2. ^2)+1A’o(»’i> »‘2)V2Vo(»-2. »‘3) + ’Ao(»'i> »-2)V3“’Ao(»* 2. ’'a) 


+ ’Ao(»'l> ^ 2 )W^ 2 ’ ^3) d- 




'3 '12 '23 '13 ' 

We ex 73 and tlie wav(‘ fniiotion of tho freo-oloctron in zonal harmonies as 


^^ 0 (^ 3 ) = Pi (cos Oi,) ... (4) 

r.j i=.o 

wlioro /}(()) ^ 0 and /j(r) ~ sin ^Kr— -hVJ ) 

7}i being the idiase-shift. r— > 00 

Substituting F^^{r) from (4) into (3) and multiplying both sides by Pi (cos 0.^) 
sin 0.J^ (10 y and inicigi’ating over the space wc got finally 


i Qooi^i,ro,r:^)fi{r^)dr^dr.^ ... (5) 

0 O 

wliero 

C?Oo(^l> ^2> ^3) ~ ^2> ^3)' 

LaBalm and Callaway (19G4) considering tho distortion of the atomic wave 
function induced by the incoming electron, have obtained in addition to the usual 

static coulomb potential, a torju of the type in the asjunptotic region 

which represents the polarisation effect. For tho general case tliey assume a 
to be a function of r of the form as obtained by Bcthe (1943). With that picture 
in mind, Williamson and McDowell (1965) have taken tho total potential as Vooir) 

— where a(r) is tho same as above, though Foo(^) different from that of 

LaBahn and Callaway (1964). In our calculation, wo have cliofien the same poten- 
tial as that of Williamson and McDowell (1965). Hence we solve (5) after replac- 

ing Foo(?‘) by Foo(r)— where a(r) as given by Betlio (1943) runs as 
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a(0 == 





whore 


/ U 11/4 

8 = { ^ ] and 
\ a / 


a(r) — a J 


To solve (5) for I ^ 0 hy tlio vanalioual meUiod of Hulthen (11144), v i' have um‘(1 
11 , trial fiiiKstion of the same form as t.liat of Moisei witeh (lliriJ) i o = - siii A'„r 
\-{n \ K^^r whore Z — 1 GS75. The xiliaso-sliifl, is given hy 

1 /^, tan-^a. 

The values of tho ]jaramotors a, b are found from the snmiUaneous equations 


where 


With 


L =. 0 and — 0 

db 

L — Aj+L^-h-^a 

- J /.W f -I V- !'«,(»•=) ]/o('-»)*» 
I, - / Mr.)[ ]/»(’,)*» 


and 


Aj = - 7 J J Coo(^j> »’a. 


The integrals oeeurring in Li^ are siinjiJo and easily evaluatiid The intiigrals 
I'lUTnig in are of tho form 


'-IU 


<1 


+ 


/?2r2 ' fii 




-((/5q-2tA:o)'^y 


'S With ^ ^ 0e-40r_^3e-2/}r__9 

q =: 24e-^fl'‘+6e-2^^ 

t = 24e-*^’'+20e-2fl*’ and u ^ 


V — 0, 1, 2, 3 or 4. 
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C)ji wo linally get 7| as tlie limiting value of thcj integral /^(c) as 

f _> 0 vvhijre 



1 .J * c ''' f (h 
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" ( {A-t^V A* ) “ 2i» - 2/.^ (A“-l -O/) 

-Oi.x = f e-^'Ur)dr 

"a.x - f re-*'/.(>-)<«r 

0 

/'•x" ^ I J (r-rjc-x-, /„(ri)*, | ,/r 


U'jtll 


.111(1 


R li S U T. T S A N J) D J « () IJ xS S f () N H 

Wo Imvo obtaiuod tho .scaCtori.ig longU. A Iro,., our S-wavo plmao-HhiitH 

,/,,( no.,.) = 3.1 105 and %(,01) 3.0410 using tlio luod.liod clfootivo rango foi-mula 

(() Millloy el al 1962) 

<»l %(V) =-- - j + ” -\ log ( 1 . 23 ;^„ai) 


+ M r I 7ra3/2 7r2a2 v 

+ 3 " 3^2 -0^3 ) V+... 

l liis l.iniiula yioliLs A 1.1400 coiiiparod witli WilliaTiLsun aiul McDowoU’h valuo 
MIO and tlKi comvspondiiig valuo 1.132 of LaBalui and Callaway. 

TABLE I 

Pliaso-shift values for the low-onergy range is tabulated below 


Eloriron wave 
No. Ko 

ProsHnt 

Authors 

Willuimson uiitl 
McDowell 

0.06 

3 J 19.6 

3 082 

0.10 

3.0410 

3.018 

0 60 

2.614 

2.4935 

1.00 

2.108 

1 903 


^ I'*' y.oro-energy cross section in our case is 16.33 The recent exporiniontal 

and Phelps (1961) is 19 «q 2 most recent experiments by Frost 
lelps (1964), zero-energy cross section is found to bo 17 . 49 «j ,2 corresponding 
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to a Hcattoring longth of 1- IStty. Banrlol and Goldori (19G5) liavo obtained a seat- 
tering length of I'lGtto eorreRponding to the (;ross section of 16 

In conclusion, wo find that taking adiahatic-dipolo polarisation effect into 
consideration, the discrepancy botwoen c.xporiiniiiital zero-oiuirgy (;roRH section and 
the coiTosponding tliooretical one is removed to a large extent The disagreemont 
still left may be mainly due to (i) the adiabatic; assumption made in the jiolarisa- 
tion potential, (li) the neglecd of higher order terms in the polarisation potential, 
esjiecially the quadriipohj one; and (iii) the inaceiiracy in the ground-state wave 
function of tlu; helium atom 
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Til l)(.)th SU(()) and U( 12) ilioro occur mlundanoios (Beg rt a! 1901, Salam 
ct al. 190r)) wliicli iirc not t‘!iKy to iiikT^irot jiliysically For many rcanons 
it; scu^iiis altractwo to analyse tlic case of non-stiaiige barsmiis and jncHonR 
and (‘oiiscc(iicntly SLJ(4-) the Wigiicr gioiii) static limit or IT(8) in tho 

dynamic model. 

Let us ( onsidor STT(4) quarks (B = I/IJ) then, the haryons arc to bo described 
h\' the (3, 0, 0) 1 (^jirescmtation of flimeiision 20, (exactly accommodating the non- 
si Taiigt» baryoii's whicli recqjrocato in Chew’s Bootstrafi These are and 
iPt Tile mesons are quark anti(]uark compounds and are the memhers ol 
4 (g) 4* = 1 0 15 

Tli(‘ singlet is ohviously y and the (31) aceomniodates tt, p and w. TJiis to 
may h(! endowed with the moan mass of to and (j) The mass formula can he oh- 
t.amed easily and is for inestms 

which fits nicely witli the mass values of the above mesons. 

To consider the boot-strap one needs, 

20 ® 15 = 120 @ 140 @ 20 0 20' 

(300) (31) (511) (421) (300) (21) 

ni w'hich (300) occurs only once and is therefore free from coupling ambiguity 
(c g tZ-type, /-typo in SLT(3)). Our preliminary cahulation (the details of which 
will ho published else wTiere) with Chew’s Static model shows that (300) is self 
resonating (Signs of the elements in 4x4 crossing matrix). 

The tliren^ Casimir operators arc responsible for the simultaneous diagonali- 
satioii of Sjnn, Isospin and Magnetic moments of the haryons having wave fnno* 
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Letters to the Editor 


tions of (300) roproHoiitations with A = {a , a), B — {h, fi) etc. and a = 1,2; 

a — 1,2. Magnetic moment = QS^ and 

fp = Vl ”■ “ 

“■ “ 

B 

One should note that are oigonvectorfl of and 0 — ^o^o- This 

Pnlf*'p~ —2/3 very close to the expenmontal value. 

If one calculatoH along the line of Rosen and Paksava (1904) one easily finds 
(JAlffv =- -6/3. 

Extending this to ^/(8) similar to Salam’s U(12) (vSalani 1965) we find, 

8®8* -- 1003 

and, 808®S 56012001680168 

Wo naturally take the mesons in 63 and baryons in 120. The occurrence of 
5 and 10 dijmjnsional Kemmer-Bullin matrices is a must. Also, 

64 ^ 63+1 =4x10+4x5-1 4 
The last fom* being trivial. 

One easily finds the contents of 120 as, 

120 — (4,20)-l (2,20) 

and the Bargman-Wigner ecpiations ensure that 4 with fullj^ sjunmotric iso- 
indi(;es describes a porticle of Spin 3/2 and 2 describes a particle of Spin + The 
form factors now c-ome out with relative, case and lead to the expression 
of the magnetic; moments, 

(l+l? 

where the numerical values are the same as in Salam (1965) which rest fully on 
the nonstrangci particles. 

Lastly the gcmerator of the' algebra of U(8) satisfy commutation relations 
"M^hich show that there exists a 32-component subalgehra and con^espoiids to the 
subgroup W(4) which again possesses the 16 paranif'tc'i-subgroup U(4). 

R E F 1] Jl 10 JN <; L H 

Bog, M. and Singh, V. 1964, Phi/ Rev. Lett., 18, 418. 

Roaon S. P. and Faksava, S. 1904, Phy. Rev. Lett. 13, 773. 

Salam. A, et al. 1965, Proc. Roy. Soc. 284, 149, 



7 


AN X-RAY STUDY OF NICKEL BIGUANIDEI CHLORIDE 
[Ni(C,NBH,)J Cl,. 2H,0 


S. K RAY ANB S C. CHAKRABORTY 

Dbipatitimicnt OF PHY^sirH, The TTnivriisity or P.itrhwan. 

Weht JiKMaAL India 
(Received Jnnuwy 27, 1900.) 

In oiir programni(‘ to study tlio crystal stniotiircs of soiiu^ bjf^iianido l oiuplcxos, 
I hr study of the crystal struriuro ol uiidiid bi^iiaiiidr, chloridi', liiiviiig a iiioloinilar 
loriiiula fNi(Ci.j|N 5 Tl 7 ).jrn 2 , 21120 lias lircn iiudcrtaki'n (Jood Hiup;lo ('rysLiils 
grown by slow evaporation ol an aqueous solution ol this eoniiiouiid They 
>^'crl^ in general, in the form ol pink-ird needles. 

In absence of a good optical crystal goniometer and polarising iniijrosiiopo 
at our disposal, the pndiniinarj'^ optical study vas c,arri(‘d out with a. Ihiiciwu 
S2r> universal camera. The approximate interfacial angles aeio noted Some 
ciystals shoAved Avell-develoiied (100), (010) and (001) faces. Tlu^ axial lengths 
were (Udermhied from lotation idiotograplis about the )H‘o])osod 1100], jOJO), 
and [001 J axes and zero-level Weisaenberg pliotogi’aphs wisie also takiai about 
llwise axes. From the symiiietry of Weissonberg jiliotograplis and other 
( onsidoratioii, it was seen that the crystal belongs to tric-lmic system. The 
pftsjlive directions of b, and c axes with the condition <t. h < r, were 
iJinsen according to the standard xiractico in right handed systiim. The axial 
.ingles chosiui wore also in conformity with the csxtoriial groAvth of the faces of tlui 
single crystals. All the X-ray photographs were taken using unfiltorod Cu-radia- 
tioii in a cylindrical camera of diameter 57.3mm Since the crystal is triclinic, 
I he optical study would yield the dihedral angles betACccii the faces (100), (010), 
(hUJ) i.e.j a*, and y*, tlio angles beWcoii the rciiprocal axes a, b and c 
T lie angle /?* could be measured with some aoeui’aey from the ojitieal study, 
llic A’^alues of a*, /3* and y* which have boon used to ealculato the axial angles 
{i and y using the standard formula, wore obtained directly Iroiii zero-level 
photograijlis taken about [100], [010] ami [dlOl] axes respectively 

Till; axial lengths obtained from rotation photograiihs and those ealculated 
buni Woissenborg photograiih wore iu good agrcoiuont. The results may bo sum- 
ii'iu'isod as follows ; 
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IVoni rotation pliotograplis : 
a ~ 6.8G A 
9.48 A 
c -- 12 30 A 


From W(^isH(inl)or^ ]jhotograpliH 


^^1)0 

---- 0.525 A 

a* -- 

108“ 

CL — 

70“ 14', 

a. ~ 6.860 A 


^ H.S7S A 

p*^ 

74“ 

P- 

107“ 54', 

9.458 A 


-11.11 A 

y* -- 

87“ 

y = 

98“ 38', 

c 12 28 A 


No Kystomatic, aOsmico ol' rc-flootioiis la possiblci in triclniic (aystala; tliia was 
also c-onliriiKul from tlu*, indicoa of tlio Kpt>ts in Wci.saonhorg pliotograplis. Hinico 
tli(^ apatji’ group oould l)(‘ oitlior Pi or Pj 

TIk' (lonaity of tlio Hiiiglo oryatals was (lot(‘rmin(Hl by floatation motliocl jii 
a rnixturc) of Broniolonii and Carbon t(‘tra(5hb)rido. Tlio exporinnmtalJy rlotor- 
minod valno of tho doiisity is 1 .70 gin oin which is also ooiisisiont witli tho vabni 
1.68 gill. oni~'' obtainod from X-ray moasiirinnonttS on the basis that tlioro aio two 
inolocidar units jior unit cidl. 

Fiirtlior work is in })rogrosH. 

TIio ^vork was carriod out in tho lahoratorios of tlio Dopartmeiit of Physios, 
Bimlwan Ibiivijrsity. Authors wish to oxpross tlieir sinrori* thanks to Prof. A 
Mookhorji, T) So., Hoad of tho Doiiartnioni. of Physios, Burdwan Univorsit^)', for 
his 1(111(1 intorost in this work and to T)r, Tl L Hatta of tho Dopartniont of ClKiinis- 
try, Burdwan IJnivoi'sity, for supplying tho .spooimon. 
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STATIONARY SPHERICALLY SYMMETRIC DUST DISTRI 
BUTION IN A STEADY STATE UNIVERSE 


ASTT BANEIUEE 

.TADAVrUll ITnivkhsity, (Hta’ttttv 
{Rcrnvi'f] Fehrnntif l(i, 10 ( 30 ) 

As Hoylu and Narlikar (1964) (lu^roin after relem^d to as H N ) h,\\v. shown, 
( tu) liave, with tlie field eiiuatioiis ofPyrce, a stalioiiary siiIktu idly syiiiinidiiu 
iJistiihidifiii of dust in an outside spaei^ whieli asyni])lotieally ajiproaulies llie 
.^lu.uly state eondition In their solution there is no creation in llii' stationary 
irjiion Init outside the creation tlocs not vanish. The purpose of thcf iirivseiit not(‘ 
!,•> 1.0 point out some interinsting features of this solution. AVe show first oi‘ nil that 
Ijii' (onditions of fit at tli(‘ boundary sc.t a possible up])cr liniit to Uie diiiuaision 
ul t]i(i stationary dust distribution Theu* is also a lov\ei liiiiit to tiic value ol the 
densily of tiui matter distribution. 


Fioin th(! boundary relation (eipiation (S3) of JT N ) oni^ obtains using equation 
((id) ol HN 


1 -;’7rr/prft- 


i/2 

;i Trap 


- Wp 




w 


s 

977 - 6 ' 


Vp-V 

P 


(0 


The above relation (i) sliow s that p ^ 2/ and further lias a niaxiinum value 
in veil by 


2 

3a/3^ 


... (ii) 


and the maximum occurs at 

P=3 4/ 

The exterior solution is formally of the Schwarzs child oinpty-spai;e tyjio. 
IS of some inteiost to investigate whether a Schw^arzschild like singilarity 
' r/uo-> 0) can occur at the boundary for sufiit leiitly large finite concentrations loading 
h' an Oppenlicimer-Snyder (1939) cut-off of the light. 
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Froin cijiiationH (75) and (86) of H.N. 


Wjtl) 




M 


27 

128 








k'OTT * p2 


(ill) 


HO iJiat a I tlio boundary 


„ 1 1 JUR 2 , 27 /fV 


Now HiiKJO 7^^ ^ 2/4rj, (equation (76) of H.N.) 


, 2r/J/ 9 ,,2 ,9 4 , 2C;il/ 


iiHiiig oquatioiiH (i) and (iii) ono obtains 

Qoq — 2//p ^ 

Tliis is always positivi' For the limiting value f) — 2/i7„„ — 1; as /O increases 
//„(, Tuojiotonically docreasiis, tending to vanish as /o— ► oo. For any signilieant 
lioiicleiisatioii /C- !>/ and 1, so that ono has an intenso gravitational field 

at tlie snrfacio altiiougli there is never a Oppoiiheimer-Snyeer type cut-off of light. 

Th(v author expresses his gratitude to Profossoi* A. K. Ray-Chowdhuri of 
Prcsitloncy Co. liege, Calcutta, for liis guidance and valuable .suggestions 
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Hoylo, F, and Narlilsar, J. V., Itlb4, Proc. Roy. Soc. A, 27B, 405. 
Op]ituihinrmjr, J. R- and Snyder, ]!., 1U39, Phyi. Rev. 6B, 456. 



X RAY STUDY OF ^^ ANISIPINE 

M. Y. KHAN AND Y. MISRA 

DBPABTMJiJNT OP PhYSIUH, UnIVIARSITY OF CJORARHrUTt, 

GoiiAKirpTjn (India) 

{Reocivcd Apr%l ], 196 ( 5 ) 

TIio Bubstanco ^-Anisidino (allornativo naiuo ^^-amiiio anisol) O^TTpNO, 
Jjiifls an important plauo in tho B3nitlioHi.s of varioiiH oolorants (Climniikh, JDiJb) 
and drn^B (Sjnith and Burnett, 1949). Good single orystals, of tho substanco wore 
ulitaniod from its saturatod Kolution m otlianol under controlled eva]u)ration and 
r('])eated erystalbaation. TJio crystals are long prismatie in sliape with brownish 
ting(‘, and show four faces parallel to the noodle dirocjtion. Goniometric, obsor- 
vatir)nB from tho crystal suggest that it belongs to the monoclinic system. Tlie 
laiiNS (991) and (190) are veiy well developed and prominent in all th(^ ciystals. 
The inteifacial angles (199)a(901) and (091)A(199) are 74°1S' and l()r)'’42', are 
in good agreouiGiit with the calculated values of 74°17' and 105'’43' respectively. 

The axial parameters of tho unit cell from the oscillation photograxihs were 
rcilini'fl by the method of least scpiaros using high angle spots on the vAsro layer 
WViHsenberg photographs (Hugos, Yakel, and Freeman, 1991). Tho camera dia- 
inet(;i was standardised with the helx) ol aluminiuni wire powder pattern supcir- 
JiupoHod on the oscillation and the zero layei Weissonborg jihotographs. Gnfil- 
Icred coxiper radiation from Macholott tube at 25KV, 19mA was useil The 
iiionoclinic angle /? was determined Irom tho zero layer Weissonborg xihotograph 
along tho unicpio axis and was further relined b_v this method of angular lag 
[rein lust and second layer oqui-inclination Woissenberg photograjihs (Buerger, 
1942). 

Tho density of crystals was measured by lloatioii method The observed 
(lonsity i.- = 1.20 <7. cm”^ against the reported density T) = l.OSg. cm~®. 

(Tlilbron, and Bunbury, 1934). The number of molecules per unit cell is 4 and 
the calculated density is = 1.21g mir® which is in good agreement with tlie 
el)s(5rved value. Equi-inclination Weissonborg jihotographs wore taken along 
the three crystallographic directions and the spots wore indexed witli tho help 
o1‘ lattice row templates (Schneider, 1928) and checked by direct (jalculations for 
the Bragg angles. 

From the study of indexed reflections, it is found that all {hkl) reflections are 
present. The systematic extinctions are {fiol) with I odd and (oA;o) with k odd. 
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Tt FihowH that tho lattioo is i)rimitivo, tho uniqutj axis is a scrow axis and the syin- 
inr^try ])laii(i is a glide piano with glide ceinponont along c. These eonditions 
enable us to assign tho spaee group C\ji~P2jlc. 


The crystal data as determined from this X-ray study are given below ; 


a == 7 78 -1= 0.01 i. 
h -=r n 60 J= 0.01 A 

c 16 08 1= 0.02 A. 
p = 106"22'. 


/)„, = 1 20g.om-» 
^ l-21g. em.-^ 
Z --4 

F(OOO) - 264. 


Vc 074.44 A3. 

// ^ 6.69 cm. 

for CuK„ radiation (A — I.54J8 A). 

Further work on complete striictiu*o detorinination of p-anisidine is in progress 
and will ho puhlisluul shortly 


Tho authors aie indebted to Prof. D Sharma for Ins keen iiiter(%st and Pr. 
P iSrivastavu loi his guidance and su])ervision ot tho work. Financial assistance 
from the Council of Sciontilic and Industrial Research, New Delhi, is also grate- 
fully aciknowl edged. 
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HiKirgor, M .r , 1!)42, ''X-ray Crffsfalloqraphi/ . (Wiloy, N Y) pp 380. 

Oluu-aiimkl). I'j V, 1935 Bu/ts , 41, 61f> 

fToilhioa, 1 , Bunburv, Tl. M., 1934, ^ Dtchonartf of Orqanio Oompoundji', (London) 
Kuros, W W , Yaltol, l-[ L , ami Krooinan, 14 (? , IJMil, Acta Gryfit 14, 34.5. 
Schufiidei-, W., 1928, Zcit. fur KrisHilloqr. {A), 69, 41. 

Smith, N. C., and Biirnott, D., 1949, Jr J. Euon Entomol. 42 , 439. 
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GRUNEISEN CONSTANT, THERMAL EXPANSION OF 
CRYSTALS AND THE LAW OF INTERATOMIC FORCES 
0. M. KACHHAVA and S. C. SAXENA 

Physics Dkpabtmjunt, IIamsthan TTkivjsksitv, jAirun, lNni\ 

{Received April 9, lOG.T ; Jiembimttcd November, IS, 1UG5) 

Tn principlo it ahonld always ho possible*, to (ioinpiiti^ tlio difforont iiuifTos- 
I'opic properties of crj^^stals from the reliable* kiiowleKlge of ititoraiouiic fore-e^s. 
A'arious attempts have bee-n made in this diroetioii fioin time* tn tiiue^ and the jmr- 
]j()se of this notei is to present sueh smijile and nenv reflations for tlio Crniuiiaon 
constant and the coeflicient of thermal expansion 
The* iamiliar Cruneison relation is (Kittel 195(5) 


3a K 

fic,' 


( 1 ) 


Avhore y is the Grunoisen e^onstant, a and fi the e*,oofficionts of thermal expansion 
fiiifl (‘ompressibibty respectivedy, V the molar volume and (7„ tluf molar siiecifies 
Jicat at constant volume. On tlie basis of the e*,xtefud(*d Born-Mayeir tlie'oiy of 
the interatomic forces of ionic crystals we can write for the teital ene^rgy ])er coll, 
as 

4>(r) = - ^ +4 . (2) 


lTt*ie a is the Madelung constant, e the edectronic charge, r the interatomic separa- 
tion, A and p the two potential parameters, and C anel L) are the van elur Waals 
constants. The constants A anel p are determined from tlie familiar conditions 
of Born and Mayer (1932) but wo quote here a simplifietl version of tlieir second 
iclation wliich is pertinent for our discussion here viz., 

= (3) 

dr^ Nfi' 


^ bmng the Avogaelro number. 

Further if v is the vibrational frequency of the atoms in the crystal we have^ 


rf In V 

“ “din F ’ 


( 4 ) 
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If wo make an additional aBsuniptioii that those atomic vibrations are simplo 
liarmonic in nature wo have 



... (r)) 


m is tlie mass of the atom and / the force constant. Relation (5) loads to 


V 2/ 


(fi) 


We also have V = Avhoro is the equilibrium interatomic separation, 

and c. a (joiistant whicli depends njion the crystal structure This leads to the 
j elation 


dV 

V 



r 


... (7) 


One can also write at r ~ r,,. 


dr“ 


... ( 8 ) 


Equations (0), (7) a.nd (S) on substitution in Eq. (4) load to the following desired 
relation ; 



An interesting relation results if the values of y and ft as givim by expressions 
(9) and (D) respectively are substituted in Eq (1). We finally got 



Tlie relation (10) has also been derived by Saxena and Kachhava (196.5) earlier 
in an entirely different approach baswl on the simple statistical mechanics result 
of expressing the avf'rage atomic displacement from the equilibrium position in 
terms of the interatomic potential. TJiat these two results are it^ntical with each 
other substantiates tlie various approximations made here in deriving the relation 
(9) We now checjk the accuracy of the derhmd relation (9) by performing cal- 
culations on alkali halides whore fortunately experimental data are also availablo- 
Tn the table wo list the experimental values of y for almost all the alkali halides. 
Also recorded are the calculated values according to Eq (9). ‘ In these computa- 
tions wo have uswi the values as compiled by us (1963) earlier, the two potential 
parameters A and p needed in connection with evaluation of the various 
derivatives of 0(r) have also been reported by Kachhava and Saxena (1965), 
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wliilo C ami D are given by Mayor (1933). The agreement is salisfaetory on 
tJiu whole while it becoinoa excolloiit in some oase-s. 

In order to got an ide-a of the suecctss of th(^ presc^iit theory and coiiaecjiieiitly 
ol Eq. (9) we also tabulate the values as caloulateil from th(‘ two otlu'r aijproaclies. 
One ealeulation usos Debye’s theory and tlio kriowleflg(‘ of eciuatioii of state (me.thod 
1), while ill the seeond method we further employ the kiioAvledge ol inteiiilomic 
loKes The values recorded in the table arc bas<‘d on the simpler lloin tyiie 
])otential (method 11). it is important to note that duo to tlu^ nHpiiieme-nt, of 
l]i(‘ ('xpornnental data of a rathei (‘onixdioated and unoertam naiure it is not pos- 
sil)h’ to fionixmte y foi' all the alkali halides WluM'ever the values an* r(‘portiul 
\\ (‘ find that the second nu^thod is definitely not rohahh' whiles the ])resent method 
> iclds results better than even the first method in most of th(‘ ( asi^s 

It is also intiiresting to jioint out here that ealeulations of Saxiaia and 
Iviiehhava (1905) based on Eq (10) foi a of the alkiili halide crystals ari^ also salis- 
t.ictory thereby substantiating the assumiitions made in developing the iiresont 
ilieory^ to a. large extent HoAvover, the theory devidoxied lu're is bused on the 
sinqile Einstein's single frequency model, Avhieh is valid only at high temjieratures 
Alll lough the recent lattice theoru^s are capable of giVing relatively more* rigorous 
and accurate results, yet the tre^atnumt xm'smitisl here is useful hecausi*. it is ea])able 
of yiidding fairly reliable results in a very straightfonvard ami simjile fashion. 

Experimental data as av'^oII as calcuhitcwl values oi' y for a, lew alkali hahdes 
are. available other than shomi in the Table. White (19()1) found a value of 1 47 
lor KCl on the basis of the experimental data on a and other (quantities Whitc 
(19(il*), .and Ilnhiii el. al (1901) report a value of 1 55 for JSIaCl. (Jollin.s (1903) 
on the other hand has calculated y theoretically from the observed values of tho 
])r(\s,sure dtqKUidence of the elastic constants He finds at high temperatures for 
NaCl and KCl y values as 1.01 and 1.25 respectively Barron, Li'adhottfw ami 
Morrison (1904) have recently rcjiorted tlu^ values of y t.alculal/cd from tlu^ e.xxjori- 
mentul values of adiabatic eoiiijirc^ssibility , sjiecific; heat at eoustant prcissure and 
Ihernial expansion cooflieient Their values extrapoluti^d to liigb ie.mjieratures 
lor NaCl and KCl are 1.585 and 1 .44 resjjcctivcdy It will be seiui that (wcui here 
the agieemcnt between theory and oxxieriment is roughly of the sanicf order as 
lound in tho Table on tlu^ basis of equation (9) In vicAv ol the siinjilicily ol our 
aj)j)roacli lor calculating y wii refrain comparing further with thi^ vahuis obtained 
on the basis of more eomplieatf^l models. 

We do not plead on the pretext of the reasonably good agrc-cmicnt obtained 
on ilu' basis of ecpiations (9) and (10) witli the experimental values a great justi- 
hraiion fur the single frequency model The underlying idea ol the presmit in- 
vestigation has been to derive- a siiiijile cxjiressioii and balance out the eonsoquonees 
ol the various assmnjitions in such a way that a good working accuracy may be 



276 


Letters to the Editor 


achievcid. Wo fool tho presont investigation achieves this goal in a bettor way 
than has been jjossible so far. This point is specifically made clear by comparing 
the results also with tho two other methods. 

TABLE I 

(Comparison of calculatod and experimental values of Gruneison constant, y 

CJttlcuInl.od y values 

Sul)Kl-aii(e ExpRTjmental 

valuDH (a) Eq (9) Motbod I (li) MnUmd 


LiF 

1 99 

1.80 

3 02 

1 97 

LiCI 

1 .54 

1 70 

2 11 

2.12 

LiBr 


1 66 

2 06 

2 16 

LiT 


1 69 

- 

- 

NaF 

1 57 

1.03 

- 

- 

Nri(3 

1 43 

1 70 

1 .85 

2.27 

NaBr 

1 55 

1.80 

1 76 

2 33 

Nal 

1 59 

1 .87 

- 

- 

KF 

1 48 

1.73 

2 26 

2.32 

KCl 

1 34 

l.HH 

1 59 

2.46 

KBr 

1.43 

1 91 

1 62 

2.47 

KI 

1.58 

1 .97 

1 .54 

2 62 

RbF 

1 .28 

1 81 

- 

- 

RbCl 

1.26 

1 93 

- 

- 

RbBr 

1 .27 

1 95 

1.46 

2.47 

Rbl 

1.50 

2 01 

1 60 

2.66 

CsF 

1.49 

1.82 

- 


CsCl 

1.97 

2 13 

- 

- 

CsBr 

1.93 

2.30 

- 


Csl 

2.00 

2.21 

~ 

— 


(a) BORN, M, and HUANG, K., 1956, Dynamical Theory of Crystal LattiooH (Oxford: 

Clarondon Pighs), p 52. i tt-ii 

(b) SLATER, J. C., 1939, Introduction to Chemical Physics (London: McGraw-Hill Boon 

Co,, Ino.), p. 393, 
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AN rNTllOmiCTION TO PLASMA PHYSICS— 1)y W. B. Thompson Porgamon 

Pross, Soconcl (rovisod) imiiroasion 1964 viii+274. Price 70s net. 

Thanks to eontrolkd tliermoiiuclear exporhuents, plasma physics came into 
jn'oniineiicii in tlio woj*ld of scioiicc ahoiit a decade ago The subject has since, 
b(HMi d(wel(jj)ing so last and in so many directions that students and researcli 
woiiuM'S cnteinig tlie fiedd need a sound introfl notion to start with, so that they do 
not g(it lost ni tiyjiig to loicp track of tlie latest developments In this context 
the importance of such a book as Prof. Thompson’s in elucidating the basic kuow- 
l(‘-dge broLiglit up-to-date cannot be overemphasized. 

Howev(U‘, the book, as the author himself points out at the outset, leans 
— ribtluT In^avily, 1 am afraid, — on tJie physical phenomena associated with the 
controlkid thermonueJear problem. The autlior has chosen to omit or to avoid 
as far as ])OH.sible a J(‘W important asjieiits of jdasma physics, e g , inelastic collision 
jirocesses, kxjal inhomogoneities, interaction of a plasma and an election b(‘-ani, 
etc. It a])peai’S that treatment ol these aspects in a more favourable light would 
liave added to the usiifulness ol the book as a comprehensive introduction. 

Tlie introductory chaptoi of the book is both informative and interesting 
The only inipoi taut topic, oiu^ perhaps finds missing pertains to the plasna in solids 

In tlie (iliaiitce’s that follow, the autlior deals with tlie basic properties of the 
etjiuJibiiiim iilasma, the are jdasnia, magnetolij^'drodynamies, magnetohydrorlyna- 
11 ) i<', stability, plasma dynamics and jiartielo motions, and kinetic theory of the 
plasma. 

Almost all tJie iinjiortant tbeoretiiial ajiproaebes lor tJie study of pure plasma 
dyuaniics ai'e privsimted m a jiroeise and lucid manner It is heartening to find 
tliat the book, tlioiigb esstmtially theoretical m iiaturi^, contains results of relevant 
exjici'inieiits and also discussions on various teclmologieal applications of jilasma, 
lor oxainjiki, ni the projndsion of rockets and in the direct conversion of kinetic 
energ}’^ to electrieity. 

In comparison the chapters on the basic properties of the equilibrium plasma 
and the arc jilasina setnii to be somewhat neglected. In particular, basic experi- 
ments sncli as those involving double probes and microwave interferometers are 
not refm’red to. There are also a few mistakes and omissions, mentioned below, 
Avliicli, in part, may however, bo ascribed to the printer concol'iiod. 

Referring to an experiment by Langmuir, it is written (p. 12), “In arc dis- 
(iliargoB the electron density is cm *^ and the plasma frequency ~ 100 

Me/s, For the said electron density the frequency should really be 3,00- 
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10,000 Mc/s. In fad iho clonsity ii\ Lau^nunir's oxiummuk^jU was of ilio order o1 
■' and tln^ frequency 1,000 Mc/s 

Secondly, it is not quite correct to sav (hi’o p lo) tluit tlio resonant form foi 
E iqqn’opi iate to a cylindrical cavity of radius a is E ^ Jnihr), obviously becansi* 
in:»y b(‘ otluM- resonant forms minally aiipropriate The loim (|noted cor- 
H.sponOs to a particular type of modes, one of which (TM,,,,,) was siaecled by 
Adler for his (vvjieriimMit 

Finally, r{n}r'^) lu Table 3 1 , ]i 32 should be nqilaccMl by n{C'm 

The Itook has, lumever, a. number ol interesting Tables (so(\ for exanqde. 
IT 1 I ^ -Ih of and 152) and a useful secUou on ])ro))lmns and tlieir solutions 

Till* hddiography, thoiigb not exhanstivi*. is inesented m a ludpful mamim* 

Tin* book may, by and larg(\ be surely rocoiiinuMided to all those mtiu’ested 
111 the fourth stall* of matiiw, - parf iciilarly from tin* point of view ol ibe stiirly 
ol ils dynamics 


r/ BffSH 


SFMKmdlUdTOn OOUKTKKS FOIl NHOLKAIt ItADTATIONS by (1 

r)i‘arnaleA' and I) (1 Northrop, lfKi3 N and FN Spoil fjimitisl, London 

55 Shillings 

lu leient yeais scinieondm tor (*onnters ai’e playing an important role m 
i‘\pin imental nuclear ])hvsics foi Ibe (](*teition ol jiucl(*ar radiations This is 
hecanse sui h i oujit(*rs ai e not only comiiact and of sinijile sti uctiire hut also possess 
(Mi'llent (*liaract('nstics In the book under rmnew the authors have- first disdt 
vith all Hie hasii jiriiii ijiles of nuclear radiaf ion detection as also those ol semi- 
MMidiictor physi(*s. They tlieri disc ussimI the problem ol ajqilii a»tion of the latter 
lor the former and the teehnologica-l aspect Finally they discussed the damages 
wliicli might be suffered liy siiedi counteis by the radiations to lie detindeil Tile 
hook also contains an excellent bibliography on the sub|(a*t The jirosent volume 
which IS siijiposeil to U* the first book in the woild on this subject is undoubtedly 
a, vi*ry useful one to exiieri mental workevrs both on nuclear jihysics and on solid 
slate physics since it is now realiHed that nuclear radiation (;an be a powerful 
leol 111 tin* study ol semiconductoi s, pist as solid state devii-es can be useful to 
iiinlear physics 


A K.DutM 
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Book Reviews 


OLASSICAJ. (^HAJIGED PARTICLES—by Rohrlich; piOjlishod by Addison- 
WoHloy Piildishing Comjmriy, Iiie MasHaclmsctiH 

JL is an oxcolloiit toxl for graduaia studonlH. Tt contains important liistoicnl 
landmarks in tlio theory of electron. Dirac’s A-limiting j)rocess has been writtt'n 
keeping the spirit in tac.t and showing its imijortaiicii in future works. Thougli 
lim name is classical ele.ctrons some relevant as fioct of quantum electrons have also 
been discu.sse.d. A similar story «)f electron was written m Zeit fur Physik, 10:2S 
but a good text was really wanting giving all attempts. Prof lloJirlii'li’s boolv 
fills that want. 

T Hoy 

THE iSTABTLfTY OF MOTION — by Ohetayev, Ihibhshed by Pergamon Press, 
Oxford. 

ft IS an elaboration of liyaxninov’s in(‘.thod. The author is bold enough to 
introduce a chapter on transient motion, a topic vvliicli is much less (l(welo])(Ml 
compared to the stability of steady motion The book will undoubtedly be he,!]) 
fill to engineers siK'h as aerodynaniKi, coinniiiiiicatiou or uieehanieal engineers 
The book indeed contains some of the pioblems of the abovi* diseiphiu's 

T Hoy 

TENSOR OALOULITS AhTD RELATIVITY— by D. F Lawden Publisliers 
Mi>thneii and Co. JAd , London 

Tlie book is a moiiograxih on the subjiict. Though fiom a course of lectures 
the authors has built uxi the book, it seems difficult to recommend it as a text to 
graduating students. Rut that does not mean the book is xmrxioseless Peojih^ 
engaged in reasearches in otlier fields or any one who wants to learn general relati- 
vity can (juickly get the idea reading this lucidly written liook In the oiiinioii 
ol tin* reviewer the topic of eovariant derivative could havii becMi jnesented mori' 
eh'gaiitly 

T, Roy 

THE FUNDAMENTAL PARTICLES— by Clifford E. Swartz. Publisluis 
Addison -Wesley Publishing Conqiany, Iiie Massachusetts 
The book treats the subject in an easily understandable and pUcnomenological 
fashion. Tlui author howxwer has kept an eye on the exiierimental situation all 
through. Any one having an elementary knowlcflge of pliy.sies eg , the ideas ol 
conservation, relativity etc., noil find the book lucid and instinctive. The authoi 
has not attiMujited to give theories like S1T(3) or bootstraxis though however he 
has mentioned them taking them with illustrations from Avnericau 

1064 The book may be irsed as an introductory course to students of Physio 
(General) . 


T Toy 
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RECIPROCITY EQUATIONS FOR ISOTROPIC 
OPALESCENT SCATTERING MEDIA 

S. P. TEWARSON 

Okpautmicnt ok riiYSTcs, Kwiwfj C’nmyTiAN (’olt,i,uio, Alaiiaahaj) 

{llticdvcd Mat) G, inGfj. Hcfiub nutted A uq uni 3, IDor* ; nibo iiG, HUiG) 

ABSTRACT Jvrishjiaii’H rofjprocity theorem wuh found to be resiiietml to uindom 
III vortu'iil oriontutione ol HcatLeroi-H, and tlioreloro non-gonorul in \aJidily. l\iirni extended 
Kii.shnnn’.s woik to provide a number of j-ncipionty rolatiouH, ubicli were also foimd lo be ro.s- 
irietecl in validity. iS. Subramanian formulated n reeipioeity i elation com-i'ined with inteii- 
hity reliitioiiH and eslablihliod it experimoidnlly in a muek more ReueTid foim valid for the 
iiiocaseb of oi’iontation in tlio liony-ontal piano of observation whoreni KMsbuan'.s tlieotom 
hud jirnviously failed Jf. Muoller pioposed anofhoi Ronoral form of rei ipioeily relation 

iili.'K' M and are the <1 4 mutiicos of the natural and its (‘orrespondinK roeiproenl 

()}ili(td system involved. 

'I’he jirosent paper di'.ds wifJi the formulafion of a RC'iiemli/ed roeiprocil y lelation, valid 
till sei eii f'vpes of jiolaiizc'd beams and foi all ])ossible orioni a.l.ions and types of aeattorerH 
Tim injualioji follows Horn the "NTuellov law of roeiprocite Six equations loUovv from the freou- 
i.di/('d nipialion, threr of which have been experimentally ext abhs lied through call idations 
on data from various oxpoi inienteiR available in the jmbhshed litorat.nro 'Pho uquatinns are 
I \pei ted t.o find usefuliiesK in collon I -optics, gaimna-ray polan/.Qtjon studies and allied fields 
involvmy: olocti’omagiiotie beams 


1 N T 11 O D U C T T O N 

il. iS Knsluian (iy35a), dorivod i]it) lolltiwing llooiprocity thoorom lor 
Tyndall scattering 


_ I -I I/ft 


(i) 


wliero f)J^ and / 5 „ are depolarization factors lor unpolarizcd, liorizontally and 
\ ertically jiolarizfKl incident beams ivspofitivoly. This relation lias Ixum sub- 
icctod to extensive experimental vorifioations by Krislinan (l()35b), as well as a 
larg(‘ number of other workers, mostly for random aggregations of colloidal particles 
el all shapes and sizes. For HjiecilTeally oritaited noii-sphcnical ])articlos it W'^as 
c\])erimontally shown by Kiislman (1938), Kao (194r)), Snbramaiiya and llao 
(1949), etc., that (1) is true for only vertically-orjeiitfxl particles and fails for parti- 
i oriented in the horizontal plane of observation. It was therefore concluded 
that the law of reciprocity is not a general law of optics, in the original form sug- 
gested by Lord Rayleigh (1877) 
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F. Perrin (1942) cxtcnderl Krishnan's work to provide a number of additional 
rec:iproc;ity rcilations which wore alao found to have restricted validity confined 
to random oriontationa only. 

In 1948, Muller (1948) roiioried the formulation of a plienomenologioal foun- 
dation of optica, having only operational bases and fouiuh^l upon empirical laws 
ol spectral decomxioaition, jiolarization, sujierjioBition and reciprocity. He 
gave a now interpretation to the eoncexit of reciprocity based mion the Mueller 
Plumomonological Algebra (Parke 1949, Muller). 

Among the recent workers, Subramanian’s (19G3) contribution is noteworthy. 
Under Kiialinau’a guidance, Subramanian formulated a general recijirocity rela- 
tion of the form 

= I'^Ai - ( 2 ) 

where is the intensity of the component of the scattered light whose electric 
vector IS inclined at an angle B to the vortical, with tlie external orienting field 
Xiaralhil to the nujidcflit biiam. is the (lorresxionding intensity coinponeiit, 

when the (external field is iiarallol to the scattered beam The relation (2) was 
also verified by him expe-rimoiitally The reasoning followcMl in the formulation 
of (2), is based uiion Subramanian’s observation that f>„XPfi is a constant for’tho 
two cases. Howeve.r, Snbranianian was concerned witli intensity only and his 
result does not deal with the xiarameters ol the oxitical system constituting the 
scattering medium . 

The jircisent paptT deals with certain generalizations of rocijiroiiity relations 
in light scattering media m terms of Muller’s law of recijirocity, valid for all 
X)ossible orientations of tlie scattering jiarticlos ol all shapes and sizes, constituting 
an isotropic opalescent medium. 

Perrin (1942) has doliiied an isotrojiic opalescent medium as one whose scat- 
tering eli'inents are not very small compared to the wavelength of light, which 
IN more or less turbid or ojiakisceiit, and which shows either absolute or statistical 
Isotropyas a udiole Examples of such media are susjiensions, colloidal solutions, 
solutions of largo molecules, smokos, fogs, fiberous matter, etc. 

THE M U E L L E B LAW OF B E C 1 P B O C I T Y 

In the x>henonumological MueUor Algebra, an optical system ^or instrument), 
is defined by a 4 X 4 Matrix of the lonu 

1 tta 

Uii yiz 9 i3 

^2 S ^2 i ^^22 

^3 1/31 1/32 fl^33 


31 - t 


( 3 ) 



Reciprocity Equations for Isotropic, Opalescent, etc, 283 

t is tlio trflinsiiiiMsioii o, und. h avo Hinl '|)()liiriziiii 2 [ 

\ (*i tors (3-(liiiioiisioiial), and = 1,2,3) aro tho matrix oloiuoiits of an 

ii^itical Tensor G. 

If L and L' are the Stolces’ voetors of tlio incident and tlie oorrospondinj^ 
f jiioi'gent beams rospootively, 

ly — MxL ( 4 ^ 

The reciprocal optical system _ 

TJio reciprocal optical systeiii (or instrument), coiT(‘sponding io a natural 
M'slem T, is defined as ono in Avliich the exit aperatun^ is nnido tlu' (Mitram;o 
ap(‘i turc and tho entrance aperture is made the exit aperture, and wherein the 
iiuidont and omorgont beams are interchanged in their places and lYwersed in 
(hrections. The parameters of tho reciiirocal system are indicated by sii])ersi;j iptiiig 
^\ itli the sign The Matrix or the reciprocal system is given by 



' 1 








f/^31 





(7*^32 


i 

(7^13 

— 23 


'I'hf Mueller law of reciprocity 





Starting from the fundamental coii(M‘pts of rociprrxiity jiropnimded by Helm- 
holtz and llayleigh, that, if by any mcians one ])oint can be seiui from the other, 
lh( oth('r bhonld also he seen from the fiisi, Mueller's tlieory states thi^ la,w of 
1 (M iprocity in the form 

M = ... (b) 

as the most general form of tho Jaw. 
lit f iprocity conditions 

lo following rccipiocity conditions follow inimediatoly from (3), (5) and ((!)■ 


t = 


(7) 

= (-)^+i • hi ; 

1,2,3); 

(8) 

«i = ; 

(*■=1,2,3); 

(9) 

9ik - ■ rt,- ; 

{j,Tc^ 1,2, 3); 

(10) 

. R E C I P R O C I T 

Y AND R E V JO R R I B I L I T Y 



The horizontal {H) and Vortical {V) intensity components of tlie scattered 
'‘' ^nii, corresponding to horizontally and vertically-xiolarized ini'ideiit bciams 
h] cheated by subscripting H and V hy h and v) are given by, 
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H ==(/'+ jr)/2 (11) 

V^{r—M')l2 ... ( 12 ) 

wlioT’H r and M' aro stokos’ paraintilors of tho scattcrod beam. Hence in terniK 
of matrix oloments, 


tJh = (i+«i+^+srii)/2 

Vn 

/7„ (l-aH-&i-7n)/2 -■ (13) 

r-. 

Krishnan’e reciprocity relation yields the relation, 

... (14) 


This is true only when. 

— a^, and = 6j; ... (15) 

W'liicJi iinpli('s that the systoin (instnunont) is reversible, wherein the rociptocal 
of the msti anient is also i/he instrument itself and has therefore a Herniitiaii 
matrix Tlx^ complete requiroment.s of reversibility arc expressed by (15) and tlie 
additional (jondition, 

- (10) 

It can now easily ho seen that all reciprocity relations put forth by Perrin (1942) 
and Krishnaii (193r)!i), follow Irom the rovcr.sibility criteria exiiressed by (15) 
and (10). Thus in terms ol the new theory, previous reciprocity relations of Perrin 
and IxriHliiian apiiear to be in laut reversibility I’elatioiLS. Since all ojitidal systems 
cannot be reversible, Krislnian and Perrin’s reciiirocity relations lack general 
validity. 


IV THE RECii’IlOCn’Y EQUA^’IONS 
A. The scalU'/ring vocyeriment 

Consider a general scattering experiment with depolarization factors, 


Pu = 


K 1 F, 


Pu ■■ 


1+^1 

1^1 


... (17) 
... (18) 


P/, = 







^1+9^11 ] 
l+«i ' 


+ ^ir \ 


( 10 ) 


hence, 
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Hllfl pv — “ ... (20) 

\ i-«i 

Lt^t the (seatioring experiinont conRist of .seven ty]>es of polni izers and throo 
tvpes of analyzors a.s under . 

A ndlyzcr 

Plaiui-Vortieal {i — 1) 

IHaiie at 45“ to Vortieal (?. = 2) 

Oireular {i = 3) 

V. 


H.k 


Polurizpr , 

None (TTni)olarizcd heam) ...{k =-- 0); 

Plano- Vortical ...{k — I) 

Plane -Horizontal ...(A; — 1 ) 

Plane at to vortical ...{k — 2) 

Plano at — 45° to vortical ...{k = 2) 

Right circular ...{k = 3) 

Loft circular .,.{k — 3) 


Let 0^^ 1)0 the reading of tho analyzer for equal intonsitioR of the two halves 
4 the hold of view {H and V) which are orthogonaljy polarized; with tho 
dcivice like a Wollaston prism, etc. From the figure given abovc^ we get, 

cos2 = Hiji sin^ • (21) 
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Hence, />tft = = cot® = (] -]-cos 20^j(,)/(l— cos 20*^.) ••■ (22) 

Using now ilio abbreviation G^f^. — cos ; we have from (22), 

... (23) 

Pu -= (1 + C\o)/(1-Oi„) 

/>« = (1-Cn)/{1+Cii) h - 

p„ = (i+Cu-)/(i-r'„-) 


Also, 


n +9'^4 

^ fl'tJb 

1 ^ 

1— ffik 


(25) 


For brevity -we express the sum and difference of the above two C values as, 
and, 

Thus wo have, 
and. 


^ik = C'tifc+C'.£ 

... (26) 

dtk = ^th~^i1c 


ajg = {2bi— Sii)ldiii 

... (27) 

^9i1e = <^4l+®ifc ' ^ik 

... (28) 


B. The reciprocity equaiiowi 

Basing f)ur arguments upon Mueller’s proposed form of reciprocity law, it 
IS now possible to lornmlate a generalized reciiwocity ccpiation as follows ; 

From (28) we can write, 

== ■ ^}k 


and, 2 ( 7 »^y = ■ 8% 

hence, * ^^icj) 

Substitution of reciprocity conditions (8), (9) and (10) in (29) gives, 

i.e., == • S,,] 

^ 


(29) 


But 

hence. 


I / \4-4-l . 1. . .Q^ ^ f 




( 30 ) 


Tn terms of Cjj, values from (26) we have, 

lC%-(y^)M-y+%((yt,+Gkj) ' ' 
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(32) 


Hilimtiou (32) is the most g.moral form ol rociprocity relatiou existing I.etweoii the 
parameters of the natural ami its eorrespomlmg iveijs oral system, imaisurrcl iii 
t,.rm.s of eos2<?,K valueai. Some sirecial easr« of (32) are ,>i great luteiirst, m asmurli 
as their validity ran be tested tlirougli available data m literature espeei.illy that 
,.l Krislmaii. Subramanya and Kao, Subramamaii, A. Mueller etc We eousider 
iJicm aa lolloAvs : 


Case I ‘ ( j ^ — J , 2, 3) 

It follows iimnodiately from the general reeiproeity equation (32), tliat. 

la) Fo! j = A: = J ■ 


In IcniLS ol' flnpolarization factora, (33) can l)o oxprcsacM 
(25) as, 


.. (33) 

I Avitli tJic Juiljj oi (24) and 



-- 1 , 


(34) 


W'nting, 




«»= \=:£J‘ 
i+ft, 

and, 

7? — 

" “ r+^u J 

(34) can 

be reduced to the simple form 


(l+sB„)i2--„+(l-iZj^^,, 


(35) 


(36) 


fl') For j = ^ 2, 3 ; 

Wc obtain similarly tlio following two relations, 


(37) 
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[l+G^,o \C 33-[l-C’^3o\C\. - 1- 

[1 H '6'a„ ]6’^33 [1 


(^) j ~ 1c — 2 

Wb havo fixmi (il2) 


[h) ■ :)^2, k 1 




[14 _ _ 

Ll-a„]6V,,-ll+6'2o]6*^,, ’ - ^ 

Wn t-aii coiuhmo (21)) und (40) into a siiiglo package, 

[I Mj. 

daw IJf . (j — I , /j ^ 2) and (j — 3, k — 1) • 

In tlu^ Hiinu' manner as in (41) the following relation is obtained for this casi*, 

Ml ^'*^‘joK 43 M — 'X L * ~l~ ' [1 ^'^10 K4i t — i- /4*n 

IJ-I 'Li-^4oK’^. M+^4oJC’^ai-Li- C4 oJ6’^:t ' ’•■■ 


(Jana IV • {j ^2, k=^ 2) and ( j ^3,^ = 2)- 

Li+ry3oK43-[i-^n«J^'.. , 

1i4-'6’,o] 6'’^,3-1^-^W^>.. M-^2oKna 


... (43) 


Tims, SIX spoeilic reciprocity relations follow from the general i‘o(;iprocity 
eipiation (22). Tlio exporiinontal vorilioation of all of tliein requires elaborate 
and extensive expernnontal work. Nevortlioloss, it is possible to verify (34) and 
(37) with the help ol available data in the existing liter atme. 


V. EXPEHIMENTAL VALIDITY 

The experimental Aoilidity ol some eases of the general riiciproeity equation 
(22) is established tbiough available data in the following Tables 
a) Krishnana (1928) data for MegneiicaUy oriented ’particles 

Krishnan perforniod tlii-oo experiments on graphite sols, using a magnetic 
orienting field and with incident and oiuergont beams at right angles in the hori- 
zont 1 jilane of observation, as follows . 

(i) Particles vertically oriented 
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(li) Particles horizontally oriented and para.lli‘l t,o ineidont lu^am 

(jii) Particles horizontally orieiiti'd and iRMijendKadar to incident htuun 
and parallel to scattered he,aiii. 

Jji terms of tin'- previous discussion it is easy to ser" tluil Die system in ease (lii) 
tin* 1 ecix)ro(!al of the system in case (ii) and vice-vi'isa Tlu' rosiill of c-alcuUUons 
foi recii)rocity are thulated heloiv . 


TABLE I 

Test of roeixirocity Eq. (M) tJu-ough Ivi-islman’s data 


IT 

Natu 

(ll) 

.ral Instil 

Liiurnt 

('llHC (ill) 

IliM'ipioi 111 J iihitnii 

iiK'mI 

(34) (Li'll. 


Ph 

P« 

P(( 

PA 

9 a 

P» 


0 

2G0 

016 

1!)K 

. 200 

04.6 

IMS 

1 000 

1120 

410 

.086 

217 

7.66 

046 

170 

1 .010 

4000 

472 

.124 

206 

1 342 

046 

, 1 26 

1 .006 

6730 

.637 

160 

.228 

2 lOS 

.040 

. 090 

1 030 

GSGO 

.637 

. IGB 

.238 

3 000 

037 

082 

1 . 060 

7620 

637 

163 

254 

3 000 

.037 

082 

1 0.‘I6 


b) Sijhmmanyo> and Ron (1949) data for Electricolt y orirnkd yoiticlcfi 

The authors rojioatial Krishiian’s oxjierinnmts with tln^ rmly dilleronce, that 
they used an electric held for orienting th(» jiarticles, givcm belovr is tlimr data 

TABLE n 

Suhrauianya and Rao’s data 
(Concentration of Sols — O.()0OS% 


H 

Natural lustnimciit 
Case (ji) 

Itociprocal IiiHlnanont 
Cu.so (ill) 

Rec li]q. 
(34) (belt 
-baiul sitJo) 


PiJ 

9h 

Ptt 

PD 

PA 

9u 


0 

.068 

.260 

.365 

.068 

2G0 

355 

1.000 

00 

.102 

350 

.283 

.068 

344 

.2G2 

0.940 

120 

.124 

.419 

,285 

.008 

476 

.255 

0 930 

180 

.131 

435 

286 

077 

..648 

.247 

1 060 



290 


S. P. Tewarson 


Cone, = 0.0004% 


E 

(Volts) 

9v 

Ph 

Pu 

Pv 

Ph 

Pu 

Rcc Eq. 
(34) 

(Loft hand 
Hide) 

0 

070 

.230 

.331 

.070 

.230 

.331 

1 000 

(iO 

078 

256 

.331 

.074 

.390 

312 

1.010 

120 

.002 

.307 

.328 

.079 

.394 

.305 

1.010 

180 

.108 

360 

31.6 

083 

448 

295 

0 991 


Tlui agrooirieni vvjLli the inoposod TeijiiocaLy equation iS muc;h niore oxcellcuit 
Tor the lo\v(«- coiieentratioii of 0.0004% than for the higher oncentratiou ol 
0 (1008% This IS becaLLSo of niiicli hotter orientation effoet and niueh lower 
amount of multiplo-seattoriug for lower coiKientrations 

0. iSuhramanian*s data (1903) 

Suhramanian reiioated TCrishnan’s expernnents, using the magnotic help Jilso 
for verification of his leoiiiroeit^'^ relation in terms of Intiuisities, His data 
for depolarization factors for tlie last two cases has been used for verifying tho equa- 
tion (34) 


TABLE III 

S. Suhramani all’s Data for oriented particles 


7/ 

((jlaUHH) 

t’iold parnllol to tlio 
incident boom 

J'’iold poipondicular 
to mcideiit beam 

Hoc, Iflq. 
(34) 

(Loft hand 
Bide) 


Pm Pu 

PA 

Pu 

Pv 

PA 


0 

O 

o 

.69 

20 

.09 

.69 

1.000 

3600 

.17 10 

.90 

20 

09 

70 

0 984 

3000 

.16 .10 

90 

.202 

.09 

1 00 

0 980 

2000 

- - 

93 

- 

095 

1.00 

~ 


Looking at the last tjolumn it is apparent, the agreement in this case is also 
of the order of 98%. 

4. A. Mwill(!,r\s data on oriented Nylon fibers 

Miss A. Mueloi’s data is recorded in tho jiresent Author’s (1904) previous 
work S]»e performed a si^t of extensive exjjoriments using extrenudy lino parallel 
nylon fibers as scatterers. Tho detection technique was devolopod by H. Mueller 
utilizing a liighly sensitive photoelectric method. Experiments woi'o conducted 
in an air-conditionc.d chamber and the angle of scattering was koj)t at 41°. Table 
IV gives the result ol calculations for the data. 
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TABLE IV 

A Miu'llor’s clala on oriontod Nylon fihors 


Orit'iilnlion 
\nglii rk'greos 
A 






Roc. 15q. 

(33) 

0 

.0324 

01 90 

2232 

.1898 

1552 

1826 

1 021 

:)o 

025(5 

0239 

128fi 

1 192 

1205 

1184 

1 . 050 

00 

0399 

0544 

1 855 

2043 

1211 

1 234 

0 916 

!)() 

.0(17*1 

0728 

4490 

41.57 

3638 

3751 

1 002 

120 

0554 

0399 

3517 

2860 

.2738 

.2367 

1 185 

150 

.0188 

0123 

1011 

1048 

0611 

0780 

1 060 

ISO 

.0300 

.0175 

2000 

.1976 

14(5(5 

1812 

0 913 




TABLE V 





A 

Mii(d1(vr’s data lor vcrirication 

of lleciproi 

[!ity E(],(37) 


A Dl'tJKH'S 





, 

O'... U( 

■0 Rq (37) 

0 

- 0039 

0838 

— 0188 

— 0008 

.0774 

- 0M8 

J 090 

30 

-.0088 

.2124 

- 182(5 

- 0060 

21 55 

- . 1 883 

0 980 

GO 

-.0144 

3377 

- .3287 

- 036(5 

. 30H(5 

- 3065 

J 077 

90 

-f 0035 

1711 

- 1713 

- 0049 

1847 

- 1468 

1 047 

120 

+ . 0274 

.3067 

-.2326 

-f 0171 

. 3075 

- 2169 

1.035 

150 

+ , 0022 

2315 

- 17.53 

+ 0019 

2331 

-.1736 

1 001 

ISO 

-1 007(5 

0853 

- 0585 

- 0088 

0825 

- 0372 

1 199 


TABLE VI 


A. Mucdler’s data for verification of Reciprocity Eq. (41) 

(all C values are to bo multiplied by 10“'') 

A 



C?2j 




C’ly 



lire. 

(llc^roos) 









J 

(41) 

0 

01 1 

060 

015 

009 

032 

020 -OOi - 001 

076 

052 

-021 035 

1 130 

45 

031 

• 028 

-019 

016 

022 

025 -Oil -025 

-019 

023 

OGJ 000 

1 .090 

90 

016 

010 

009 

009 

067 

073 004 -005 

159 

161 

-012 -032 

0.890 

13,5 . 

-034 

-008 

078 

041 

027 

027 016 013 

000 

-036 

055 093 

1.175 


The agreoinont of ilio dafa witli (41), In Tal)lo VI, is fairly good coiisidoring tho 
iiumbor of small parameters involved in the equation and also the greatest 
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<lifTi(;nlty of main tail ling tlio namo oxpuriiuerital oomlitions ovor a length of time 
I'or tli(>. 12 sets of readings involved. 

Wrror Amihjfiifi of t/i.e Et'Ciprocitt/ Equations 

Cinisider X ami Y as thf> t orrciot values of the nuniorator and the denominator 
for the general form of the reeijirocity eijiiation 

XjY - 1 

Tf dj^ and d^, aiti the net amounts of error in the exiierimontal values of X 
and Y rcsjieetivcdy, it follows that, j 

X \-d, __ X{1 ±dJX) \ 

Y-\d^, -~Y{i±dJY) \ 

_ X(1 :i-<y r) Y) '' 


= a 77 ± {d,-±d,)ir 

Sin(’(^ dj. and d^^ ar(‘. hound to be rather small quantities liomparod to X and 
7, the t'-rror term would ho very small Any eonsistont and appreeiahle divor- 
geuc-e from the value XjY — I would therofoiii naturally he dup to real signi- 
lie.aiit disparity with tin*- law, and Avould signify the non-vahdity of the Muollor s 
form ol the reciprocity law in that case. 

CONCLUSION 

The validity of the proposinl reeaprocity t‘quation (84) has hocn conclusively 
estahlished through the datia of Krislnian, iSiihramanya and E.ao, S Subramanian 
and A, Muller, as shou n in the last colunins of tables I to TV. The divergoncos 
I'roin the jiiedieted valno unity are Avell witliin about 5% experimental error limits, 
llociproeity Equations (87) and (41) have also been estahlished tlirough the data 
of A Mueller in Tablets V and VT resjiectively, though the agreement for those 
tAvo is not so good as for the previous ones This is partly because of rather small 
parameters involved and being for all sorts of arrangements of tho scatterers and 
the apparatus, having boon taken ovor a length of timo. It is very difficult 
to niaiiitaiii exact experimental conditions over a long period ot timo, nevertheless 
tlu^ aveiagi* agreement vithiu about 10% is fairly reasonable. The verification 
of tho equations involving circularly polarized beams is loft for further work. 
Tlui validity of (84), (37) and (41), seoms to provide a strong evidence in support 
of the general reciprocity oq.(32), and as such of Mueller’s reciprocity law. 

The utility of tlu^ proposed form of reciprocity relations is in their efficiency and 
elegance of providing reliable means of testing the Mueller theoiy in a straight- 
foiuvard and coiiqiact manner. In general matrix elements in ordinary scattering 
experiments aro very small, as such direct comparisons of matrix elements entail 
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iiuinerous (talculatioiiH on small quantilios yioldinn; nicomlusivc ri'sults. Tho 
jjroposDfl equations may find usefulness in (lt)lloid-o])tirs and allied fields Matrix 
representation of polarized eleetromagnetie beams is being inereasingly used iii 
ease of gamma-ray jiolarization studios as shown by MeMaster (1954, 19(U) etc 
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THE 60 MeV GRENOBLE ISOCHRONOUS CYCLOTRON 


N. C. SEN 

CnKTRT!! D35 PlIYaitiUE ELWtrrRONIQTTE ET CORrUSCTJIjAIIl]!: 

i)K i.A (J.S.I*\ — CoMi'AGNiE Gi^neraee ue Tj^LisaiiArjiii!: sanh Fie 

DoMAmiJ PE CORPEVIEEE I' AH ORBAY, b’jlANCE. 

(Jl&oc^vvd December 27, JOGfi) 

ABSTRACT. Thia arliir-ln floHf-nbeH ilie GO MoV variable energy isoehronoiis Gyjclotron 
(If'Higntid and c-oiiRirueied by C S F. f<ij‘ ilie TTnivoraity of Oropoble A general rloHdrjption 
of iJio maehine airing wd-li luollicul of i-alcplationa, operational r liaraetnristicH and tho 
Bpoeial foatiiros are given \ 

INTRODUCTION \ 

Tp a cyclotvoii tlio oliargotl i>aftiol()s arc sul)mitto(l to a inagriotii; induction 
in a diroctiou iiorpomlicular to tlioii’ velocity, whicli forces them to follow circular 
trajectories at tlic' frequency of rotation to — fiBjm. An elec.triti field provides 
one or sc^veral ac-ccOerations ])(«■ turn, ■which increases their energy and consequiuitly 
the radius of their trajectory. 

Rut an m crease of onorgj'^ in this way in a (yclotroii is limited to 20 ttji 25 
MoV pi'otons du(5 to tlie incr(‘,a.se of mass of the particles with velocity, and tho 
frequency of rotation is no longer constant. 


to — 





Tn an isochronous cyclotron this limitation is overcome by varying tho mag- 
netic hiild from tho centre to tho edges Tho radial variation of tho magnetic 
induction conqiiRisates for the relativistic variation of the mass : 





to^r" 


whorti IS the value of tho induction at tho center. 

Tht‘ velocity of the rotation is thus maintained constant. It is then possible 
to obtain a continuous (miission ot particles, and a beam of much higher average 
power. 

Tlic progressive increase of induction as a function of radius induces a vertical 
defocussing effect. This is compensated by azimuthal variation of the magnetic 
field. This aznnuthally^varying field is created in tho median plane by moans of 
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alternate regions of strong (hills) and weak (valleys) lields This, on the other 
liand, distorts the circular trajectory of the paitielo M'hicli takes tlu' lorni t)l a 
curvilinear i)olygon 'J’lic effect of focalisation can he further ini-i)rov(‘d hy spiral- 
ing the sides of the lulls in such a way that the angle of eiitrainai into the hill region 
is increased and tliat of the angle of departure is decreased 

The index of the magnetic field is expressed hy the relation . 


n 


pdfi 

fi d x 


p heing the radius of curvature of the trajectory and \ the distaiK e nieasiired luir- 
nially to the trajectory. In an isocln-onoiis cyclotron tJu* jiiagnclu tudd li as widl 
as X are functions of r and 0 and this leads to the, use ol tlu' t(Tjn ‘ .iv('i iig(j’ index 
in the theory of these niachmos and defined hy . 


A'= . 


< 

’ dr 

where tlu‘ ijuantily in the brackets represents avt^rage value*, on the closed orhit. 
Tt can be shomi that . 




K = 


oV2 


The relation between K and the energy of the partn le is (expressed by ■ 

E E^iVKTi-l) 
where Eq = the rest energy. 

From this ecpiation the ciu'vos of the Figure 1 have been drawn. The Vixhies ol 
K for isochronous field for protons arc given below 

0.11 for 50 MeV 0.165 for 75 MeV 0.202 for 90 MoV 

0.226 for 100 MeV 0.26 for 115 MeV 0.30 for 150 MoV 



Fig. 1. Variation of the field index with energy for difforont parLioles. 
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T1i( 5 Greiiohlo jiia(;liiiio is a variahlo oiicrgy four sector isoclironoust cyclotron 
to give external licanis of (iO MeV protons, 30 MeV doiiterons, 20MoV tritons and 
(iOlVlcV a-iiarticIcH. Tt lias boon designed for liigh perfomianee and is comparable 
111 energy to the cyclotrons of Berkoly and Oak-Ridge 


ELECTROMAGNET 


Tlio, eloctro-magne.t of this cyclotron has boon designed with enough margin 
priwi^rvocl for easy adjustment at all the energies ^ 

Consideration for douteron acceleration led to the elioKiO of 1 52 teslas (jFig 2) 
as the niaxnnum average fiidd at the radius of extraction which was fixed at 
(bHhiu, having iKissihility ol using 0 Dm, if neec^ssary, for extraction jiurposes. 
The flux netided at the radius of (‘xtrac.tion is therefore I 52 XO — 3 53 Weliers 
and th(i model studies sliow that a total flux of the order of 0 35 Webers is nobdoil 
to obtain the recjuired field strength 



A yoke of moulded steel has been chosen. Its maximum permissible indue- 

6 35 

tion is 1.7 teslas. Total area of the yoke must therefore be at least = 3.74m2. 

The frame was moulded ith A48M3 steel of the Soci6t6 des Forges et Acierics 
dll Creusot (Fiance) and the poles wore forged in AllV steel. The composition 
of those stools are given in table I. 
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TABLE I 

Composition of the motal of tlio oloctroouagnot 


lmpuril.y % 


JUn 



Si Ml 

Cr Cn Co 

limit 

0 25 

0 75 

0 03 

0 025 

0 3.5 

c ' 

c ! 

average 

0.2.5 

0 63 



0 23 


limit 

0.07 

0.5 

0.03 

0 03 

0.2 0 2 

0.2 0 2 0 UOi 

average 

0.05.5 

0.45 

0 015 

0 01 

0.15 



Tlio c-ontont of Cobalt was spocially oJiockod to avoid any jlangc^r of activation. 
TIk* lioniogonoity was tostocl by means of ultrasonics 

The tt)tal gap comprises of O.lGGm between tJie lulls and t^^^o spacics ol‘ hnuu 
uiifhn- the lulls for returning the auxiliary coils, thus making a total of 0.1H4in. 
IMie amiierc turns iioccsKary for a inaximuni induction of 2 tc-slas is 

NT == = 307,000^2’. 

4x10 7 

The iron of tlio yoke requires 8000 annierc- turns per meter for an induction 
of 1.7 teslas. So Avith average length, of 0 meters it needs 48,000 ainpeve-tunis 


TABLE II 

Characteristics ol the Electro -magnet 


pclo fluimolcr 
loot diumoioi 
root croHH Hoftion 
yok croBH Hoution 

gup butweon lulls 
ga.p hotwocii valley. s 
Maxununi flux 
yoke iiiiluetiuii 

weight 
Main coil 

rmmljor of turns per c-oil 

total number of i/urns (2 ooiLs) 

tutu] length of the cunduetor 

weight ol the copper 

weight ol a coil 

capacity of the jjower supply 

maximum power of the power supply 

applied volt ago 


2,02 m 

2,ir» m 
3.0J) TJl'-i 
miiiuniim 1.87 m a 
muximuJii 2.0 m** 

0 1 OU m 
0 . 40.'5 m 
7.3 W 

miiiimuTn 1.82 1’ (II 12,000 AT/m) 
maximum 1 O,*! 'P (11=20,000 AT/m) 

200 tons 


180 

300 

2,000 lu 
6,800 kg 
4.J 00 kg 
1 .100 A 
300 kW 
264 V 


3 
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which is supplied by i^AHJ coils of five pan-cakes of 36 turns each, making 360 turns 
in total The conductor is a copper bar of 17.6x 17.6 mm with a contral hole of 
9.7u0u dia. for the circulation of the cooling water. Each coil is moulded in aral- 
dito under vacuum and pressure inside a non-magnotic stainless steel casing 
Th(‘ cover-plate along the gap is made of aluminium to suppress any possible 
modulation of the fringing fi(dd by the high frequency harmonics of the supply 
current TCacli jiancaki^ is wound with two conductors in parallel to reduce the 
loss til head into the colJmg circuit. All coils are therefore connected electrically 
in sorios and hydraulically in iiaraUel. j 

For the noiTiial intensity of 1000 amperes as envisaged the power omisunii)- 
tion is 230 kW with cooling water consumption of 7.2m“/h. \ 

The mam characteristics of the electromagnet are given in table IT. ' 

Four sectors are mounted on thc^ flat pole-face forming the valloy\ floor. 
T)urmg ihti oiici ation the lield shaiie can be varied by moans of 10 circular coils 
on eatjh pole Thtue are 4 valley coils, 8 hill coils and 1 harmonic coils on oacli 
pole hir held t orreetions and harmonic control. 

l*owor consumption in the aaixiliaiy coils is 140 kW in comparison with 230 liAV 
in the main tioil. This is a characteristic of the isochronous cyclotron. In cyclo- 
trons of 100 Mo V (‘iieigy and above, this consumption may exceed the power 
in the mam coils. 

The stability of the power sni>ply of the main coils is bettor than 10~^. The 
(uirrent in thc‘ coil is measured by placing a high precision shunt across it. The 
slmiit is c.ooled by water whoso temperature is regulated. The voltage measured 
across it is companHl with a reference voltage of high stability. The difference 
betveen these two voltages is (hopjied to feed an a.v,. aiiiiilifior. The amplified 
output IS demodulated and it selves to c.oiiimand ballast transistors. The d.c 
voltage at the begimimg is obtained from a six phase lectifior making use of silicon 
diodes. The diodes and tlu^ transistors arc also c.otiled by water. The stability 
of the ])()wcr supjily of the correction (soils is A device consisting of diodes 

and transistors has lioiui incoi porated in the main (joil power supply to absorb the 
stored fiowcu in the electro-jiiagnet in ca,so of power failure. 

RF SYSTEM 

A recent s^'stem coiLsistmg of two resonant cavities and two accelerating ole(!- 
tiodes (decs) has hciMi found most suitable for tlys eyedotron. The frequency 
iang(> to lie covered has boon (hitoiinined from the energy roquiroinonts and the 

magiit^tic fi(‘ld according to the fundamental relation w . Fig. 3 shows the 

m 

disjiosiliuns of different elements of the Grenoble cyclotron. The great advantage 
of ilu^ two-cavity accelcraf iiig .system is tliat two large regions of 90° opening, 
easily accessible from outside, are available lor extraction. 
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VACUUM chamber 

DUMMY-DEE 



ION 

HF CAVITY n-f-/ SOURCE 
DEES 


STEERING 

MAGNET 


BEAM EXIT 


I^’ig 3. Top-sortional vjow of ilfio fiJroiiol)lo fyololroii 



Fig. 4. Sicie-s( ctionu.1 view tif a reauKant raviLy, 




300 


N. C. Sen 


Fig. 2 shows that to satisfy those roquireiii exits, tlie freciuency must be ad- 
justable from 10.5 tf) 21 Me/s. 

Cavity adjustmimt for eJiango of frequeney is done by displacing a contactless 
eajiacitivci pamd inside it (Fig 4) This structure was (diosen after an extensive 
study of a J - 5 model The charaotori sties of one of the cavities are shown in 
Fig. 5 aiifl 6. The results are particularly satislactory and they show that this 
riti iiciurc avoids the lowering of the t^ fa'tjtor at higher frequencies. 

Point by point (ihu tric field measurements with capacitive jirobes show that 
j,l„. <r—f high voltage is constant all along the dec in the dtisirerl frequoncyj range. 
The. inagmdic field measurements along the dee-stem shows that the high frequency 
cuirrcnt is constant m the lower range. But a small peak appoLars at high fremnmey 
il the arm of the moving iiaiiel is not parallel to the dee-stem At high froqyiency 
tlui currents are eijiial in the stem and iii the arm of the mobile panel. 



Fir n. (J-faotor of tho cavity as a fum'tion of froquoncy. 

Th(* J - f drive system consists of a master oscillator and a chain of ampli- 
fi(‘is Tho power tubes are (loramic metal tetrodes (RS 1082 Siemens) callable 
of dcliveiiiig nearly 50 kW uji to a frequency of 30 Mc/s. Each tube is mounted 
directly on its cavity to avoid problems of cable connections. Cooling water for 
the anodes c.irculate through the coupling loops thus avoiding problems of high 
frl^qucIlcy isolation of the water circuit 

These tubes are fed by a distributed amplifier (Marconi HS 113) whose gain 
and power are constant from 4 to 24 Mc/s without any adjustment. The amplifier 
itself roccMves signals from a frecpiency synthesizer. Ac.tn ally, besides the frocpiency 
adjustment of the pilot and the cavity, the complete chain has only one adjusting 
point m th(^ grid c.ircuit of the tetrode. The grid is always fed at low impedance, 
thus avoiding ariv muitriilization of tlie final stage A low impedance broad 
hand circuit is under consideration to suppress this adjustment too. 
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M A a N E T J C E I E L D M 1C A « U K 1C M JC N T S 

J?or precision lucasurcineiits of the magnetic field the floating 'wirci ( hodos- 
(ope) method has hoeii adapted, tins siqiplying dmudly llie required iidoriiiatioii 
n^gardnig the stability of the jjarticles. Along with it the usual luotliofl of talcing 
magnetic field readings ami deducing the eharactoristics ol the motion of the 
particles by means of a t;onipiiter has also been usofl foi coni|)arison Details 
ol these ieehnifpies have been dciscribod by Auconturier (IhOd). 

VACUUM 

The vaeunni is niamtaine-d by means ol a pumping systmii whose'- I'apaciity is 
IfiOOO J/s(H- This ecmiprises two diffusion pumps placed on ilu' cjivities. The 
pressure iiiamtaiTied is better than 10 torr 

J N J E C T r O N 

Along with the eonvcntional internal injection, this cyclotron lias boon 
d(-,Higned for an external injection system . a beam of particles may be transmitted 
axially by a hole on the yoke. A series of electrodes defines tlu' beam injected 
m tli(‘ central region to insure tlm best quality for the aeceJoi-aterl beam. Aiixiliary 
coils taper the magnetic field m the vicinity of the axis lor optimum valuo for best 
focussing. Axial injec/tioii will be used for acijoleration of polaiizied jiai tides, 
since it is thus possible to avoid pollution by iion-polarizofl ions. 

The ion source for the inteiiial in ji'ction is of the Livings toiio-J ones tyjici whore 
a beam of electrons emitted from a hot tungsten filament ioni/.es the gas molecul(‘.H 
uijected into an axial cylindrical chamber. TJie ion sure extia.ded by a Jateial 
slit and injected into the cyclotron by the r-/ voltage. The consumption of gas 
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js at tlio rate of about 1 (;m®/min. The arc voltage and current aro of tho order of 
200 V and 6A rcsx)6etivoly. 

EXTBACTION 

The c^xtraction nysteni (jonsists of an electrostatic deflector followed by a 
magnetic channel A radial disturbance is induced in the region of tho outside 
trajectoiy to enable the beam to jiass into the electrostatic deflector. This deflector 
disjilaccs tho beam from 10 to 15 mm to enter the magnetic idiannel which is 
an assembly of steel bars forming a kind of magnetic shield. A coaxial type of 
extractor as used in Oak-Ridge is also being studied for this purpose. j 

Centering of trajectories, observed with the helji of probes, is adjusted by 
means of correcting coils An optical system comiirised of focussing triplets 
and of analysing magnet continues the extraction (Fig. 3). \ 

C O N C E U S T O N \ 

Because ol the possibility of choo.sing independently the r— / frequency, 
the average magnetic field, and the magnetic field pattern, this lyclotron can bo 
used to accelerate jiarticlos of different mass • protons, deutoroiis, tritons, a, 
heavy nuclei and for each one a continuously variable energy output is obtainable. 

Tests on the conipoiiont parts of tho machine have been completed and found 
satisfactory justifying design calculations and model studios Final installations 
are being carried out to run tho machine next year. 
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ELECTROLYTIC EFFECT ON A CURRENT 
CARRYING CONDUCTOR 

G. P. BHATNAGAR, M. B GAUB and V. S. DUBEY 

SCJllOOL Oir ,STUD11!,S in rUYbJCS, MadHAV 

VjiaiAM Univebsity, Ujjain 
{Received December 22, lOGD) 

ABSTRACT. EffncijS fJiio to siiiJorunpoHition oJ‘ oloptrolyi ic miT(oil oji a ciiiTonl. ciiiry- 
jiif^ Gondui'tor tti*o studied by diroet moaHuromenl of potonLial diffoi'i'jifOH uwjiig ii Inj^h 
IjiDiMhioii potoiituunrttejr. Tlio positive terminal oi the eleetrolylu cuireiit was coniiei ted 
to ( J ) tlie positive end of the heated pLatmimi wire (tlu; eleelrolylie i urrent addiiii' the heal mg 
cuiu'ul-) and (2) the negative ontl of the heated wire (the eloetiolvlic ciureiit ojipoHuig the 
heating euiienl). In both I he cases the potential ddlmeneos aeroHS tlie heated platinum wire 
aie eaJeulated by assummg point to point v'ariatjon ol the euiront along the wire. Tla^ agioo- 
inerit between the calculated and measured valiies is romarliiihle for small lioaf-ing cuii'i'nts 
llowevei at higher heating eurrents the measuiod values are found to be lowei than the cal- 
culated values. This lowering is duo to the increase in the loiikagi' current along the wire m 
the electrolyte, as the conduetivily of the electrolyte iiicioaHCS with the increasn ol elei trelytic 
Lurront and also with the ri.so in tomporattu'o of the electrolyte in the vicinity of llio lieated 
wiro 


INTRODUCTION 

friiUKror in fluids that aie suhjoctod to an oloutric field lias been studied 
by iSojiftloben (1931). Similar such problems were then studied by Arajs and 
Li^gvold (1958) m different gases and at different pressures. Mixon, Chon and 
Beatty (1959) reported the changes in heat transfer co(^^^il‘lent from a heated 
surface duo to electrolytic gas evolution. More recently Bhand at (il (196.1, 1963, 
1965) have reported the variation in heat transfer coefficient at different ionii! 
currents sujforimposod upon cJoctrieally heated thin pJatiiium wire transferring 
heat at a small rate in a weak electrolyte Their contention was that when the 
so called resistance of tlie iilatmum wire decreases, it happens due to the iiicroaso 
in the heat transfer coefficient, whereas the increase in the resistance was duo to 
the decrease in the heat transfer coefficient. Gaur, Bhatnagar and Dubey (1964) 
using a similar arrangement as that of Bhand et al liavo found that there is no 
adequate evidence to sliow any marked change in the heat transfer coefficient. 
This effect is pmoly an electrical plionomenon due to the superunposition of heat- 
ing and electrolytic currents on the platinum wire. The change of resistance 
attributed by Bhand et al is actually tlie change of potential difference. 

The purpose of the present investigation is to measure the potential differ- 
ence due to the superimposition of electrolytic current on a current carrying 
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pJatirnun wire, directly by a liigli precision jiotcntiomeior, and to study tlie effect 
in greater details. 

EXPERIMENTAL 

A HcJieiiiatic; diagram of tlio cquiinncnt used in the present investigation is 
slioAvn in Fig. I A fine- platinum wire (0 015 cm in diameter and 15 2 cm in 
longtJi) is dipped hoiizontally in a weak tdectrolyte (here tap water) in a large tub 



Fiji I CJirc uit Diagram 


at 2S"C The platinum wir(‘ is surrounded by a co-axial eyJmder and tlu‘, elec- 
trolytic current is ^irodiiced by ajijilyiiig a potential difforene.e lietween the cy- 
linder and one end of tlu' jilatinuin wire from a T> C Compound Generator G.E.C. 
F 2A TJie remote temperature of tlie bath was kept constant ^ritliin 0.5''C. 

A heating eiirrent is passed through the platinuni wire Avhich is kojit constant 
and is measured by a vernieT poteiitiomoter by measuTing the potential difference 
across a standard resistance of 1 ohm in si'.ries with tlie wire The potential 
diiferencic developiul across the platinum wire is also measured ^rith the same 
jiotentiometor. 

Firstly, the iiotential difference across the iilatiniini wire is measured at 
different heating currents and effective resistance is then found out by dividing 
the measiiriMl potential difference with the respective currents (I). A graph is 
then plotted between effcc,tivc resistance Rp and current squared (i^) Fig 2, 

Secondly, the positive end of the platinum wire (as sliown at A in Fig. 1) 
is made the positive electiode for tlu' electrolytic current and at each value of 
heating current (T) the platinum wire is subjected to different electrolytic currents 
upto 1000 mA. {cuiTcnt densities 1 396 auii». /sq.cm.) and the resultant potential 
difieronce on the jilatinum wire is measured keeping I constant Fig. 3 solid lines 
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arc the plot of measured potential differences versus eloctroljrtic current (a;) for 
different values of heating currents ranging from 0 to 2 0 amps. 



Fig. 2. Plot of Effective resistance Rg versus heating r-uiTent squared 

Thirdly, tlio electrolytic! current Avas fed from the negative end of tlie iilatinuni 
wire (as shown at B in Fig. 1) still keejiing it as iiositivo electrode lor the electro- 
lytic current. TJie resultant potential ditferonccs were then again measured for 
the saino values of heating and electrolytic currents. Fig 4 solid linos are the plot 
of the measured potential differences versus electrolytic current for different values 
of I. 


THEORETICAL CONSIDERATIONS 

(1) Wlien the positive end of the heated platinum wire is connected to the 
I)OHjtive terminal of electrolytic current, it is quite evident that the electrol3dic 
current var^dng from x to 0 will flow along the wire. Taking any longth dl and p 
as the resistance per imit length of the wire, the potential difference across the 
element will he 

where i is the electrolytic current in the element dl and is a funcitin of 1. 
that is i = 0 at Z = 0 (end B of Fig. 1) 
and i = XQ,tl = l (end A of Fig.l) 

Hence the total potential difference across the wire will be 

S p dl{I-\‘i) 

0 

— S pIdd-\-^ pidl 


= pll+pl^ 
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whoro ;pl — 

Tht> effociiivo rosietanoo Rg at any instant will depend upon the heating power 
Rgl^ and therefore, it is necessary that to know the effective resistance Rg, the 
heating i)Ower RJ'^ must he known. Considering the current flowing in the wire 
from (/+*) to 1, the power will bo \ 

h:pdl{I^if \ 

“ \ 

— S pI^dl-\-'£i 2plidl~\- S pi^dl 

— plI^-\-plIx-]-pl 

= pl{B^^lx+x^l2) 

- Rg{n^-Ix+x^lZ). 

Therefore, for a ijarlicTilar electrolytic current « at a heating current I the 
(Elective resistance Rg is found out from 7® versus Rg graph for 
current squannl value and that this value of Rg is used to calculate t]ie potential 
differenc(^ across the wire Viz. Rg{T~\-xl2). The points marked cross (X) and 
curves represented by dotted linos in Fig 3 represent the calculated potential 
differenc.es at different electrolytic currents, 

(2) Similarly, vdion the negative end of the platinum wire is made positive 
ttaininal for the electrolytic current, the current flowing in the wire varies from 
7 to (7- r) and hence the heating power will bo - 

S p dl{I-t)^ 

0 

= S pIHl-k 2pIidl-\-i piHlr 
0 0 0 

= pip-piix+pi i 

= pl(I^ — Ix-\-x^\^) 

■-= Rg (72-7a;+a;a/3). 
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The effective roBistance Ji, is found out from the graph of J}. and P for (/=-/* 
+z‘‘/3) and this value of is used for calculating tlio vosnitant potential differ- 



Fig. 3. Plot of calculated and measured potential differences (V) versus electrolytic current 
(a;) tor electrolytic curront adding the heating current. 

Siiico here i = x at I = 0 (end B of Fig.Jl) 
and i = 0 at 1 = I (end A of Fig 1) 

The resultant potential difference in this case will ho 

l i 

— Z pldl—'Z pidl 

0 Q 
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= Roil -^12). 

Tlio pointH markorl by trosH (X) and curves represented by dotted lines in 
Fig. 4 rei)reHont tlie calculated pobmtial difforonees in this ease. 

Tabk^s (J) and (2) illustrate the examples of calculating the potential dif- 
fereiKiea in the two caseH for / — 2 0 amps. The corresponding measured i)oteii_ 
tial differences arci also aluiwn for the purpose of comparison. i 

(3) Whenever a current T is passed in a (jondiictor (wire) dipped in ami elec- 
lyte it is very chmr that the whole of the current I will not pass through the wire, 
but a portion of it in tho form of leakage current will pass througp the 



0 200 400 sa 600 800 1000 

Fif? 4 Plofi of cnlculatof] and measurod potontial differences (V) versus electrolytic current 
(x) for electrolytic current opposing the heating current, 
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olectrolyfce depending upon its conductivity. Thus if JJibIIio actual TOHistamic.oi 
the wire thou 

■= RJ 

When an electrolytic current is passed, the conductivity of tlio clccjti olyte increases 
and after attaining a maximum value hocomos constant T)ue to this incrcaso in 
the conductivity of the elecitrolyto the value of the leakage cuiToiit inc,reases 
say by an amount I'p and honco the not potential dillereuce in the two cases will 

1,0 +*-) 

I N" T E R P R. T A T I O N OP RESULTS 

(1) In figures 3 and 4 looking to the cahnilatod and measured valiums of tlie 
potential difforouccs across the jilatinum wire wo find that upto 1 0 ampere of 
boating curi'ent where the increase m the leakage current that is t'p is veiy 
small (which is also evident from the observations of (IR by Gaur, Bhatnagai' 
and Duboy, 1964) the two values are almost identical. However when the 
iiKu-easc of I'p becomes effective, that is above 1 25 amiieres of licating current, 
wo find that the (jalculatinl values of the potential dillbrences arc- gieater than the 
inoasurod ones. 


TABLE T 


Values of jiotential difference, s for electrolytic cuiTents adding the licatmg 
current. ( f — 2 .0 amps . ) 



No. 

X 

inA. 

(AmpB)2 

Re 

ohms 

(I-h®/2) 

Amps. 

Calonltttecl 

VD. 

VolLrt 

MoaBurofJ 

VT> 

Volta 


1. 

10 

4 020 

1.0425 

2 005 

2.089 

2 0764 


2. 

20 

4 040 

1 0427 

2 010 

2 095 

2.0700 

'' f 

3. 

r>o 

4.100 

1 0430 

2.025 

2 112 

2.0738 

1 

4 

100 

4.203 

1.0440 

2.050 

2 142 

2 . 0968 

1 ' 

5. 

200 

4.413 

1.0460 

2.100 

2 197 

2 1508 


6. 

300 

4.630 

1.0480 

2 150 

2 253 

2.2076 


7. 

400 

4 850 

1.0502 

2 200 

2 311 

2 2680 

1 

8. 

noo 

5.080 

1.0530 

2.250 

2 370 

2.3194 

9. 

000 

6.320 

1 0660 

2.300 

2.429 

2.3764 


10. 

800 

6 810 

1 0590 

2 400 

2 ,543 

2 4972 

i 

11. 

1000 

6.333 

1.0650 

2.600 

2 663 

2 61U 
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TABLE II 

Values f)f' potential difforcMices for electrolytic currents opposing the heating 
curi’ent. (/ = 2.0 amps.) 


No 

a. 

y raA 

( Ainyjs)2 

H 

ohms 

(r-a;/2) 

Amps. 

Calculatod 

P.D. 

Volts 

MeaBiirod 

P.D. 

Volts 

“1 

10 

3 980 

1 0420 

1 996 

2 078 

2 0626 

2. 

20 

.3 900 

1 0417 

] .990 

2.073 

2 0486 

3 

TiO 

.3.900 

1 0410 

1 976 

2 . 056 

2.0226 

4. 

100 

.3 803 

1.0400 

1.950 

2 028 

! 

A 9938 

n. 

200 

3 G13 

1 0382 

1.900 

1 .972 

1^9400 

G. 

.300 

3.430 

1 . 03G5 

1.860 

1.917 

0 

cc 

ac 

7. 

400 

3.263 

1 0347 

1 800 

1 862 

1 . 8394 

s. 

500 

3.083 

1.0310 

1 750 

1 805 

1 7900 

!). 

GOO 

2 920 

1 .0290 

1 700 

1 760 

] .7398 

10. 

800 

2,613 

1.0260 

1 600 

1 642 

1 6392 

1] 

1000 

2 333 

1 0200 

1 800 

1 531 

1 5398 


The difference in both the cases should bo equal to i'p * However w(^ find 
that this difference Rp i'p) in calculated and measured values goes on increasing in 
the case of lif.(l-\-xl2) values whereas it decreases and even biu'onios zero in the 
case of RcG -3^/2) which requires an explanation The explanation is not far to 
find. Wt^ know that tlie conductivity of an electrolyte increases with the rise in 
temperature (Glasstone 1956). 

= A25[H-A;(«-25)] 

where A, and A25 are the equivalent conductivities at ^"0 and 25 ‘’C and Jc is a cons- 
tant for an electrolyte Therefore in the case of i2p(7+.'r/2), Fig 3 the temporatui'c 
of the wire and hence the conductivity of the electrolyte goes on increasing and 
therefore, the difference between calculated and measured values goes on increas- 
ing with the electrolytic current. Whereas, in the case of —xj2). Fig 4 the 
tenipcrature of the platinum wire goes on decre^ising and hence becomes very 
small tliereby the calculated and measured values almost coincide. 

In addition to these we have one more point of interest to consider and that 
is tlic electrode heating depending upon the electrolytic current densities. Bock 
and Putnam (1951) showed tliat large tomporatiue differences (AT) between 
anode and the electi'olyte were observed and therefore, duo to the electrode heating 
also tliere vdll be an increase in the value of Rg and hence the measured values of 
the potential differences are found slightly higher than the calculated potential 
differences for the curves for which i'p, is small. In other cases where i'p is 
large this effect is masked, 
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CONCLUSIONS 

From the above diaciission it becomes quite clear that w]ion the oloctroJytii! 
current is superimposed upon a current carrying conductor, point lo point varia- 
tion ol tlio cm rent along the wire should bo considcrtul. Thus when the electro- 
lytic current is adding the heating current, the potential difference across tlic^ wire 
is 


B, (/-I */2) 

and when the oloetrolytic current is ol>i)OKing the heating ciiricnt, tlic petcntiul 
dilfcreiice becomes 


whore is the effective resistance of the wne at that time 

When the oloctrolytic current is adding the heating tairrent, the differtmee 
ill the calculated and measured potential differences is due to the increase in the 
leakage cuneiit, as the conductivity of the electiolyte increases with the increasi*. 
in the cleclrolytic (uirrent as reported earlier by Gaur et al. and rise in temperature 
of the elocti'fdyte in the vicinity ol the wire When the electrolytic cunont is 
ojjposmg the heating current the conductivity of tlio electi-olyte decreases with the 
decrease in the tempei'atui’e of the electrolyte in the vicinity of tlic -wire 

This dilloroncc is certainly not due to the change m the heat transfer coefficient 
or resistance of the wire, as reprtod by Bhand et al. 

With these results it is therefore concluded that m all experiments oi heat 
transfer Mhere a naked wire is dipped in a liquid, tlic measure' of the resistance of 
the Avire is erroneous due to the leakage ol ciiiTent in the licjuiil Also wlien the 
temperature of tlie liquid near the wire rises, the molecules ol the liquid become 
mobile, the conductivity of the liquid is hound to increase, which incroasos the 
leakage current. Hence the measure of the resistance will not give the correct 
temperature of the wire. 

Therefore, in all such experiments for correct estimation of tlie resistance and 
hence the tomperatm’e of the wire, a suitable correction will have to be applied for 
the fraction of the leakage current passing through the liquid. 
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ABSTRACT. Tho Imninoacenco spoeira of bouzyl acetate ui the hoIhI state and m fro- 
solutions in cliloroform and ethyl alcohol at 93“K excited rauiiily by 3(>/)0 A groiijj of 

mercui’y hnoH, have been lovoatigatod h’rora roaaonable aaaigniru'iits of t.ho liiuid Hyslcm 
observed uridef dilToi'ont eonditioiiR it has boon concluded that vo band jo the luTniiK^sc ojice 
s|jecl,i'Uin, of tho pure solid ali 93"K is at .‘1972 A and that this may also corrcsponrl to the vo band 
111 absorplaon duo to singlot-triplot tranarUoii in fhe molecule of beii/yl acetate. 

INTRODUCTION 

From a dotailod iiivostigatiori of tho phosplioroHconco oiiiiitod by solutioiiM 
ol orgaiiio compounds m E P.A. inodium at 77“K under oxciiation from radiations 
of a high pressure mercury lamp Lewis and Kasha (1944) oomdudod that tho idios- 
phoTosiionc'c originates from transitions from the excited triplet levids of the molo- 
culos to their resiieetivo ground states. Similarly, J3i>swa,s (1950a, b, e) who 
studied the luminesconce ol some jiure substituted benzene comiJouiids in tho 
solid state at 93°K excited mainly by the 3650 A group of mi^rcury lines pointed out 
that tlie lumines(;enco has a lilo time greater than 10“‘* sec, and iniglit originate 
from the nietastahlc triplet states ol the molecules. However, he could not detect 
the absorption due to tho reverse transition, i.e , from the singlet to triijJet levels 
and only in tho case of methyl bonzoate somewhat detailed assignnieijt,s of t]io 
observed luminesconce bands were possible. It was, theioloro, thought that m 
the cases whore jSf-> T absorptions bands may not bo ob.served easily, a careful 
investigation of tho phosphorescence sjioctra and the life tinnw of the emitting levels 
in a number of related substituted benzene compounds might he lielpful m ideuti- 
lyiiig as well as obtaining informations about the triplet levels in such molecules. 
In this .short note a preliminary rejiort of the luinmosceiico bands of pure benzyl 
acetate in the solid state at different temperaturcB and of its frozen solutions m 
various solvents at 93 °K has been iirosontcd. 

E X r E It I M E N T A L 

Tho sample of benzyl acetate obtained from Sooiete usinos Chemiques, France, 
was lirst fractionated and the proper fraction was repeatcHlly distilhid under reduijod 
XJressure. Tho solvents used were carbon-tetrachloride, chloroform and ethyl 


313 



314 


S. (7. Bag 


alooliol. The method of investigation of the luminescence spectra of the pure 
snhstanc-e and its solutions in different solvents solidified at about 93°K was the 
same as that used by Biswas (1956a). A ‘Hanovia’ type quartz mercury vapour 
lamp was used as the source of excitation and the Fuess glass spcctrograxdi used 
has disj)ersions of 12, 20 and 30“A/ni.m in the regions of 4047 A, 4358A and 4916A 
roHijectivc'ly. The width of tlie slit was loq)t bctwccin .15 mm to .50 mm and the 
times of oxxiosuro varied frtjin one hour for the pure substance to ten hours for 
tile dilutfi solutions Iron art* .siiectrum was photographed along with the luminos- 
cenoo bands as comparison in each case, - 

Microjihotometrie records of the luminesceiico spectra and of the comparison 
irt^n are spcctruni were taken with a Kipp and Zonon Moll nucroi)hatomotor 
The retjtird from the iron arc sjicctrum was carefully calibrated and from com- 
parisons of the records of the luminoscentie bands with that of the ironvarc Lho 
liosition tif the bands in A was determined. Measurements of the bancl-pf)sition 
for a iiarticular samx)lo wore made on the reciords from at leaust two different plates 
for the sanqilc. The x’^’^sitions of the bands wore determined within 5 A for the 
sharxj bands and in the case of very A^'cak and broad bauds the error in the measure- 
ments was about 10 A 

The Unman and the infrared spectra of x>uro benzyl acetate in the liquid state 
were studied and thc! ultraviolet ahsorx>tion s]Decira of the coinxiound in very 
dilute solutions in carbon tetrachloride and chloroform in the region 4000 A— 2200 A 
were also investigated. 

RESULTS ANT) DISCUSSIONS 

Some of the microxihotomotrie rec-ords of the Inminesconco bands are ro- 
Xirodiieed in Figures I (a) to 1(e) in Plato T. The wavelengths of the bands together 
with tluur Avavenninbers are given in Tables 1 and II. The relative intensities 
and the probable assignments of tlie bands are also given in thc Tables 

It is seiMi from Figures 1(h) and 1(a) re.spoctivoly that pure benzyl acetate in 
the .solid state at 173“K .shows four bands and Avhen the temxioraturo of the solid 
Ls lova«“ed to 93"JiL the number of the bands increases and also the bands become 
more iutcn.se. With a 10% solution of benzyl acetate in CCI4 solidified at 93“K, 
the apjiiMirancc ol the band system i.s almost similar to that due to the pure solid 
at the same tenixicraUire while a frozen 5% solution in CCI4 [Fig. l(c:)] shows only 
the stronger bands. Cfimpared to tlie sxjoctra of the x)uro solid at 93°K thc lunii- 
ne.seeiice band system ol a frozen 10% solution ol benzyl acetate in chloroform 
Ihig. 1(d)] at 93°K are defiiiiLely shifted toAvards the shorter wavelength side while 
in the case of a 5% solution 111 alcohol [Fig. l(o)] under similar condition some of 
thc hands are slightly dip placed to the higher wavelengths. 

In order to deli^rmmo the wavelengths of the radiations effective in producing 
these lummesiseiice bands, the exciting radiations from the quartz mercury vapour 
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Luminescence Spectra of Benzyl Acetate, etc. 

lami) wore filtoretl through filters of aqueous .solution of NaNO., of different llii(‘k- 
11C.SS and concontrations (Biswas, 1956cl). 


(a) 


(b) 

(^) 




(e) 


(a) T*ure solid at 9 H°K 
(h) Tnro solid at 173°K 

(c) Frozen 6 % solution in CCI 4 at 93‘‘.K 

(d) I'Vozon 10% solution in HdCls at 93°K 
((;) Frozen 0% solution jn FtOII at 93®K 

Tile gradual weakening of the intensities of the Juniiuesuonce bands with 
increasing concentrations of NaNOg in tlie filter solutions indicates that mainly 
the 3650 A grouj) of mercury linos and other lines ol shorter wavelengths are re.s- 
ponsihlo foi- producing the luminescence hands 

To fin d out if the region to the longer wavelength side of 3650A would show 
any absorption hand which may he connected with the observed luminescence 
spectra, the ultraviolet absorption of .1% solutions of benzyl acetate in CCl^ 
mid in HCCI3 at room temperature were investigated throughout the wavelength 
region li'om 4000 A to 2200 A, Strong absorption bands at 2640 A and 2650 A 
riispectively due to solutions in CCI4 and HCCI3, probably coiTesponding to the 
normal singlet- singlet transition, are observed and the longer wavelength region 
docs not show any appreciable absorption. Tins inability to detect any absorption 
band which might bo duo to S—^T transition made the assignment of the lumines- 
cence bands difficult. 
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A oarc^fiil ana]yeia of the band data presented in Tables T and II wore, tliero- 
foru, carried out in order to find out if there were any regularity in the spacings 
of the bands which might be helpful in making reasonable assignment of the 
band system. 


TABLE I 


Luminescence bands of benzyl acetate 


SubHtn.nc;Q 

Band maxima 

in 

A 

V 

in cm^i 

Diflevenco 

from first band 

m cm-A 

j 

Assigfimont 

\ 

Pure Holid at 173 “1C 

3!)7G wb 

26144 


\ 


4264 B 

23501 

1643 

Vo -1604 ]\ 





Vo -1730 J\ 


4G8Q a 

21828 

3316 

r„- 1004 -1730 


4965 wb 

20176 

4968 

ro-3 X 1604-1730 

r)% solution m OCli at 

3974 wb 

25157 


Vo 

1)3 “1C 

4247 m 

23539 

1018 

ro-1004 


4606 m 

21899 

3258 

ro-3xl604 

10% Hohition in (k31j ut 

3971 mb 

25176 


'>'0 

93 “K 

4133 vw 

24187 

987 

ro-lOOO 


4260 sb 

23523 

1066 

j^o-1001 ] 





Vo -1730 J 


4439 w 

22521 

2056 

ro- 1000 -1604 


4670 sb 

21876 

3300 

KO-2X1001 1 





Po -1604-1730 J 


4944 w 

20221 

4955 

i;o-2x 1604-1730 


6372 vwb 

18010 

6566 

ro -3x1604-1730 

10% solution in HCClg 

3962 mb 

26223 


Vo 

at ‘)3“K 

4237 H 

23595 

1028 

ro-1604 


4550 H 

21972 

3261 

ro— 2 X 1601 


4912 wb 

20353 

4870 

r 0—3x1604 

5% solution in clliyl 

3979 mb 

25125 

- 

Vo 

alcohol at 93°K 

41 40 w 

24113 

1014 

rj-1000 


4253 s 

23606 

1619 

ro-1604 


4500 a 

21924 

3201 

^0-2x1604 


4920 m 

20320 

4805 

ro-3Xl604 


5350 wb 

18666 

, 0459 

r„-4 X1604 


Intensily . vs — very strong ; s — strong; m — medium , w — weak; vw — very weak; b — broad. 

The himineH(ien(;e spectra of the pure solid at 173“K and of the frozen solu- 
tions at 93 °K show the following characteristics : 

i) The shortest wavelength of the Inminoaceuce band in each case is at about 

3970A. 




Luminescence Spectra of Benzyl Acetate, etc. 317 

ii) Most of tlio wavoimm])or differoncas ihcs i)()siIjoiis of tlio l)n.n(l 

at tho shortlist wavelength and tliose of the snuceoding hands are i'ound to h(‘ sucli 
as may ho expressed in terms of fundamentals, comlimatioiis and overtones 
mainly of two frequencies— one at about 1(300 ctu'^ and another at about 
1700 em-h 


TABLE II 

Liiminoscemie sx)eetrum of benzyl aiietato in the solid sl ate at 0H"K 


I'OHltiKJll of 

Btind -maxima in A 

V 

in cm ‘i 

Uiriwroiico from 

first band in 

tm-x 

Assignmont. 

3972 

H 

25109 


Vfj 

4132 

m 

24195 

974 

Vo ~ 1 000 

(424 .^) 

1 (VN) 

(2355 1 ) 

(1618) 

(vo-1604) 

125.T 

vflb 

23495 

1674 


(42G.')) (vh) 

(23440) 

(1729) 

(vo-1730) 

4419 

m 

22623 

2646 

Vp — 1000 — 1604 

4572 

vhIj 

21866 

3303 

v„-2^ 1604 ) 

Vo -1601- 1730 j 

4806 

m 

20806 

4363 

vo-i000-1604-173( 

4919 

a 

20324 

4846 

VO-3 X1004 ] 

vo-2x 1604 -1730 J 

5343 

m 

18711 

6458 

V0-4X1604 1 

VO-3X 1604-1730 J 


Intensity : vs— very strong ; s — strong ; m — moclmm ; w — wouk : vw — very wrulc, b — broml. 

The Raman spectrum of benzyl acetate shows two lines at lOOG and 1750 em~i 
and in the infrared spectrum due to the piu-e liquid two bands at 1G02 and 
1730 em~^ are observed These two frequencies obviously eoricsxiond to the 
vibrational modes involving stretching of C = C and 0 — 0 bonds m tho molecule 
of benzyl acetate. On the basis of these two frequencies, the probable assign- 
ments of tho observed luinintiscence bamls are given in column five of Table I. 
However, tho frequencies involved do not exactly agree with those obsciwed in 
the infrared and Raman spectra of the comjiound because of inaccuracies in tho 
ineasui’oment of the positions of the broad bands Duo to this reason some of tho 
bands in tho sjiectra of the pure solid at 173‘’K and of 10% frozen solution in 
OGI4 at 93°K have been given two different assignments. 

From the above assignments it seems fairly reasonable to identif}^ the band at 
the shortest wavelength as the VQ-band of the luminesconoo band system. With 
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3972 A ftR the Vo-band in the spectrum due to the pure solid at 93“K, the assignment 
of tlie otluiT hands has been made (Table TI)’ It is soon from Figure 1 (a) that the 
first very strong band is broad and has its centre at 42551. If it is assumed to 
consist of two bands at 4250,1 and 42651, they may tentatively be assigned as 
Vq— 1600 cm"^ and Vq— 1750 cm“^ respectively. Similarly, the second very strong 
band at 45721 which is also broad has been assigned both as Vq— 2x1604 cm~^ 
and Vq- (]004"|-1730)cm“^ Each of the bands of medium intensity at 4130l, 
44191 and 48051 are found to involve a frequency roughly 1000 cm~^ corres- 
ponding to the breathing carbon vibration of the molecule. This frequency is 
also found to occur in the luminescence band systems due to the frozen 10 % 
solution ol benzyl acetate in OCI 4 and 5% solution m alcohol (Table I). Lastly, 
the strong band at 49J ^Vl and the band at 53431 of medium intensity have 
both boon given two different assignments. 

Tliough it has not been possible to observe directly the absorption duo to 
(Sf— transition, the above analysis suggests that in the (lase of beu/yl acetate m 
the solid static at 93“K the band at 39721 may also correspond to the VQ-band in 
absorption. This assignment is justified by the fact that with the lowering of 
the temporatiiro of the solid from. 173°K to 93®K the number and intensity ol tbe 
blinds are considerably increased and no other band at shorter wavelength is 
observed The ultraviolet absorption spectra of benzyl acetate 111 “(lilTeront states 
and particularly in tlie solid state at are being studied to obtain further 

information on the excited singlet and triplet eneigy levels of the molecule. 
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{Rece'hoed October 18, 1965, Resubirnttcd V'cbiuurij 4, ]966) 

AJlS'rilAC!T A brmf mu'VHy of tho vibmliomd and Hlructuml iliitti luih niiitlo lor 

un’K'iu'v diGyanido, Hilv^or dioyanido ion anil f»old dicyamdo ion ii 11110111 Hynimcl 

strnoiuro wilJi tho symnudry point proiip D j-f, Molopular juilHii/tibjlil v hiis hooii 1 oiujiulod 
Joi morciivy dicyauido by tho Lippin<‘ott-iStutniaii mothod from a soini-ompirifal doll (i-luia ■ 
tioii model id ehomioal bmdmj; using u variatioiial mothod and deltii-luiictiou olooliujiu wiivo 
hiuolioas 'I’ho oali’ulatod value of tho moloculai polarJ/iUbility ik m good agroomonl witli 
tlio oxjionmoiitaJ one. Tho doltu-functioii jiotoulial model has boon nsod to obtain un exproH- 
sioii foi tho dorivat ivo of tho moan molooular jiolari/abdily with lenpect to a ilmiigi' in tho 
iiiti'iniudo.ir dihtimco at the ocpnhbrium oonhgurntion for symmo heal sirotehing modoH in 
I ho ground eleotionio state of a iiolyatomic systom and apjiliod (o imurury dicyanido to 
obtain till' polarizability dorivatives foi the symmotrii al and Hq-d staol-i hing modes 

Moan araphtudoH of vdjiatioii have also boon evaluated by Ihi' Cyvin method enijiloying 
the symmeti’y eoordiniitos at tho temperatures r = 298'^^K and 7' --- 500' A" 

INTRODUCTION 

A linear dioyanido of syiniiiBtiy is one of tlio sijiiiilesi and syni- 

inetrioal moJotmles for which snfSciont number of iiivosligatKiiiH on Un^ nature of 
its chemical bonds has not been made. Tho Raman spectrum of mid-cnry di- 
cyanido was studied and tho throe Raman lines were assigned by ICrishnanmrti 
(1930), Woodward (1930), Petnkaln and Hochberg (1930), Brauiie and Kngelbrocht 
(1931), WoUtoiistein (1937), Francois (1939), Woodward and Owen (19.59) and 
Mathiou (1959) Tho infrared absorption and Raman spectra ol Hg(CN)a, 
1CAu(CN) 2 and KAg(CN)2 wore studied and the fundamentals assigned by Jones 
(1957, 1963, 1965). The experimental and theoretical investigations by Hassol 
(1926), Hanawolt, Rin and Frovol(1938), Zhdanov and Shugam (1944) Hallort 
(1940) and Hoard (1933) favour a linear symmetrical structur for mocury dicyanido, 
silver dicyanide ion and gold dicyanido ion. The fundamental froquentues in cni“^ 
and internucloar distances in A for those throe dicyanidos are given in Table I. it 
is aimed hero on the basis of these recent vibrational and structure! data to com- 
pute tho molecular polarizabihty and absolute Raman intensities of 5^^,+ modes in 
merduiy dicyanide by the Lippincott and Stutman method (1964) omployng the 
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dolta-function model of chemical binding and evaluate the mean amphtudes of 
viluaiioii for IhoBc three dicyanidos by the CyAnn method (1969) employing the 
.symmeLry coordinates. The importance in imdortaking such investigations is that 
tJie moJocular ijolarizabiljty, jiolarizability derivatives and mean amplitudes of 
vibration obtained here would be much useful for the interpretation of the results 
of J ) cxporiineiital refractive indices i.o. deriving the mean molecular polarizability 
Irom measured refractive index tlnough the well-known Lorentz -Lorenz equation 
and making a comparison witli a value obtained from the present study, 

2) oxxjernnontal absohitii Raman intensitjos or polarizability derivatives and 

3) electron diffraction studies. 

MOLECUI. All POLAJlIZABILIl’Y 

The ])olaiizabilitios for atoms and sinqile diatomic molecules were calculated 
by Hassc (1930, J93I), Hirsclifeldor (1936), Hylleraas (1930), KiTkwood\(1932), 
Mrowka (1932), Stooiisliolt (1936), Buckingham (1937), Bell and Long (1950), 
Abbott and Bolton (1962, 1953) and Kolker and Karplus (1903) ujjon different 
wav(^ functions given by Rosen (1931), Wang (192S) and Guillemin and Zener 
(1929) and a critical analysis was made by Van Vleck (1932) and Ataiiasoff (1930). 
The first use of a delta-fuiicdion potential model was maze by Ruodenberg and 
Parr (1961) and Ruedeuberg and iSchorr (1953) Later, Prost fl964, 1965-, 1960) 
applied a d(dta- function model of chemical binding to the calculation of energies 
('f vaiiouB systems witli nitre idiujtion of a branching condition and followed hy 
Lippiucott (1956, 1967) with a semi-ompirical delta-luiiction iiotontial model. 
Lippincott and Bayhoff (1900) used the semi-einpirical delta-fun (Jtion tefilmiqiies 
in ])rodictiiig vibrational frequencies, anharnionicities, bond dissociation energies 
and oquilibriuiii mtornuclear disiamies, R(M*,ently, Lippincott and Stutman 
(1964) axqilied this seuni-einpirical model in generating (jomponent polarizabiuties 
in order to compute tln^ lueaii moiecular polarizabilities for both diatomic and 
polyatomic moJeculos The same method has been adopted here for mercury 
dicyanide and one may refer to Liiqhneott and Stutman (1904) for the detailed 
theoritical considerations and calculatione. 

Tlie delLa-lunctioii strengths in atomic units, atomic polarizabilities 
a’s m 10~““ ciif‘ and c’s in atomic units used here are as follows ■ Ajjg — 0.322, 
Ac -- 0 767, A^ — 0.927, -- 178.05, -- 13.7, ^ 7.43, 1.675, 

Cc = 3.028 and Ojyr — 4 146 The molecular polarizability is comjiosed mainly 
of bond parallel components and bond perjiendicidar compononts. The contri- 
bution to tlie bond parallel component hy the bond region electrons is given as 
“116 = 4 ?iAi.j(l/a,))(<.'r 2>)2 'where % is the bond order, the root mean-square 
delta-function strengths of the two nuclei involved and the moan-square 

position of a bonding electron expressed as <**> ^ (J22/4) -l-(l/2cjt^J where 
B IS the oquihbrnim interim clear distance and the root mean-square value 
of and C/t,. The calculated values of polarizability components in IO'^b cm® 
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for the C = N and Hg- — C bonds are 22.245 and 58.f>26 mspotitively. in the oaso 
tliai tho bond is of liotoronuclear type, a polarity i-orrertion is introdiujod using 
tlie Pauling’s sealc of cleotronogativitios (I960) to determine the i)eri cmt covalent 
(haraetor. The (ialciulatod value of the polarizability compom^iit lor lhi> Hg — 0 
bond after introducing the polarity correction is 53.854 x 10““^ ciif' Because of 
greater electronic! distribution in the bond region, no polarity collection is intro- 
duced for the C = N bond. Tho contribution by the nonbond regum electrons to 
the parallel components of the total system is calculated from tlu^ l•(Mnalnlng (dec;- 
trons in the valence shell of each atom not involved in bonding Ironi tluv cxjiiossion 
^ “lUi — ^fj ■'vhero /j is tho fraction of electrons in tho j-th atom not involved 
in bonding and ol, tho atomic polarizability of the^-tli atom; and tlu^ liasis ior such 
calculation is tho Lewis-Langmuir oidot rule (1910) inodilicd by Linnett (1901) 
a,s a double- quartet of electrons. Accordingly, each nitrogiui in nuuduiy dicyanide 
has only two valence electrons which are not involved in bonding uhile tlie other 
atoms have no valence electrons loft unshared. Ilence, Sa|i„ ^ “ r> 944 

X U) cm'-*. Tho perpendicular comixment of a diatomic molcijule is simply 
the aiini of two atomic polarizabilitie.s, i.e , oLx — 2a^ for a nonpolar molecule 
and a,x ^ 2 (A:^ 2 a^+Xj 5 ‘-‘a^)/(A^ 2 ..|_X^ 2 ) for an A B nioleimJi) wIicto A refers to 
the elcctroniigativity of the atom. Extending this to polyatomic molecuh^ the sum 
ol all the perpendicular componenis is given as aj)/(XAy) where 

Yb^f IK the number of residual atomic polarizability degrees ol Ireedom. is 
dirixdly obtained from the conliguration of a molecule and the assumption that 
eacli isolated atom possesses tliroe polarizability degrees of Iieedom and every 
bond removes two of these tliree degrees of freedom witlr excejitiou that (J) if 
two bonds are formed from tho same atom and exist m a lineai conliguration, 
tlirco atomic degrees of freedom are lost and (2) if throe bonrls an? lormed Irom 
tlie same atom and exist m a planar oonligiiration, only five atomic rlegrees of free- 
dom are lost. Accordingly, is 5 for water, 6 for hyih-ogen cyanide, 7 for 
methaiK^, 8 for acetylene, 9 for suliiluu hexafluoride and 10 for luiM cuiy dicya- 
nide (Fig. 1). Hence, A 2ai = 277.851x10-26 cm'-* for mercury dicyanide The 
mean or average molecular polarizability i.s obtained in terms ol the parallel 
bond, nonbond region electron and perpendicular bond conti ibutions from the 
following expression ; = (l/3)(Sa|ij, calculated value ol 

tlie molecular polarizability for mercury dicyanide is given as 145.331 X 
10~26 miF. 

Lippincott, Nagarajaii and Stutman (1966) carried out the polarizability 
calculations for various polyatomic molecules and their valuc.s of bond parallel 
eompononts in 10~26 cm® for the C N bond are 22.57 in i!yanogeii, 22 .585 in 
methyl cyanide, 23.272 in methyl iaoeyanide and 23.183 in fluorine, cyanide. 
Tlieso values are woU comparable in magnitude with tho one oldained here for the 
C ^ N bond. Hence, the bond parallel components could be transfixTod from one 
one molecular system to another having similar chomical bonds with nearly identi- 
6 
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cal intomucloar difitances. Tlio small changes in the values of bond paraUol coiu- 
p(JiU!TitH for the same bone appear above may be duo to the slightly different values 
of the intornucloar distances as the bond parallel component is roughly proportional 
to tlio fourth i)ow(^r of the intornucloar distance. According to Lippincott, 
Nagarajan and Stutman (1966), the values of bond x)arallel components in 10““^ cm® 



1. Residual atomic polarizability degrooa of froodom for mercury dicyanido. 

are 13.899 for the C — bond in forniamido and 18.937 for the C ^ N bond in hy- 
drogen isocyanate and actiordiiig to the present investigation it is 22 245 for the 
0 = N bond in merenuy dicyanido The values, as is expected, are m the increas- 
ing ordtir with the increase in bond order. The values of bond parallel comjiouonts 
for the C — N imiltipie bonds are m the increasing order roughly in the ratio 14 . 19 : 
22. If the TT and c electrons equally contribute to the bond jiarallel component, 
tlie values for the double and triple bonds should bo twice and thrice the value 
for the single bond. Actually the contribution to the bond parallel component 
by the electrons occupied in the 7r-orbital is much less than that of the ele(;ti’ons 
occuiiiod in the cr-orbital. The increment in the bond polarizability from the cr 
system to the o'+tt one is greater than that from the o'-\-7t system to the cr+37r 
one. Kofractive index for mercury dicyanido is not available either in the gaseous 
state ()!■ in the liquid state luit m the crystalline form. Uniaxial c.rystals have two 
refractive indices, one of tlie rays vibrating jiarallel to the optic axis and aiiotlior 
at riglil angles to this direcXioii. If the extraordinary ray is groator than the ordi- 
nal y one ill a uniaxial substance, the substance is optically jioBitive; if the reverse 
is true, negative. Uniaxial crystals may be consideied simply as a smail group 
of biaxial crystals u liicli have three refractive indices, two lying in one iilane and 
the third in another jilane of tlio particle. These indices are identifietl by a, /?, y 
for the least, intermediate and the greatest index respectively of the substance 
If ^ IB equal to a, the crystal is ojitically positive and to y, negative. Since mercury 
diiij'^aiiide comes under this category and has a tetragonal system, it has two ro- 
iractivo indices The experimental values of these two refractive indices have 
bi^en given by Lange (1952) and tlioir values are 1.645 for the ordinary ray and 1.492 
for tlio extra-ordinary lay. Using 252.646 as the molecular weight and 4 as the 
density, the molecular polarizability was calculated from the well-known Lorentz- 
Loreiiz equation and its values are given as follows ; 152.67 x cm® for the 
ordinary ray and 95.121 x 10'®® cm® for the extraordinary ray. The calculated 
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value of inoloeular polarizability is in fairly godd agreement witli the cxi>eriimMital 
one for the ordinary ray. 

ABSOLUTE RAMAN I N T E N S II’ I E S OF v„+ MODES 

One> of the best ajiplieations of the relationships, namely, the ii^^-dojj(^iid(iiieo 
of the parallel component and the 12-independent form of the perpcMidieular eom- 
ponont of the X)olarizability in the neighbouring spcctroscoph' domains imnuHliateAy 
appears to the evaluation of tlm absolute intensity of a Raman line Avliuh is pro- 
l)ortional tti {SajSQ)'^, the square of the chaiigo in the polai izabibty during a vibra- 
tion If one could obtain values for the internuelear separations before and after 
a vibrational transition, one would then be able to calculate tlu^ absolute intc'disity 
of a Raman line. To a first apiiroxiniation from the delta-function potential 
model, only the bond jiaraliel component need be consideiivd to obtain {(i(xl<K^) 

1 through well defined transformation {ScLj/iR) whore Q and R relei’ to nnnnal mode 
and internuelear distance at the equilibrium configuration. Tt is aimed hi^re to 
obtain (SajfiR) for the sjnnmetrical stretching mode of a jiolyatomic molecuh» and 
then apply to the inodes of oscillation in the ground electronic static of 

mercury dicyanido. 


The polarizability derivative may bo obtained by differentiating tlii^ ana- 
lytical expression^ for the parallel component of the polarizability -- 
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Eig. 2. Schematic represontation of tho normal modes of oscillation m a linoar symmetrical 
X{YZ)^ molocole. Tho poeitivo signs designate tho modons in the xz plane while the 
negative ones designate the sanio in the yz plane or vice versa. 



324 


Q. Nagarajan 


(l/a„)(<a; 2>)2 vinth rospoct to the intomucloar distanco B and noglectinf^ iorms of 
Hinall niagiiiLndf’s and thus tho obtained expression is given as {Sa,\\j^lSB) = nAi^ 
<t{ I /«o)(^'‘) Hi-i’e only negligible errors have been introduced by assuming a contri- 
l)ui]on froT»i only the h'^aduig term m the expression for The uiolecMilar 

])olari/.ability of a djatoiiiie molecule is generally written as a contribution from 
purely bond parallel and perpendicular components, i e., — (l/3)(a||jjd-2aj.) 

The n(‘(;(*SHary d<isirefl quantity is the change in molecular polarizability due to the 
symnudrifial stretching of the bond and in obtaining this, the following imptirtant 
features of the (hilta-function potential model have to be considered, : Firstly, 
{(iocJ^J■|SB) = {] l‘A){('ioL^JSB): in other words, the change is oiio-climeni^onal and 
seeondly {HolwISB) = in other words, there is virtually no eoAtribution 

fjom tlie nonbond region electrons. The quantity {SocwpISH)^ is assumed to bi^ 
diT(‘ctly proportional to the absolute Raman intensity of the stro telling Inode in 
tlie ground ekictroiiic state^ of a given molecule. Hence the analytical 
(‘XpK'Ssion loj tli(^ polarizability derivative with rospoct to the mteruucleai 
distance is given as folloAvs . 

{(UjHB) - (l/3)((i'a||/(Jii!) -- (l/3)(fya||j,/(yi2) — nA^.^{l|^a^,){B'^) Since the delta- 
function putcMiiial model allows no interaction hotwecui neighboring bonds, the 
analytical expre.ssioii desci’ihed ahovi^ is also apiilicablo for a bond in a polyatomic 
niolccnle • 

Since the ahsolutt^ iiiteiisitios of Raman linos due to the symmetrical C N 
and PTg— C stertc.hing vdiratioiis dei»eiid on the derivatives of the polarizabilities 
of the respective bonds, snoli calculations wore made from the above equation 
using the intorimdlear distanc-es, delta-function strengths, Rohr radius etc given 
oarJi(M’. The c;alculated values of the polarizability dorivatides m for the 
C -- N and Ilg — (; bonds are 2.40S and 3.12, respectively. There is no experi- 
mental value of the polarizability derivative for the Hg — C bund but tlie C - - N 
bond. The experimental value of the polarizability derivative 2 61 reported by 
Chantry and Plano (1901) for the C = N bond m acetonitrile is in comparable 
magnitude uuLb calculated one hero and thus the iiolarizahility derivatives are m 
general transferable . as in tlie cases of bond parallel components, from one mole- 
cular system to anothiu’ having similar chemical bonds- with nearly identical inter- 
1111(5 lear distances The bond region electrons are alone involved in the calculations 
of polarizabdily derivotivos but the nonbond region electrons have no iiilluonce 
at all ( )u the polariza bi lity derivatives . The polarizability derivative is a dependent 
function of tlu' inLcTiiuclear distance as in the case of the bond iiarallol component 
of the Iiolarizahility biiL witli third power. 

:mkan amplitudes of vibration 

A molecule or ion of the A'( YZ)^ type possessing a linear symmetrical structure 
with the symimdry point group D„f^ gives rise, according to the relevant symmetry 
considerations and selection rules, to ton vibrational degrees of freedom const!- 
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tilting only sovon fundamental frequencies which aic distrihiited nndw the various 
irreducible represent aiions as follows ■ 2S/(f?, +(/, ||)-i-7r, [R, dp)-\-2n„ 

(7,_L) where E, I, p, dp, |1, and _[_ stand for Raman active, iiifrarotl active, polariz- 
ed, depolarized, parallel and perpendicular, respectively ; the siiliscri])! y ri^preseiits 
the gerado modes which are symmetric witli respect to tlu^ ccutn' of symmetry 
whiles u the uiigerade ones which are asymmetric with resifiect to the centre 
of symmetry The 2 type vibrations arc the nondcgeneratc Avhilc the n tyjic 
vibrations are the degenerate ones. The frequency corresponds to the Y -- Z 
stretching vibration, V2 to the X - Y symmetrical stretching vibration, v^, to tho 
syiumetricaJ Y ~ Z ssymmetrical stretching vibration, V4 to the X— Y asymmetri- 
cal stri^tching vibration, Vq to theX — Y Z as^onmctrical bending v ibration v,| to 
the X— y = Z symmetrical bending vibration and v, to the Y -X— Y symme- 
trical bc.ndiiig vibration A schematic representation ol the normal modes of 
oscillation foi a linear symmetrical molcc-nle of X(YZ)2 type has been given 
in Fig 2 

Ten internal coordinates have been selecte.d h(M*c to (h^scribe tlie ten vibrational 
degrees of freedom and they are given as follows ■ and r,, are the Y Z 
stretching coordinates, and ^ ^ stretching coordmatiis; 0^ and 0.^ 

designate the X- - Y = Z bonding coordinate-s in the xz jilane uhile and (9./ 
designate tho same in tho yz plane; ^ designates the Y— X--- Y bending c.oordmate 
in the xz plane while 0' designates the same in tho yz plane (sec Fig 3) Tl\e 





t'lK 3, Geometric illustration of tho internal coordmateH for a linoar symmotriral X{YZ)-^ 
mole- cule. The symbolH donoto the deviaiionn from tho values at the equilibrium 
configuration. 0 and 0 designate the changes of the X—Y~Z and Y -X—-Y angle 
bondmgs m the xz plane while g' and 0' de.mgnate the same in the yz jilnne or vn e versa. 
Tho equilibrium X—Y and Y=Z intomucloai dtstam-OH are identified by the flymbols 
D and R; respectively. 

equilibrium internucloar distances Y ^ Z and X—Y are being represented by the 
symb(ds R and D, respectively. On tho basis of the principle postulativl by 
Wilson (1939, 1941), a set of symmetry coordinates satisfying the condiiif)ns of 
normalization, orthogonality and transformations of the concerned irreducible 
representations has been constructed with help of tho internal coordinates des- 
cribed above and given in the following : 

= (2)-i(ri-fr2) 
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.S,(S,+) - (2)-i(di-d,) 

«,(i:„+) = (2)-\e^-6^) 

SU-n„) - fl7)(2)-»(O,'-0,') 

,Sr,,j (7r„) = R75(2)-i(0,H 6,) 

- Kn(2)-i(0,+<7,) 

,S,.i,(7r„) = 2e7)(2)-l(0,'+e2') 

.S,„(7r„) -T)^ 

i%hM — Dij)' j 

H(‘ro iho aiigl(‘ (lispla-DWiiontR are multiplied, “by tho oquilibrinm intWmicloiir 
disi-anee.s Tt{Y — Z) and D{X — Y) in order to keep the dimensions of tile inean- 
S(piar(i amplitude' quantities rofe^rring to the angle bnding the same as those of 
tho qiia-iitities due to tlie bonded atom pairs. 

For a inolceiilo or ion of the presejit study we will have sixteen mean-square 
ainpiitudo quantities (<r) but the symmetry of the molecular or ionic system ro- 
(liii'os to t(Mi . Tlie moan-square amplitude quantities due to the interaction betAvoen 
the bonded atom pairs and intorbond angles are not at all jxvnnitted in tins ease 
as tlu^ parallel and perjamdioular vibrations do not occur in tlu^ same sjunmetry 
species Following the princuple outlined b^^ Cyvin (1950),* tlie syminctrizecl 
mean-square amxilitude matricjos (S) in terms of the mean -square amiilitude 
quantities (cr) have been obtained by introducing the symmetry coordinates as 
folloAVS : 

SaalS/) = ^ (ra-\-(X^ 

= S3,(V) = <^A'> = O-rd+O-rrf 

) “ ^^3^^ ” ^tr 

^dd 

~ ^ 43 (^ 1 *^) ^ ~ ^rd ^rd 

2^56K) == <^V^> = <^G6^> = ^9-^B9 

S„„(7r„) = = <8^a^> = o-o+cT^e 

~ — crif) 

~ ^7o(^«) ~ ^8q(, 8fia'> ~ ^60 

where the entering quantities may bo defined by the mean values given in the 
folloAidiig : 

cr^ — <.r^> = <r^'> 

(T„ — <r^r.> 

O'd — 
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<^dd— 

(Trd = <»A> = <^A> 
cTra = =- <r^d{> 

ctq - nD<0{^> ^ RD <^V> = <A')='> - <\(hy> 

0-00 = i^Z^<(9l/92> = RD<0^'0.j'> 

0-0 ^ ^ i)2<(^')2> 

0-00 - {RD^f<e^^> = {RD^)^<0^(^> = (i27>)2<^y/0' -> - 


TABLE I 

Fuiiclamental froquoncios in cm-^ and iiitornucloar dislaiuKW in A in soiiui 
linear di cyanides 


Molociilt) ot" 
l(tU 

Vl(Sff+) 



vdS„-<-) 


V(i{‘7rw) 

V7('7r„) 

A - y 


Ar(CK) , 

2141 

260 

2140 

390 

2r)0 

310 

107 

2 13 

1 10 

Au(CN) . 

2104 

452 

2141 

427 

304 

308 

100 

2 10 

1 10 

IIr(CN), 

219S 

412 

2194 

442 

270 

34 1 

11)0 

2 20 

J 1.5 


The analytical expressions for the mean-square amplitiRlos ol vibration lor the 
nonbondod atom pairs may bo obtained in terms of th(‘ syiiiiiietri/a^d meaii-st|uare 
amplitude matrices as follows . 

^r-id — i (Al + ^ 22 H" ^33 + ^44) + 212+^34 
^r^-ld ~ h *^^22 + ^33) + 25^12 

^2r+2d ~ 2S11 H" 2S22 + 4:S2.2 
(T2d = 2S22 

where is the moan-square amplitude quantity due to the iionlionded atom 

pair Z — X, o',._f 2 d quantity due to the nonbondod atom jiair Z — K, fr.^r-i 2 a 
(quantity due to the noubonded atom pair Z — Z and (Tofi the quantity duo to the 
nonbonded atom pair Y~Y. 

On the basis of the principle postulated by Wilson (1939, 1941 ) and lorigle and 
Meistor (1951), the G matrix elements related to the kinetic energy were obtained 
m tonus of the symmetry coordinates given above. In the analysis of the mole- 
cular vibrations, Cyvin (1959) was the first to introduce the symmetry c oordinates 
in determining the moan-square amplitudes of vibration. According to liis secular 
equation 1 S | =0, the following equations for the normal frequencies 

containing the symmetrized mean-square amplitude matrices have been cons- 
tructed under the various irroduciblo representations 
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TABLE II 

Synoneti jzod irican-squartt ainplitudo matrices in in some linear dicyanides 


Mcjloi'ulo or ion 

Elemuni 

Synunofcrizod moan-square 
amplitude matrix 

T^29&°K 

r=6oo°A: 



0 003802G 

0 0061756 


S23 

0.0008223 

0.0007401 



0.0043439 

0,0067080 


1^44 

0.0009400 

0.0008846 

Ak(CN)2 “ 


Sb:. 

0 02520G0 

0.0392141 


26 ., 

0.0317208 

0 0408409 


2^77 

0 0146840 

0 0201913 


Sa7 

0 0003896 

0 0082748 


2 ii 

0 0019492 

0 0030035 


22a 

0.0010494 

0.0008206 


2 >ia 

0.0031508 

0 0050032 


244 

0 0009683 

0 000861b 

A.i(CN),- 


2 -,r. 

0 0146437 

0 0220567 


2 oo 

0 . 022869.6 

0 0342683 


2,7 

0 0113764 

0.0164755 


2ot 

0 0051470 

0 0071886 


2 ii 

0 0027272 

0.0040519 


22a 

0.0009037 

0.0007003 


2 ia 

0 0029162 0 • 0040604 


244 

0 0009.637 

[^oTo008389 

Hk(CN).j 


2 c& 

0.0171536 

0.0204093 


2 co 

0.0259076 

0.0383644 


£77 

0 0147508 

0 0192266 


£07 

0 0069249 

0 0086968 


IV)r the type vibrations ; 

AiAa — (SiiSaa— ^ 
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' TABLE III 

Mean-squaro amplitudo quantities in in some linear dicyanitli^s 


Ag(CN)a- Au(CN) 2- llg(rN)j 

Quantity — 



T--298“K 

T--600°K 

T = 298°K 

T^500"K 

T - 2<)S '1C 

'1' 500''K 

dr 

0 0040733 

0 0064418 

0 0025500 

0 0043784 

0 0028212 

0 0046512 

fTrr 

-0 0002707 

-0 0002G63 

-0 0006008 

-0 0006848 

-0 0000940 

0.0000008 

fr,I 

0 0008812 

0 0008154 

0.001 0039 

0 0008360 

0.0009287 

0 0007996 

fTild 

-0.0000589 

-0.0000093 

0 0000456 

0 0000156 

-0 0000250 

-0 0000393 

tr,, 

0.0284G64 

0.0430305 

0 0187566 

0 0281625 

0 0215606 

0 0323869 

CTp,, 

0.0032604 

0 0038164 

0.0041129 

0 0061058 

0 0044070 

0 0059776 


0 0145840 

0 0201943 

0 0113754 

0 0164755 

0 0147568 

0.0192256 


0.0063895 

0 0083748 

0 0051476 

0 0071886 

0 0069249 

0 0086958 


0 0016446 

0 0014922 

0.0020988 

0 0016410 

0 0018074 

0 0015206 


0 0049544 

0 0072571 

0.0035539 

0 0052144 

0 0037499 

0 0054508 

fJr+'id 

0.0057179 

0 0079340 

0 0046488 

0 0060194 

0.0046286 

0 0061718 

V2r+2d 

0 0092498 

0.0038432 

0 0059972 

0 0090280 

0.0072618 

0 0 [0824 4 


Foi the typo vibrations : 

^3^4 ~ (^33^44 'S34®)(2//.a.yay + 2//._f/^2-l-//y/l.2) ^ 

For tho type tt^ vibration : 

For the type vibrations ; 

A«+A, = S„„ir-i+S„L-i+2S«,iH-> 

A.A, = (S.„S„-„“)[iE:-* 

where //-j., iiy and are the reciprocal masses of the atoms X, Y and Z, respocti voly ; 
K = /^,(]/J22)d7x,,{(l/i2)+(l//>)F+2/^a,(]/i>2) ; L -- 2(2//, | -//,,)( 1/Z>2) and 
M = -2[//^(l/7)){(]/iO + (l/I)){ f2//,(l/i>^)l. 

In the above equations A has been related to the normal frequency v as 
Aj = (7i/87r*v,) coth {hvi l2kT) 

where k is tho Boltzmann constant and T tho temperature in '"K 

The secular equations giving tho normal frequencies in terms of the mean- 
square amplitude quantities were constructed with help ol tho vibrational and 
structural data given in Table I at the temperatures T = 298 °/i and T — 500 K, 
The off-diagonal elements under tho symmetry species and wero neglected 
7 
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TABLE IV 


Mean amplitudes of vibration in A in some linear dicyanidos 


Moloculo or ion 

Distanco 

Moan ampbtudo 

of vibration 

T=29B°K 

T = 600‘’ir 


C=N 

0.0638 

0.0803 


Ag-C 

0 0297 

0 0280 


C--- c 

0.0406 

0 0386 

Ag(CN),- 


Ag---N 

0 0704 

0 0862 


C N 

0.0756 

0.0891 


N -- -N 

0-0962 

0.1177 


C=N 

0.0605 

0 0662 


Au— C 

0 0317 

0 0289 


C---C 

0.0458 

0 0405 

Au(CJN)n“ 


Au - - - N 

0.0696 

0 0722 


C---N 

0.0082 

0 0ff76 


N---N 

0.0774 

0.0950 


C=N 

0.0631 

0.0682 


ITS-C 

0.0306 

0.0283 


C - - - C 

0 0425 

0.0390 

Hg(CN)2 


Hg - - - N 

0 0612 

0 0738 


C- --C 

0.0680 

0.0780 


N - - -N 

0.0862 

0.1040 


and only the diagonal elenitmts S 32 S 33 and S 44 were evaluated. Since the 
equation is singular under the species TTg, the symmetrized mean-square amplitude 
matrix was directly evaluated. When the off-diagonal element was neglected 
under the s^iecies the equations resulted to imaginary values for the diagonal 
elements. Hence the off-diagonal element was taken into consideration and the 
symmetrized mean-square amplitude matrices E 33 , S,, and Sj,, wore evaluated in 
the manner described by Torkington (1949, 1951) The c.omputed values of the 
symmetrized moan-sauare amplitude matrices in A^ for the throe di cyanides are 
given in Table IT at the temperatures T = 298“K and T = 500°K. The calculated 
values of the moan-square amplitude quantities in A^ are given in Table III at the 
two temporature.s where rr, is the mean-square amplitude quantity duo to thi^ 
bonded atom pair Y ^ Z, <t^ the quantity due to the bonded atom pair X^Y, 
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(To the quantity due to the bending X-f^Z, .r^ tbe quantity due to the 1, ending 

and ar, <7^ and are the respective interaction quiuilitics. Tlio 
moaning of the quantities <t,s, (T,+s <t,+s and has ah eady l.iain explained 

earlier. The corresponding calculated values of the mean anqilitndes of vibration 
in A for the bonded as well as nonbondod atom pairs are given in Table TV at the 
two temperatures for the three dicyanides. Since the interact ion (inaiititios liotween 
the bonded atom pairs and nonbondod atom pairs are not essential, they 
aro not considered here. 

The mean amplitude of vibration for the nonbonded atom pair, as ts exjiecied, 
is much greater than that of the bonded atom pair. The mean -square amjjliiudo 
quantity due to the bending is in general several times greater than those of tlie 
bonded and nonbondod atom pairs The situation is exactly reversed in the eases 
of corresponding force constants The interaction quantities duo to the bonded 
atom pairs are much smaller than that of the quantity due to tlie interaction of 
bendings. The moan-square amplitude quantities aro in general in tlie increasing 
order with increasing temperature except for those due to the metal-carbon and 
carbon- carbon bonds. The mean amplitude of vibration for the metal-carbon 
bond IS much smaller that that of the carbon -nitrogen bond (bdd di(ynnid(T ion 
is isoelectronic with mercury dicyanide. The atomic numbers of the central atoms 
aie in the increasing order by one unit while those of the other atoms are iixed 
in the two systems. The obtained values of the mean amplitudes of viliration for 
the bonded as well as nonbondod atom pairs aro in the incroaing order, in contrast 
to tlie gase^DUS molecules and ions, from gold dicyanide ion to merciiTy ditiyanide 
except for those due to the metal-carbon and carbon-carbon bonds Tins shows 
that the binding force between atoms is mercury dicyanide is gi-eatcr than tliat in 
gold dicyanide ion. In the cases of gaseous molecules and ions the mean ampli- 
tudes of vibration will ho in the increasmg order when we go from a system with 
lower molecular or ionic weight to the on© with higher molcculai- or ionic weight. 
In contrast to this, wo observe a decrease in the values of mean amplitudes of 
vibration for the bonded and nonbonded atom pairs from silver dicyanide ion to 
gold dicyanide ion. This shows in the cases of crystals that the hinding force 
between the atoms in a unit with higher molecular or ionic weight is less than that 
in the one with lower molecular or ionic weight irrespective of the nature (mole- 
cular or ionic) of the two systems concerned. Since experimental values of mean 
amplitudes of vibration for any of the systems studied hero are not available, no 
comparison could be made at the moment with the results of the present study. 
However, the values of the present investigation would he very useful for the inter- 
pretation of electron diffraction studies in future. The values of the symmetrized 
mean-square amplitude matrices given in Table II would he readily considercxl 
in future for the computations of mean-square parallel amplitudes, mean -square 
fierpendicular amplitudes and mean cross products in order to obtain the shrinkages 
of chemical bonds for these three systems. 
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LOW-ENERGY SCATTERING OF ELECTRON BY ATOMIC 
POTENTIAL WITH A LONG-RANGE TAIL 
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Jauavpur, Calcutta -32 
{Received Maicli 17, l96(i). 

ABSTRACT Wo have obt-aiiied, following Speci-oi (19(54), an oxpronsioii lor iho S- 
laatnx in lyho oano of an aUranfcivo luvoifle fourth powor potoniiul An olfof tivo raiiRO loimnla 
for an atomm potontial with tail has also boon donvod. \ gonoral i^x])ri‘Hsioii loi ])haHo 
HlnltB fii for difforont angular moraonta I is given tor an atomic potontjal which jh rojircsontod 
by a sciroonod Coulomb potential ol Albs and Morao typo when r is Hinall and the long range 
r-i potential when r is large. Numerical losulta aro proaeatod tor lor low energy e-— Ho 
coliiaion Tlio effect of oxohango has l»eon neglected in our work. 

INTRODUCTION 

An (^xact analytical solution of tLo Sclnodmger o((uation describing tJio scattor- 
ing of an oloetron by a neutral atom js extremely diffii'.nlt due to tlie complexity 
ol the atomic potential. The potontial surrounding the atom i-oiisists ol an elec- 
trostatic screened hold and a polarization field mainly ol dipole nature induced 
hy the incoming electron. The form of the latter field is usually taken as a(r)ir“^ 
where a(r) for small values of r is a complicated function hut lor largo values 
ol r reduces to a constant a the electric polarizability. The Schrodiuger equation 
with a central potential ocr~^ can be solved by transforming it to a modified Mathiou 
equation. O’Malloy, Spruch and Rosenberg (1901 ) have shown that in the case ol 
a long range potential the expansion of h cot in the zero energy limit contains 
a number of terms not present in the usual effective range lurmula lor short range 
potential. Spector (1964) has made a detaikxl study of the behaviour of the 
Mathieu function and its derivative at the transition point whore the kinetic energy 
is equal to the magnitude of the potential energy due to the ccr~‘^ term. Ho has 
workwl out the scattoring matrix for a repulsive potential hut in most physical 
problems the attractive potential comes into play. So we have calcidatiwl the 
scattoring relations with an attractive r”* potential. Kuxtlior in tlie zero energy 
limit /c = 0 the expansion of k cot 7 /q is influenced hy the asymptotic form of the 
potontial i.e, ar“*, the expansion terms of k cot agree with those ol 0 Malley et cd 
(1961). 

In the potontial term in the Schi'odinger equation, we have taken for the 
Screened coulomb part the form due to Allis and Morse (1931) when r is small and 
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WO ast3mui> that in tliiB region the polarization potential is negligible We further 
maintain tliat for largo values of r when the latter potential beciomos predominant, 
a{r) reduces to tlie electric iiolarizability a of the atom. To simplify calculation 
the exchange effect due to the indistinguishibility of the incident and atomic 
(iloctrons has been n(iglccted. A general expression for low energy phase shift 
for different angular momenta has bc^en deduced The phase shifts for zero angular 
momentujn are calculated for e“-He sc.attering in the low energy region 0~1 ev 
and a c-oinparisfui with similar calculations of LaBahn and Callaway (1964) shows 
good agreement. 


CAhOTJLATION OF H-M A T H I X 

The iSchrodmgcr equation describmg low energy scattering of aiJ| electron 
in presence of an attractive polarization potential is 




( 1 ) 


Hero k is the wave number of the incident electron and = a. 

(^J''he atomic; units aie used throughout our calculations), 

"nie etpiation (1) can easily be transormod into the Modified Mathieu equation 
(Spcctor 1964). 

-Ji -(M-i)2+2/!4 cosli 2z ] J/(s) = 0 ... (2) 

with th(^ substitutions 

r — when 0 < r ^ (/^/^)“ 

= {filk)h^ when (/ff/Z)4 < r < oo ... (3) 

and <^i{r) — ^/rM{z) 

The solutions of the eipiation (2) are the various forms of the modified Mathieu 
functions. It "will be convenient to write down those which will bo required in 
our work ■ 


{z, A:) = S C"'2p(A:)c±(2J»+»')^ 

— ^ ij=— 00 


( 4 ) 


L 7)=.-aD J p=—CD 

M,^«(z,k) = \ S OV*)]~‘ s (-l)»'CVWy,+a,(2V/?rcoshZ) (0) 

L p=i—eo J p=z—ao 

and are the Bessel functions of the first and second kinds. The order v 
of the Mathieu functions is a function of I and k. 
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When k is sufficiently small, v is given by 
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the ioTjiis involving k'' cand liiglioj- powers of k being neghM-ti'd Tlu^ hiinu^ t oidli- 
uieiits 6'"23,(fc) which are functions of A? occur m or These coeffi- 

cients can be expressed as a (sontinued fractitm umverguig ra])idly as /, -> 0 
111 fact 


G\. 






When 'p is negative G'’2p—^ 0 as > 0 
fjastly we may construct the modified Mathicu fiinctitins Jfc/,/-*) and M^y'> lioni 
the equations (5) and (6) replacing the Bessel functions a,, and T,, hy the 
Hanlvol liinctions and 

The Matliieu functions and hence are contimuais Imu Lions 

of '/ but their derivativews with respect to r (io not exist at r — whereas 

the functions and tlieir derivatives are continuous evoiywherc Because' ol 

this diseontuiuit}^ of the derivatives, the geneiaJ soJiition of tfic' e(|iraLion (I) 
uhich is a linear combination of the solutions or (t‘a(‘]j 

niultijilied by y'/) should have different coefficients lor r ^ (/^/k)- and / (///A")' 

So tlici general solution of the equation (1) may bi^ takc*n as 

r<(f)‘ ... («) 

9i,(r) = ) vj, +B'VrJI/,“> (ill 

- (10) 

It is to be noted that when r is small, 

Ayj re'{'T--T-l) + Ji-^'^^re-Ai--2—T) ... (Ua) 


and when r is large 


(lOa) 
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It IS (ivjrloiii from ( lOa) that the ^Sf-matrix for the scattering of a charged particle 
in till' presence) of an attractive long range potential is 


with V dolined in the nquatioii (7) 

To ovalnate A' jJV avo shall follow the procedures enunciated by Specter (1964) 
in his develo])inent of tJie AV-niatrix for a repulsive r-^ potential In order to con- 
nect the solutions (9) and (10) at the point r ~ where their deriviitives do 

not exist. We shall make use of the Mathieu functions Jif^^^given in equation (4). 
Tljesi‘ lattei' functions and their derivatives arc continuous every where. For 
some rj sin'li that 0 < [fijk)- wo may wite \ 

and determine the constants cl and /? in terms of A and B by solving above equation 
togetlier vvitli the e(iuation 

-1 =- aM\vA fiM; 

Similarly for some we take 

and determine y and <5 in terms of A' and B' The constants y and S can now be 
expressed in terms of a and /J by using the caonditions for the continuity of the 
solution and its derivative witli re-sjiect to r at r = (/?//c)^ i.o. at z — 0. With 

z as defined in (3) we find that ^ discontinuously changes its sign at this point. 

With the help of relation (4) wo finally get 

y — P and ^ = a. 

TTtilizing the various pioporties of the Mathieu functions as reported in Specter 
( 1 901) it is easy to show that 

A' _ 1 -ny{A-~Be:^^''^)l{A-B) 

B' l-RiHAe-‘^^’'”--B)l{A~B) ^ ^ 

, „ (0) 

where = 

t:^(iW[r(i-v)/r(i+v)jx(i-ivW(i_^2)2) ... (13) 

neglecting higher powers of k 
For Z = 0 


| ... (13a) 

tlr(SI2 = 0.0366 

Substituting the value of A'jB' in (11) one gets an expression for the /S-matrix. 
If AjB is kuoum, then in principle one can determine the phaseshifts 7fi by virtue 
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of t,ho relation S(h, 1) = The formula (12) ia of great nn]Jortaneo m the 

(Ifivolopment of the proaeiit work. It will bo wortli-whilo to noto tliat siiioo B 
IP complex conjugate of A, B' is the complex coiijugabo ol’^'. 

EFFECTIVE HANGE FOllMELA 

We shall iiow^ utilize the formula (32) to develop in a straight forward maniior 
an effective range formula for the seattoring of an electron by a cential field jioteu- 
tial which is assumed to vanish as r-^ Avith no other long range coni])ont‘ijts For 
this purpose it will he convenient to take the solution of the A^'^lve CLjuation (1) 


a linear combination of and 



0, = 

^<(fr 

.. (14) 

0, ^ 

^>{ir 

... (15) 


Where C and G' are thi> normalization constants and D and D' are arbitrary cons- 
tants. Tt follows from the known projierties of and (,Sp(^ctor 1964; 

Meixner and Schafko 19fi4) that <l>i behaves near the origin as 

sin )-DcoB(f-'^+^,)]forr«(f)* .. (1C) 

' 8(l+3/2)(l+l/2)(l-l/2) - ' ’ 

In (17), the powers of k higher than two are neglected. 

Now we consider an electron scattered by an atomic potential TJ{r) whicfii is 
supposed to be central. The scattering wave functions Ui{r) satisfy the radial 
wave equation 


AVo assume here that U(r) tends to — where r is suffiinently large, and that 
Uj(0) = 0 . It is to be noticed that when r is large, Ui{r) tends to the solutions 
i>i{T) of the equation (1) to which the equation (18) is reduced v^hon r— > oo. 

Taking and as the solutions of the equations (18) and (1) 

respectively for the wave numbers and ^2 easy to shoAV that (c.l. Bethe 
1959) 

lim I 0,(2) -0,(2)-^ 0,(i)| = {kS-^k^) f (0,ii)0i<2)-7^,(i)7^,(2))£2/ ... (19) 

r-_vo| dr dr Ir o 
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If Di and D,^ bo the values of D in tho equation (14) and and the values of 
Si corroaponding to tho wave numbers and k,^, the equation (19) leads to 

l+^j^a ein (5^(i)_^^(a)) 

'^ /? / p 


== (V-Z^i^) J (0^(1) ^^(2 )_m/i%^(2)) dr 

0 

so that wlKiii k^ — 0 and k,^ — k one has 

7^_£\ 

P P I 


cos Si + aiji jfc 2 f ( 0 ^( 0 ) 0 ^ -ui^o>Ui)dr 

P 0 


Therefore following Bothc (1949) wo have for tho effective range fomula \ 
^0 ^ I ^ ~l -^0^ - X r^\ Y 7^2 

-P 7 -~p- 


( 20 ) 


( 21 ) 


( 22 ) 


where tho offootivo range 

Now wo propose to dotorinine a formula from which Djp and D^fP can bo calcu- 
lated. 

Substituting tho I’olations 

^ [iff ^(3) + if/4)] 


and 




in tho equations (14) and (15) wo got from tho equation (12) on simplification 
T)> ^ ■Kf=^ (l+cos 4iyH--f> Bin 

'’lD—It{^(D — i7 cos 4rfj+sin4^J "■ ' 

Again comparing tho asymptotic form of ^i m (14) : 

Vii [ ““ (*’■--2 + ■*') ] 

With the aysmptotic form of the actual wave function Ui : 

Ui — ► const. X sin ^kr—— +Vi j , 

we obtain a relation connecting D' with the phase shift j/i : 

tan Si — J)' 


tan 1/1 = 


1 -\-D' tan Si 
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On Bubstitution of th.o value for this formula yields 

„ tan Sj { 2D~Ri\D— D v.oh 4 di-\rain 4S()~Rf(L | cios B sin 4(^,1 

cos 4=dr\- sm4(y^)4-^f“tan (J,(l +(;oh 4.Si-\ U sm 4(11'^) ' ' 

Retaining only the relevant terms, avo have 


Bi^{v.ot 7Ji + d,) 

1 — Si cot 7ji cot 7fi 


When Z = 0 one obtains 

;fccot^„( 1 8 /?2^^^.(3/2)+ 

— (!OH Vq + y 7r2/?'Vfl C0i2 A/„ j j (26) 

and — .:^ = Inn fceott/o— — -i, ... (27) 

P *->0 ^0 

Aq being the scattering longtJi. Then from the equations (21), (26) and (27) wo 
get the expansion of k cot //^ in the low energy limit 




, y_\ p L 

9A„ 3 ^ “ 9Aa^ 3 J 


(28) 


This expansion is identical with that of O’Malley et al (1901). Finally m order to 
obtain an expression for tan 7fi wo retain only the- leading terms involving 
in the series for Ri^ as given by the equation (13) It is not difficult to show from 
the equation (24) that 


:jtan — 


m-\ i )!'?/? 


(29) 


wliich is again the same as that obtained by O’Malley ci a^(1961). 

phase shifts in ELECTRON-ATOM COLLISION 

We shall now deduce an exprcnssion for phase sliifts for all angular momimt a 
for low energy scattering of an electron by an atom. We shall take for the atomic 
potential V{r) a screened coulomb potential of the Albs and Morse typo joined 
Smoothly with a long range r~^ potential at some distance r„. The solution of the 
wave function with the Allis and Morse type potential is easily obtainable in terms 
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of Wliittakor’s funotioriH. Allis and Morse (1931) assumed that tlie incoming elec- 
tron moved in a central attractive couloml) field of the nucleus and the average 
rejjulaive coukmib field due to the electrons of the atom. They obtained good 
Tosults for low energy cross sections foi elastic scattering of elections by light 
atoms Wo liave inodificKl their potential with the intention of incduding the long 
range i)otontial in the following manner : 


V(r) = — 2z (A —A), »• < r„ 
= r>r. 



Z being the atomic number. 

The x>otcntial ll^{r) dcjKuids uiion the two parameters a and TIiVj conti- 
nuity (jonditioii at makes a doxiendont on Tq; there is thus arbitrariness of the 
smgl(» xiaiainoter r„ The cut-off distance is so selocded that the effeid of screen- 
ing due to the term 2zla is maximum ; 

That IS, the selected value of is that value of for which <i given by the 
equation 


2z 




IS miminum. 


Then we have 



(32) 


It will b(^ stum later that the scattering length cahmlated from U{r) defined in (30) 
and (31) with this value of is very nearly equal to the maximum scattering 
length obtainable by vaiying r„. 

Wo have completely ingorod the effect of exchange of electrons, which is 
t^xpected to play an nnjiortant role in low energy scattering 
The radial equations wo have to solve are — 


and 


r dP- 

L dr^ 

r 

L * ■■■! 


r<r„ ... (33) 

+ ft “ '■>’’0 ■■■ 34 ) 


Here ^ is the wave iiumher of the incident electron 



Q' 


- ifc" and 'tfK — Z (Morse and Feshbach, 1953) 
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To obtain plianeshift th, we whall join at r ^ ro the solutions of tlio ocjua- 
tioiis for the two rogiona. The regular solution of the equation (.‘i:i) is wvW known 
(Morse and Feshbaeh 1953) : 

ui{r) = N{2Krfre--^^ F{l-{-\—y]2l-\-2,2J\r) ... (Hfi) 

where F{l ’\-\—y; 2Z+2; 2Kr) is a confluent hypergoomotrie series anti iV is a 
constant. 

Utilizing the properties of the confluent hyper-geoinetrio so^lt^s one readily 
obtains for the logarithmic derivative of the wave function (35) at r ^ r„ 


tan = 




F(l+2-r. n+2, 2Jv> „) 
Fil+l—y, 21+2, 2Kr~) 


... (36) 

Tlie subscript I and the superscript k in are used to indicate its dependence on 
1 and k. 


Now in the energy range considered by us, given by the equation (32) is 
loss than (/?/A;)- so for tlie solution of the etpiation (34) in the region bt^yonil r,, we 
have to consider the ranges, ^ r <. {fifk^ and (fifk)^ r < oo sejiaratoly. 
When rg < r < the solution of the equation (34) is 


ui{r) 


— -^Vr 


1 +' 


(Fk^ 

4(v+l) 




-\-rh2r + 

4(vH^lj L J 

We have made use of the formulae (8) and (9) to obtain the equation (37). J^Voni 
l-he I'.ontmuity of the logarithmic derivative of the wave function at / = we liave 


A 

b' 


- 4(^V'-'“’_) 


+ 2( kr„ - 


( if 111' ) 

\ - 4(v+l) t! - J 


( ff."” 


4(7+17 


) 


(38) 


The argument of Hankel functions involved in (38) are suppressed, 

On using the formulae connecting the Hankel functions with the Bessel func- 
tions (Morse and Feshbaeh 1953) we obtain 


^ _2»yW 

B=^ 


( 39 ) 
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whore cot 


^(^^0 — ^ ) <^=0^ VTT— cos VTT— (s) j | 

sin vTT ( 1-2 tan 4)*^ J {z) ■^"+2 ( 2 ^)) 

^(J -2 tail (I)*',) j I {z) COB VTT— VTT— ( 2 :) j | 




' '^^p+2 (®) I 


... (40) 


2 standing for /;;rQ-i- /T q 

For tlio scattering of a slow electron by a Ho atom the argument small 

onoiigJi to jiistilv 7)()W(‘r .series t^xpansioiLS of the Bossol fuiu'tions and their deri- 
vatives m (40). If for the scattering hy other atoms the argimient is large, asymto- 
tic expansions may he used (Watson, 1958) 

Now frcmi the eiiuations (12) and (39) one gets 

^ ... ( 41 ) 

wh«r(, tan ^ . 

] —Jif oosoc yf cos vTT sin (vTi-j-y^*) 

when I ^ 0, tan = ph!^ In ^^-g/^2;;.2,y,(3/2)-f j cot y„^ 

, ,, (42) 

whei’(‘ tiu'ins containing and higher powers of h are nciglecterl. Again using the 
e(]nations (11) and (41) we get an expression for the phaseslnfts for different 
jnigiilar momenta 

... (43) 

where wjjtt is the zero energy phaseshift for the scattering of an oloctron by an atom. 
The value oi nij can ho determined from Swan’s conjecture about an extension 
of fjcvni.son’s tlieorein (P Swan 1955; K Levinson 1949). 

Wo get froni the equations (42) and (43) 

/?*:( 1-1 4.ff2ein'^*-^y?!>fcV(3/2)+-V/9“F) cot To' -il w/JV 

whence lim Ic cot w,, = -- ^ 

A:-^0 P cot 7 g® 
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Tlioroforc the scattering length is given hy 

^o^^cot')/»o (44) 

NUMERICAL CALCULATION FOR PRASE SHIFTS 
OF THE ELECTRON HELIUM SCATTF]^rEG 
A T LOW E N E R a I 10 S 

Though wo can calc-ulato phasoshifts ?/, from the iniuatioii (t:$) for diih^rcut, 
angular nioiuenta I and for various light atoms, we sliall re,st satislic'd with tlu* ( al- 
ematioii of s-wave phawo shift for e“Ho scattering Taking a — I 117(1 (m iitojuie 

unit) for helium (Wickner and Das 1057), one gets from the. eiinatiou (:i2) th(‘ cut- 
off distance r(, = 1.112 (a.u.) and the con espoiiding scattering length J„ is .S-ll, 
a result i ather low compared with the recent results. The maximum valiu‘ lor t.lie» 
scattering length for tlie atomic potential as definiMl m the equations (110) and (51) 
IS S54 eoiTesponding to the cut off distance r„ — 1 .200 As tlu^se values of and 
do not improve /^-wave phaseshifts and as one has to obtain tins valiu’ of 
(i e. '/’o — 1.3) by trial, we shall accept the value q, 1 112 (easily obtamahlo 
Irom the equation (32)) lor the calculation of the phase shifts. 

In the table below the 5-wave phase shifts in r-TTe collisions for various incident 
eneigies obtained in tins work are compared with the (■.orKysiiondiiig values of the 
same calculated by LaBhan and Callaway taking into at.emmt both polarization 
and exchange effects These authors have folio wcil the method of iiolarizerl 
orbitals used by Tomkm and Lamkiii (1901) for a similar calculation on ])1uiho 
shifts in c-H scattering; the resulting integro difTercntial eijuations have be-en solved 
numerically. Disagreement between our results and their snureasi‘.s with Ic. The 
values of (jot are also shown in the table The potential iisi^d ni our calculation 
is not very exact but its advantage is tliat it allows a fully analytic treatment. 


TABLE 


K 

(a.u.) 

Energy 

c.v. 

Cotyo* 

TlO 

(prosont 

work) 

Vo 

(LalUmn and 
Callaway) 

0 

0 

0.720 

(0.844)« 

(J .132)0 

0.01 

0.00130 

0.701 

3.1341 

3 13010 

0.05 

0.034 

0 0279 

3 1U16 

3 0822 

0 10 

0 130 

0 6409 

3.0061 

3.0186 

0.1917 

0 50 

0.3980 

3 0230 

2.8972 

0.26 

0.86 

0 3187 

3.0060 

2.8189 

0.2712 

1.00 

0.2942 

3 0030 

2.7904 


a scattering length in a.u. 
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ABSTRACT. Invustigations have been made about the eleetionic energy slate iji one 
(linmnnsional rrystuls within the frame work of rectangular potential-well model A matrix 
method, aimdar to that of Saxon and Hutner, has been used. The key role in detormmmg 
the energy band structures under different physical conditions is shown to bi' played essentially 
by I lie ti'ac-e ol a matrix which has been namod as T-matrix in the text (Jofniiarulive dis- 
i‘i ssion has been given about the matrix method used hero and that used by but tmgei . Both 
perfect and disordered crystals have been studied and explicit energy band equations have 
been given for both cases. Results for the disordered case have been given only upto first- 
order and in a form which is suitable for numerical computation for any type of disorder. 

INTRODUCTION 

Quantum-mechanical mveatigation of the physical properties of solids needs 
solution of iSchroediiiger equation for one-electron wave functions with appropriate 
potential field in which the electrons move inside tlie solid For a perfect mfinite 
(ii^^stal, the potential energy of electrons inside the solid is assmued to bo a periodic 
fuiitdion with periodicity equal to that of the lattice It is well-known that the 
energy eigen-speijtrum of electrons moving in such a periodic potential is divided 
into allowed and forbidden bands. In reality, one has to solve a thrw^diinonsional 
problem. However, a lot of insight into the nature of the real three diinonsional 
crystal can be obtained by a study of the one-dimensional case (Fues at al, 1 952) 
I’or a one dimensional solid, the mathematical problem is to find the allowed and 
regions of the solution of the equation : 

% + ^ [E-r{x)]t = o ... ( 1 ) 

dx^ A* 

Aiiiero E is the total energy and V{x) is the P.E oi the electron. For a perfect crystal 
k(.r) IS a periodic function with lattice periodicity. For a disorilerod or amorphous 
«olid y{x) loses this property of periodicity and one faces difficulty in solving eijua- 
tion (1) to an extent depending on the degree of deviation of V{x) from periodicity, 

In applying equation (1) to the study of a perfect crystal, extensive use has 
been made of sinusoidal and Kronig-Penney tf-potentials. As has been discussed 
>iy Allen (1953), the baud structures for these models do not show all the character- 
t^ticB of the band structures for real crystals. Thus for both these models, the baiid- 
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siruciiuuis do not show points of contact between different allowed bands while 
in actual solids these bands exist and they play an important role in the study 
of surface states, as has been shown by Shockley (1939). The band structure for 
Krunig-Pcnney potential differs from that of the real crystal in another respec't. 
While in the Kronig-Penm^y case, the size of the forbidden regions approaches 
a constant noiivanishing value as E—^ oo, in the actual case the forbidden ranges 
of energy approach zero as ^7— > oo. The band structure for the case of a finite 
rectangular potential -well, on the other hand, has the proper behaviour as i?— ► oo 
and has an infiiute no* ol jjoints of contact. i 

Wiiat has been said so far points out the importance of the rectangular poten- 
tial-well model in investigating the olectornic on(5rgy-band struc-turks in solids. 
It has been the aim of this jiapor to make a thorough investigation of tile electronic; 
energy states m one-dimensional monoatoinic crystal within the frame-work of tlio 
reotaiigulaT* potential -well model. A matrix method, developed after a work of 
Saxon and Ilutiier (1949), has been used. The energy-band structures under 
different physical conditions are sho'svii to dejiend essentially upon tlie trace of 
a matrix which has been named as ‘J'-matrix’ (details given later). The general 
features of this ^’-matrix in connection with energy-band strucstiires have been 
liointed out. Comparative discussion has been given about the matrix method 
used hero and that of Luttinger (1951) Investigations have been made about 
porfei;t and disordered systems Explicit energy-band equations for both these 
cases have been given. The effect of disorder on the electronic energy-states has 
boon calculated only upto first order. Although not done in tliis paper, the first 
order disorder equation for electronic energy-states is in a form which can bo put 
to numerical computations 


MODEL AND THEORY 

We consider tlie motion of an electron in monoatomic one dimensional crystal 
where tlie potential energy of the electron is assumed to have the form given by 
Pjg. 1. 

Each of the potential energy wells may be considered a rough approximation 
for the potential in the vicinity of an atom. Scliroedinger equations for the 
motion of the eloc.tron are given by the following : 


da;* ^ ^ • 


for regions like < a; < a+6. 


dx^ ^ 




( 2 ) 


for regions like 0 < j: < 6. 


... ( 3 ) 



Electronic Energy States in one Dimensional Crystals 347 

iiHSiiino that E < V. The general solutions of equations ( 2 ) and (.‘ 1 ) are giv(*u 
roRpoctivcly by the following equations : 

-- A exp {ioLx)-\-B exp ( -ioLx) ... ) 

i}r{x) = G exp (/?*)+!) exp {—fix) ... ( 5 ) 

, 2 2mE 

where, = -^ ... (O) 


^ 2m(F — Jg) 


(V) 


Considering now an ic-intorval equal to one period say from x = 0 to x ^ a~\-hy we 
ean wite ■ 



( 8 ) 


In equation ( 8 ), T is a 2 X 2 matrix and plays a role similar to the seattering matrix 
of Saxon and Ilutnor (1949). and 71, are the constants for equation (4) at 
X — a-]-h while A^ and Bq are the corresponding constants at x =-0 T can [le 
\^^ltt('n as a iiroduct of some other matrices in the following form : 


T = sltw 


... (9) 


s and V are translational matrices given by the following 
cxp(»au) 0 . 

.9 = ( ) 

' 0 exO(— ma)' 

. ©xp(;ff6) 0 . 

v = ( ) 

' 0 oxp(— /?7i) ' 


( 10 ) 


( 11 ) 


B and r are matrices which correlate A and B of eqii (4) to G and D of eqn (5) at 
lioints like x — h, a-\-2h... or at points like a; — 0 , a-\-h ...etc. 

Explicitly, 


/ ^ V 





( ) 

=^R 1 ] 

1 


(12) 

' 5 ' at x=h, a-\-2b .. 

.. etc ^ D ^ 

at x=h, a-1-26 . 

.. etc 


or at x=0, a-\-h .. 

. etc or 

at x=0, a-\-b .. 

. etc 


) 





= r ( ) 



. (13) 

' X) ' at x—b, a+26 . 

..etc f 

at ir;=6, <1+26 . 

.. etc 



or at a!=0, a-\-h ... etc 


or ata;= 0 , a-\'h ... etc 
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Using tlio continuity conditions for the wavofunctione and their derivatives, one 
gets the following results for R and r 


1 ioL+fi 

i(x,-p . 

... (14) 

' ia-/? 

ia+/? ' 


iotA-fi 

fi-iOL . 

... (15) 

^—icL 




We notic(i that the matrix T' == Rvr correlates the coefficients A and B\ 
(4) at jioints a: — 0 and x = h and similar pairs of points at other pot 
through tlio equation : 


of equation 
^ntial wells 


\ 


A 

B 


^ at x=h, u-{-26 ... etc 



\ 

... (16) 

at a;=0, a-\-b ... etc 


When > 0 so that hV remains finite (^-potential), we find that . 


l—iFja —iPfct 

T'^( 

iPla 1+iP/a 


) , .... ( 17 ) 


where, 


p _mbV 


(18) 


The matrix (J7) is just the *R’ matrix for tf-potential as obtained by Saxon and 
Hunter (1949) 

Now a straiglit forward calculation gives the following expressions for the 


elements of the P-matrix : 

Pii (/?6+taa)— (ia— ^)2 exp (— /Jb+ioa)] ... (19) 

T,, = T,* ... (20) 

Pai"- ^^^^L(ia+Wa-^)oxp(-iaa.){exp(/?6)-oxp(— /??))}] ... (21) 

... (22) 

By a straight forward calculation it is also found that det T — 1. The T-matnx 


here is the same as tlie H-iuatrix derived by a different method by Kerner 
(1954). 

General features of jT-matrix. 

(1) Condition for allowod and forbidden bands: We consider a ring of n 
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atoms. By repeated application of equation (S) from one ccill to anotJioi-, we cat) 
write ; 



But (w+1) the cell is the same as the first cell. This means 



Eqii (24) is similai to th<‘ one derived hy Luttinger (1951). Wo slmll later on 
pre.scmi djsciussioris about Luttinger’s equation compared to (24) H(;re avc follow 
his argument to find the connection of the T-matrix with the onergj'^-baiul struc- 
t^iire Wo notice from (24) that the allowed onorgios coire.spond to the eigenvalue 
1 of the matrix T . This again shows that the allowed energies corros]>ond to the 
a-th roots of unity for the matrix T. Thus the allowed energy levels Jir<! obtaiiuid 
by sotting the eigenvalues of T equal to oxp(d;2iA:7r/»?.) whori^ 1c is an integer satis- 
fying 0 ^ 5!^ (n— 1), When n is very large, the different values of k gives us 

lor knl'H practically the continuum from zero to tt. This is what Avti moan by an 
allowed band in a finite crystal The allowed band is thus determiiK^d by those 
values of the energy which make the eigenvalues of T comphix numbers whose 
absolute value is unity. Since dat T = \, the secular equation for the eigenvalues 
of T is given by. 

A2-(T^T)A+1 = 0 

ur = ... (25) 

Now if TrT <,2, A+ = A_* and lA+l'*^^ |A_|2 = ], 

so that we have allowed energies If Tr T > 2, both the eigenvalues are real. 
One of them is of absolute value greater than unity and the other of absolute 
value loss than unity. This moans that the condition for the forbidden level is 
simply |TrT| >2 (26) 

(2) Properties of Tr T in relation to energy bands ■ we note that T-matrix 
IS not Hermitian. Had it been so, the eigenvalues would always have been real. 
Avhich means Ti* T > 2. All energies would thus have been forbidden. Again if 
Tr T 2 ahvays, the eigenvalues are always complex satisfying ( A^ | *— | A_ | ^--1. 
In this case all the energies would have boon aJowed In either case one does not 
get a band structure. Thus the occurrence of allowed and forbidden bands of 
electronic energies in a crystal is equivalent mathematic.ally to saying that T is 
neither Hermitian nor Tr T ^ 2 always. W^e now examine the circumstances 
under which T-matrix assumes these extreme forms. 
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Casa I • Suppose V = constant and E > V. We can easily see that in this 

n „• „2 /El T7'\ /in\ 1 /on\ 4-1 4-i,«4. rn_ 


case /? = ia, ol^ ■■ 
T= 2 GOB a(a+6) 


-{E—V). From (19) and (20) it then follows that Tr 


— cos oc{a-\-h) i » sin a(a+ 6 ) 


Thus in this case T is not Hermitian, Tr 7^ < 2 and j | 2 = | | a = for al 1 

values of a. Tins means that {E — F) = Ei-, the K.E. of the electron caK take all 
values (110 haiul structure) from 0 to 00 This is the V'^ell knowm result! for the 
electronic energy spec-tnim in the frcc-olectron model. \ 

Casa II . Sui)pose V — const and E < V. Then in this case 

^ ,,a /?a = ( V-E), Tr T = 2 cosh /?{»+&) ■■■ (30) 

A |- — c:osh ... (31) 

. exp /i{a-\-h) 0 v 

T^l ) ... (32) 

' 0 oxp {--/?(a+6)} 


Thus in this case Tr T > 2 always, | Ah | “ 7 ^ 1 , | A_ | ^ =?^ 1 and T is Hermitian 
Hence all the onergios helow V are forbidden This means that there are no clcc-- 
trons inside the (crystal with total energy less than the potential energy which is 
constant throughout the lattice. This conclusion is again consistent with the 
actual physical situation, 

EXPLICIT ENERGY EIGENVALUE EQUATIONS 

We iiov^ use the ^’-matrix to derive energy eigenvalues for some special cases. 
Case 1 Pel-feed infinite crystal * Considering the model of Fig, ( 1 ) and noting that 



RodluiiRiUiir poleiitial-woll m mlril for a ono-diraensional monoatomio perfect crystal, 
for such an infinite ciystal, Bloch’s theorem must hold good, we can write ; 



From ( 8 ) and (33), (using det T = 1), one gets : 

cos fi{a-\-b) = ^ Tr r 


(34) 



Electronic Energy States in one Dimensional Crystals 351 

I](jn (34) shows th&t j Tr ^ | 2j which is the siuiio as derived ofirlior bv applying 
periodic boundary condition to a circular chain. ITsiiig and IVom (19) 
and (20), we get from (34), 

2(x(r ^ 

Eqii. (35) IS the same as that derived by other workers 

Case II. One dimensional monoatomic disordered solid Let ns eonsiger 
the model of the solid as given by Fig. (2) below 


f *'W 

I Jlh ce// 




Hoctaugulur potoiitial woll morlftl for tt ojm* dimcnwional inoiuxitoinK* (lisorrlt'rcrl Molid, 

Distances such as for the j-th cell are arbitrary Tliej'^ arc^ roprcsmiti'd by ‘ 

— a-{-C} ... (30) 

whore a is the average of all u^’s and e^’s aie fluctuations over a From c((ii (9) 
we find that the ^/’-matrix for the ^-th cell is given by 




exp ia(a -l-Cj) 
0 


exp{- 'ioc{a -\ tj)} ‘ 


■ • (37) 


We note from (37) that dot Tj = i lor ally’s Suppose tliere are w, -cells m the lat- 
tice. By applying periodic boundary condition and tnllowing tJie same argument 
as used in getting cqn (24) for a jierfect lattice, we got tin; iollov mg ecjuation lor 
present case : 


/ j ^ 1 \ / A \ / ^. \ 

\ j = n / \ Bi / \ / 


(38) 


Tims the eigenvalues of {n Tj) are equal to 1. For the present model, the crystal 
of n-colls is one period Hence the matrix (TrTj) for the present model plays the 
same role as the matrix T for Fig. (1 ). Tlius the eigen-values ol {tt T^), like those 
of T, arc complex numbers with absolute value miity — conforming to e(j[ (38). 
‘Since dot = 1 for all j, ^Q%{nTj) = 1 and the secular equation for the eigen- 
values of {ttTj) is given by ; 


, Tr(;7^,)diA/(Tr7rT,)2_4 

^ 


... (39) 
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ThuK m tho prosont case, the allowed energies are given by the condition ■ 
Tr {ttT^) < 2 

From (37), retaining only tho first order term, 

= {T^K^T) 

where, , ioLf.. 0 , 

' 0 —lOLEj • I 

With the help of (42), we get by retaining agam only the first order torfijs , 
(n T,) ^ 7’"+ T 


(40) 

(41) 

(42) 

(43) 


\ 


From (40) aiirl (43) equating zero and first order terms scjiaratcly to zero, we got • 
1\T^ ^2 ... (44) 


a” T«-^K,T> - 0 ) ... (46) 

Eqn (44) shoves tliat the energy eigen values for the model considered here retain 
the banrl structure eliaractoristio of a porlect crystal with periodicity tki. Eqn 
(45) gives tho extra enei gy- values due to disorder. Wo now proceed to find 
explicit forms of equations (44) and (45). 

Thc siinilai’ity transformation for diagonalisation of T matrix is given by 


XT 


’X-=( 


exp (ic) 


0 


0 oxp(— ic) 
oxp{ic)-Tii 


' Tgi exp(— ic)-Tu' 


,exp(— !rii-exp(ic). 
J-i =_■*•-( ) 

det X \ m / 

-* 2t -*■ SI 


L:oB C = ^Tt T , 


... (46) 

... (47) 

(48) 
... (49) 


Eqn (49) satisfies the requirement that Tr T < 2 and gives exp (ic) and exp(— 
as tlie eigenvalues of T. Hence the diagonal fonn (46). From (46), (47) and (48), 
we can easily show the following : 

(^") 22 * = (^")ii == sin Tic} ... (50) 
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Sin c 

Thus with the help of (50), eqii (44) takes the form ; 

sine {®^(^+l)®-^iirSin(?ic)} < 1 

where, 

Using oqiis (46), (47) and (4S) and retaining only the lirst oixlei terms, <‘qn (45) 
Clin be simplified to the following form • 

■'i: eos 

5-1 

■ cos(%— 2j)c+TnjCoa(w— 2j+l)c]~2 (s” e,) . 

• cos(w4-l)c— cos nc\ = 0 ... (54) 

where, ^12 =" ^'i 2 r+»^i 22 ... (55) 

If the huetuations Cj’s aro all random, the difforont terms in the summation (Si.^) 
may canoell one another and the net effect of the second terms in (54) n'lll be jiructi- 
cally zero. The extra energy levels due to disorder of sysUmi will thus be pre- 
dominantly determined by the first term of (53) when the lluctuations i/s ai’e all 
random. 


(51) 

(52) 

(53) 


DISCUSSIONS 

In the work of this paper, we have demonstrated the use of ^'-matrix m getting 
energy-band equations for one dimensional crystals. The ciitical role ni de.tei- 
miiiiiig the band stmiiture is shown to b<» governed by Tr T We have shown that 
lor allowed energies Tr T ^ 2. Liuttingor (1951) has derived a similar condition 
but his result is expressed through an 'A’ matrix. The elements ol .^.-matrix are 
again expressed through y/- solutions of James (1949) . Luttinger has discussed some 
I haiacteristics of energy bands m pure and mixed lattu:es and for this purjiose it is 
<!neugli to know only some general properties of the yl-iiiatnx (like det.d=], 
However, for knowing explicitly the energy-eigenvalue lujuations, 
one must know exactly the matrix which correlates the co-officionts of thocell-to- 
coll wave functions. This purpose has boon served by the ^'-matrix since for 
the typo of potential consideriid, we have binm able to knowthe exact form of 
the elements of T-niatrix. 

We note hero that in deriving oqii (64) for the energy values duo to distirdier, 
no assumption other than that of neglecting second and highei- ordei' terms— has 
10 
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boon niado Tims equation (54) can bo put to nuniorieal computations for any 
typo of fluctuations Cj. It can also be soon that tho method illustrated hero 
can bo used to study the oiirgy baud structures of mixed lattices. This problem 
IS under author’s contemplation and the results will appear in later publications. 
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THE INFLUENCE OF “He ON THE LAMBDA 
TEMPERATURE 
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Rajakam Colleqe, Kolhapur 
{Received September 14 , 1965 ) 

abstract Tho obHorvod rhaiign in tlu* lambda 1 rariHrcnmaijon lomyn'ial urn wdli 
llin coiirentration of aHo in ^Ho givoK for low ronroniralions a lu'galu'o liiunii sliiil, of i.-IS 
(k’lgioes pnr mole coneontration 'fho lambda tranHilion is of flio sofoiid orth'i- nml tbeie socuiih 
Ijo 1)0 no approcjiablo ohango in fhe jump m tho spopilie boat at tlio lambda jioiiit 

INTRODUCTION 

Tlio jntoi’osting pliojiomenon of ®Ho not taking part in snperfluiil flow, ob- 
served by Daunt, Probst pi al, (1948) m dilute solutions of “He in ^He, led to a new 
method of isotopic separation in the liquid phase by superlliiid filtration and also 
to tho eonijlusiou that tho lambda toniporaturo of liquid ^He Avould be a fiiiictiou 
of the eoncentration of “He Accordingly tho preseiiei^ of “ne has a prououneetl 
efToet on the value of tho lambda point, wliieh is sbifted towards lower teniiieratnre 
as was lirst sliovii by Abraham, Wonistoek vt al (1940) for a mixture witli -‘ne 
coneontrations upto 28 2% Similar exporiments wore performed by EmoIhoIui 
and Lazarev (1950) for a mixture with a concentration ol about 1 5% and by 
Daunt anrl Heer (1950) for mixtures with highr concentrations ol 42% to 89‘/o 

The speisific heat measurements of the liquid mixture's ol “He m ’He have 
been made by the helium group of the Kainerlingli Onnes Laboratory, Linden 
Some of those results have alrearly been published (Dokoupil, Kapadiiis ft al., 
1954 and 1959, Kapadnis and Dokoupil, 1955) In the present investigations 
the values of the lambda temperature of the mixture for low concentrations ol 
“Ho 111 ^Hc have been computed For the sake of comparison numerical coiuput- 
ations of the lambda temperatures line have also been matle from the. theorii's in 
vogue. The final chock of tho exact determination ol the composition of the 
samples of tho mixtures and its confirmation delayed appreciably these compu- 
tations and tho discussion of tho results In the mean time the temperature sciale 
in tho helium region has boon changed Therefore we have recalculated all our 
data using the new scale adopted mtomationally . 

EXPERIMENTAL 

As the quantity of “He at tho disposal of the Leiden helium group was then 
veiy small, tho method of a closed capsule complotidy filled with the condensed 
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mixture was dovoloped and applied to the calorimetric determination of the specific 
heat (DokoupiJ, Kapadnis ft al.^ 1954- and 1959; Kapadnis and Dokoupil, 1955). 
Special att(iiition was paid to the accm’ate determination of the transition tern- 
peratiini Th(i tonipc'ratui’e interval in v'hich the lambda point of the mixtiue 
must lie, was first determined by a close scrutiny of the experimental points re- 
prescMitmg the specific boat of the mixture in the vicinity of the transition tempera- 
ture* For tlie dotormmatioii of its exact value separate runs through the transi- 
tion point w(!re made with a continuous heat supply, sometimes by the natural 
warming up only (esxDecially when the bath level was very low). Theivalues for 
the lambda teinjioratiire of tiie mixture were computed from the resulting dis- 
(■.oiitinuiti(‘S in tlu^ slojies of the c.on’osponding curves of temxierature versus tiling 
Fignr(! 1 sbov^s sneb a typical plot used to comxmto the lambda temperat\ire of the 
mixture* \ 



Fjr 1 A fcypictil pl(jt of tho (ialvatiometar roaduig vh Time (X — 0 010) 
RESULTS ANJ> DISCUSSION 
The values of the lambda temperature conesxiondmg to the eoneentratioii 
of !iHe ill X - LOO, 2.50, 7 13, 21 1 and 41.7% are 2.162, 2.140, 2 072, 
I.S45 and 1 454^^1^ respectively, giving for low coiicontrations a negative shift of 
1.48 degiec^s per mole concentration, which is linear. The lambda transition is 
of tjie second order and then* seems to be no apprec*iable change in the jump m 
the specific heat at the lambda point. 

Th(* early experimental observations of the lowering of the lambda point of 
due to an admixture of ^He, reported by Abraham et al., (1949) for concentrations 
upto 28.2% ^He b 3 '^ using a siixierleak formed around a platinum wire, seem to be 
largel}-" in error, presumably due to the concentration gradient set up in the liquid 
mixtures as a result of the heat flush effect The value given for the lambda tem- 
perature for the conceutratioii of about 1.5% ®He by Eselsohn and Lazarev (1950) 
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also somewhat low, probably clue to the* uiieertainty of tlu* l ouct'nt ralioji Tlir.A' 
used an apparatus eonsistiug of two reservoirs eoniKM'tod ))y a iiarroy^ eapjllnry 
and made use of an observation of the supra-surfaee floy as tin' critei um for tin* 
evistenoo of the lambda temperature Daunt and Heer (1950) used m tlit^ir expei i- 
inents for concentrations from 42% to 89% ^Hc, the same* eriti'non and determined 
tlie lambda temi)eratiu'eB at which the heat mfluxod to the lesiA-von (dianged ab- 
luptly They expected that their rc^sults wore not scwionsly alfeeted by the 
heat flush effect. 

Tlic oxperimcmtal rc^^sults of King and Fairbank (1953) using tlie disapjiearniice 
of st'cond sound at the lambda point as a criterion, for coiicenti ations btdow 4 2% 
•’He revcialed a linear dependence of thc^ lambda tcm])(5rature of the^ mixture oii 
the concentration of ®He, giving negative slope ol I 5 degrees per mole c-oncoiitra- 
liou Those observations Jed to the suspicion that thc^ earlier observations wore 
(UTaneous. It was confirmed by our measurements of the spc'.cific heats of lupiid 
mixt ures of ■'‘He and '‘He and later on by the oscillating iiendulum experiments 
performed by Dash and Tailor (1955), who obtained from their measiiremcnts of 
the behaviour of a torsion pendulum immersed in the luiuids, transition tempeu - 
jiturcjs of the individual solutions by locating the discjontmuity m slope of tlK‘ torsion 
period versus temperature. Tliis is equivalent to finding thiv temp(‘rature at which 
the Tioimal fluid density becomes equal to the total density Their exTiermients 
nlso gave a negative linear shift of 1.47 ±0113 degrees per mole concentration 
for the whole concentration range (upto X = 0 092) they studied. 

ft may bo pointed out that in the experiments of King and Fairhank, those 
of this research and of Dash and Tailor the principles involved in the methods 
to dt‘t^^^mine the lowering ol the lambda point of liquid ^He due to the jirescunif^ 
of '‘He in the mixture, are entirely different from each other In S])ite. of that the 
excellent agreement of the results suggests that for low c.om^cntrationH at least 
the ohserved negative shift of 1 48 degrees per mok‘ conceiitiation may he 
treated as an established fact. 

Figure 2 shows the ratio of the lambda temperature of the mixture to that 
ol pure ^Ho as a function of the concentration of ^He upto X - Oil The oh- 
st^rved data as well as the numerical evaluations made from different theorii^s 
in vogue have been included in the figure 

It IS evident from the work of Stout (1948) that the Gihhs’ function written 
according to the laws for perfect classical solutions leads to th(^ second order lambda 
transition for liquid ^Hc, the lambda point of liquid ^Hc remaining unaffected by 
llie admixtiu'o of ®He. In order to account for the (ixperimen tally observed 
change in the lambda transformation temporaturo with tho conceiitiation of ^He, 
using classical thermodynamics it is necessary to inject a reflection of the cjuantuni 
nature of liquid helium through some experimentally ohserved phenomenon. Tt 
was accounted for, in the theory of de Boer and Gorter (1950) by introducing the 
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]iyj)(jllio.sis put forward by Tacouis et al. (1049), namely that the eaii be ro- 
gairled as being in solution with the ‘normal’ eonstituont of liehiiiii 11 only. The 
lambda tmiiporaturo of the mixture in this case is given by 
^ - X ^ exp [ S^{T - Ty,)lRT ] 



2. VB. ConcontiAtion of slfo is ‘lio 

0 Tins Ho.seiirrh , 

I “ 1 Abraliuin oi. oL; 

A Dash aiul TujMor , and 
Ebolfiolin nnd buzurpv 

— do Boer and Gortor , 

- — Heer nnd 

— Miktira , 

Nauda. 

li’or given A" the valuer of T satisfying the above expression liorresponds to 'Zj^'^tlie 
lamlula temperature of the mixture The ehoiec^ of the Gil)bs’ function made in 
this theoretical model does not seom to be the proper one. The expre^ssion oiu' 
gets iiftiu- making use of the fuiietional dependence of the Gibbs’ function Jor pure 
^He on the normal fluid fraction gives temperature mdependent entropy for htjuid 
hrdnini 1 This implies that liquid helium 1 has zero specific heat. Moreovus’, 
the Gibbs’ function for tlu^ ^Hc component as a function of tcinpoi atiire (lineai oi 
qiiadratie m T) and the normal fluid fraction of the total number of ^He atoms in 
their tluHtiy does not help much in bringing the theoretieal 2’’"- X curve in close 
agrcenii'iit vutli the experimentally observed values The. theory also gives mueli 

higher valne.s for tile initial both the cases of the Gibbs 

function for the ^He component. The modification of this theory made by Nanda 


(19/)5) loads to 

1 ' X = exp I 



3PFX“ ■ 

IIT . 


giving tlie variation of tlie lambda temporature with tlio concentration of 
®Ho. This expression, as seen from the figure 2, fails to improve tlie 
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Mtiuitioii An approach to this problem was made by Tiiklia and Nantla, with 
iJie assumption that ^Hc dissolves in '^He, normal as as sup(‘iilui(l Tlicy 

Mihstituted the ox- porimeiitally obsorvod value ot tlio initial slope m i\w\v 
t‘,x])ressiou for the lambda temperature of the solution m order to assign a value 
to the iiarametoj- called the mtcrchango energy This adjusLimnit did not leatl to 
llio (l(‘sired agreement with the experimental results Ana ppi’opriatc^ modilica- 
tioii ol the Jorm of the Gibbs’ fuiieiioii for inire ^He or an i‘ritirely differiuit 
approacb lu introduce tlie (juantiuu nature of the Iniiud in tin- (Jassical lliermo- 
dynainie Lreatmeiit is necessary. 

Htarting from an interpretation of the lambtla point in lujuid lic.lium as a con- 
sequence of the 'Bose-Eiiistoin condensation, Heer and Daunt (1951) put li)r\\ ard 
idt^a that the behaviour of the mixtui'es of ^He and helium II could l)i> (Icsi rihiHl 
as an idi^al mixture of a degenerate Bose- Einstein gas and a n end (‘gen crate l'\‘.r'mi- 
Diiac gas Thus, they assumed the statistical indepiMi deuce of the Bose-Plinstcm 
and the Eerini- Dirac systems in solutions of ^He and '’He and showed that the 
lambda, temperature of the mixture IS given by the di'genca'acy tcm])(‘raturc oJ 
the Bose-Emsteiii systems The exiiression lor the lamlala temperature, ol the 
mixtuie in this case is 

a/s 



i-X 

2'x ■ 

)J 


TJie agiHuniient with the experimental 7””^ of the mixture improvers a hit in this case 
as seen from figures 2. However the theory was (rituized by de Boor and Gorter 

(1952), who showed that the distribution function^ must have a diHcontmuity 

at the lambda point as a consequence of the finite jump in the ,sp(u;ific luiat ol liijuid 
helium at this temperature without regard to the model us(‘.d, in opjiosition to the 
n^isidts ol H(^er and Daunt. Mikura (1954 and 1955) modilied this theory by mtro- 
duemg a Bosc-Einstem licpiid model for liquid helium II m which He II is composed 
of Bose-Eiiistein particles m a smoothed potential well lletween the ground 
state and the first excited state there is an energy gap f\ A, /; being the Boltzmann 
constaiit, and the total number of particles arc clusteied togather in groups of 
atoms. introduced ’’He in this system as an ideal Ecrmi-Dirac; gas in a 
smo(jthed potential well. It appeared necessary to introduce still another 
assumption 

regarding the dopondoiico of A on ®He concentration to get agreement with oxpori- 
nn^ntal data on the lambda temperature of the mixtures The lofiiicmont of the 
Ircatnient made by Mikura leads to a very close, rather a very good fit of his 
"‘f X curves with the experiniontal data, as a result of tlie adjustment of the 



360 


D. 0 Kapadnis 


paraijitilei's in liie iliet)i’y to that effect. The lambda temperatures of the mixtures 
ar(‘ given in this case, by tlic expression 

One gets aceoi'ding to Poineranchuk’s model (1949) a negative, sliift of about 
0.8 d(*gre(^s j)oi‘ mole tjoncontration, liy using the effective mass deriv(Hl from second 
sound (’-xiierinients and taking for the lambda point the temperatjlire at which 
the mass of tluv excited particles hiicomos (iqual to the total mass ItIus value is 
rather too low' 

The expciimental lambda tomporatures are in very good agrdement with 
7% -- Tx (l-Z)2/a 

given by Uoldstem (1954) from the asymptotic Bose-Emsteiii model by neglecting 
the effect ol on the total licprid density. 

A nuinbor ol pliononiono logical and molecular thoorios are availabh? at present. 
TIio plionomenological approach made by de Boer and Gorter does no^j give anj’^ 
eluo to the understanding of the molecular origin of tho deviations from the 
laws of perlcoi solutions A different choice of tho Gibbs’ function and an intro- 
duction of a non-ideality ])aramBtcr make no appreciable improvement in the 
original theory The i oot cause of the disagreement with the oxpernnonts seems to 
lie in tho basic assumptions of the theory 

The theories based on the difference in the statistics are also unsatisfactory, 
though tlie appvoa(jh made by Mikura leads to rather very good agreement xvith 
the experiiTicnta] results The })arameters involved in this model render it I'atlier 
easy to arrive at the desired results by their siiitaliJo adjustment. One can alse 
obtain the r(‘,sults in reasonable a-greomont with the experiments, simply by making 
and either E or n concentration-dependent^ 
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" I 

APPLICATIONS OF THE NON-PEGENERATE STATISTICAL 
RELATION TO BINPING ENERGY CHARACTERISTICS 
IN NUCLEI \ 

A. K. DUTTA 

IJNTVlSltSITY OOLLBGM OF SOIKNCE 
92, AfJllATlYYA PllAFULIiA CiJ. llOAO, CaLOUTTA-9 
{Received June 19, J9CG) 

havo donvod a statistical relation for tlio number *of occupied staios in 
nindoi (Dutta, 1000, cq. 0) whudi may be stated as, 

{h,A^f{A)] exp {-E,\Ay\ Ej)IKT 
- {KlcfA^IiA)) exp {-E„^{A)IKT) 

^ 2.327 X WA^fiA) exp (-^^o(A)/0.40) ... (1) 

wliore f{A) — 1 1-4.2 exp (—3 27xl0“M2). 

TJk^ first factor in the first equation above, gives us tbo number of cells C{A) in 
difb^ront nuclei A slightly modified form of/(^) as 1-1-4 32 exp (— 2.29x lO-^A^), 
witli kc — 3 007 X 10“^ g]ve.s us a more rational mode of incr»mse of coll numbers 
as (7(4) 10; (7(8) -- 16(7(4); (7(16) = 16C'(8); ^(32) ^ 32.(7(16) and so on for 

furtluT (lu])licated nucleon numbers. It gives us Ay == 5.955 x 10" and bonco 
Ef - 0.24 MoV, wluMi K2' — 0.40. With the changed expression for f{A), wo 
have also put Ef iS 226 MeV and KT = 0.399 MoV for bettor correspondence. 
Ef becomes the extrapolated limiting energy j)or nucleon in a single combination 
particle, on tbo basis of .E^„“(A.) values for small inucdoi 

Wo now consider the relations (Dutta, 1966, eq 7) for nuclear binding enorgiee. 
It may bo expressed as, 

j!j,M) = V{A)m,A*f{A)oxp(-En'>{A)+Sj)IK'n ... (2) 

Tho onorgy of any othor form associated with the nucleons in a nucleus, 

is expressed by the modified relation 

c^\A)tE^^{A) = \:ZKA^r{A) exp {-E^^{A)+Wf)l{Km 
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Tho oiiergy under consideration, may be positive or negative and iniglit be related 
to a single nucleon as in the case of tho A -particle or distributed througbout the 
nucleons in a nucleus The relationship suggests that the required ratio is pri- 
marily determined by tho change in the exponential form with respect to 
The change m [KT) and Ej tells us about the com])arative rate of variation of the 
(onsidored energy in relation to E^^{A) and also about the starling magnitude 
We may carry this idea to tho ininimimi values of the total deducted energy, 
U,,^{A), per nucleon in difforout nuclei or separately to the coiiloiub and asyinmotry 
energies per nucleon or The parameters E'f and (KT)' are obtained 

by trial with the required values The complete set of ri^lations may he jmt as 
follows 

En^{A) = E,<^(A)[2k,A^jXA) exp G 22(i)/0 399] 

= E^»iA)\2kcJcfA'^f{A) exp ( ^,»(vl)/0.3991 

ABE = E„^A)[2k,kj-A^ exp (-^„«(^)/0 42)] . . . (2b) 

r7/(/l) = E„^{A)[2k,A^f{A)ox-p (-^VM)-h4 81.'))/9 45851 

r/o,„(^4) - £?,0(^)[2MV(^)<^XP(-V(^) h4.99)/0.443]'‘ 

U\^iA) =. E,o(A)[2h,A^fiA)^xi,{-E„^{A) \ 0.52/0.C13] 

One may (jalcnlate from tlio sot of relations (2b), above, the optimum 
binding energy E* of a niKileus, the equivalent uniform radius It, corresponding 
to the nncloar coulomb energy or tho optimum proton number Zq in a nucleus. 
These would be determined by thejrelations 

E* A{EO{A)-U,^A)). 

R =3/5 Z{Z-l)e^l{A’U%n{A). (3) 

A-2Z, = A{U\JG]^ 

where the parameter ‘C’ is taken as 21.3. The calculated as well as the experi- 
mental values of E* and Zq (Konig et al, 1962) and of R (Hofstadter, 1956) are 
shown in the following tables ■ 


TABLE I 

(E*, the binding energies of the most strongly bound nuclei) 


A 

4 

5 

8 

12 

14 

19 

31 

55 

111 

160 

222 

260 

E*(Cnlc ) 

26 6 

34 3 

58 2 

99.3 

108 

151 

259 

475 

949 

1239 

1705 

1868 

E+(expl) 

28 3 

27.3 

66.5 

97 1 

106 

148 

263 

482 

948 

1240 

1708 

1870 
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TABLE n 

{R, the equivalent uniform radius of neuclei) 


NucIoub C12 Si28 Ctt^o Vbi Cqbb IniiB Sbiaa Auto^ PbaoT Biaon 


R(Calo) 2 90 ‘A 76 4.10 4.36 4 90 4 62 5.02 6.97 5 88 6 84 6.89 7 03 

R. Hofstiidtor 3 04 3 84 3 92 4.12 4.64 4.63 4.94 6 80 6.97 6.87 7 00 7.13 


TABLE III 

{Zq, the optimum proton number in a nucleus) 


A 

16 

32 

61 

60 

111 

116 

150 

2)|8 

250 

Zo(Calc.) 

7 8 

16 3 

23.8 

27.3 

48 6 

60.1 

63 

82.''^ 

94 6 

Z(oxpt) 

8 

16 

23 

27 

48 

49 

62 

82 

98 


The close agreement between the observed and the calculated values brings 
out the fundamental nature of JS7n®(A) in determining all forms of nuclear energy 
values by modified exponential relations. 
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elementary PARTICLES~by David H. EriscJi and Alan M Tlmrndikn. 
I’ubliKlinr — ^D. Van Nor brand Company, Inc , Primiotnn, Nc\s' Jcnscy 

Tli(‘ book is nice description of some of tli<‘ basic cxperijuc'iiLs on (vlc^nienlary 
particles Avhieb are the nut-bolts in the stiiicfcure of theories ol’c^b'iiUMitary ]»iirticles. 
The reader of tlie book need md have extensiv<^ fainibanty w ilb iniitbciiuilical 
plivsjts The authors however have Ktressed on tln^ raindly cljaii^in^ slate of 
knovliMlge in this field The book may he nscvl as a lapid readiM’ 

T Jiotf 

boundary and eigen VALLE PHORLEMS IN IVl A THEM ATI UAL 

physics — by Hans Sagan 1‘nblisber— ,lohn AVdey tuid Sons, liie, N(W 
York, Loudon. 

TJu‘ book does not indulge nmch on the TiM-hiiicabtics bid rathiT on th(‘ giaieral 
prnu'ipk'S by inductive methods TJie book cnipliasises moic on thi^ problems, 
d’hongh instructive, d seems as i text book it only I'lilfils a ])ai‘tial reiiunement 
It IS aimiRing to see that in Chaxiti'i VIH Artichi 1 .2 the author has tried to deduce 
Schioduiger Eiiuation and his Equation (VTII IS) is not correct though (VTT1 20) 

I. Burring one or tvo such personal fancies the book is rcallv a good oui' 

T Roy 

THE BliOPAGATION OF ELECTROMAGNETIC V'AVES IN BLASMAS- by 
L (fur/burg, Trauslatod liy J B Sykes and R J Tayler Pio-gamon 
Pr(‘ss, 1904 Pp. xix [-525, Priei'' £ 7 net. 

TIk' theoretical study of the interaction ol a plasma and an olectromaguctii! 
wave has turnod out to be a I'.oiinuon factor iii many a. seieidilie discipline, naniely, 
ionospheric physics, astrojihysies, radio astronomy and pliysits of lahoratoTy 
lilasmas. Barring a feiv topics, mentioned ni tlie l*reJaee. the stinlv, ni alinost 
all its essential details, is admirahly presented hy thi‘ Sovad author in a single 
volume Tin* major topics omitted lelate to plasmas witli statistical inhoiuogenej- 
1i(^s oT- Avith boundary w^alls and to plasmas m non-eijiiifilniiini conditions 

Boiir distinct types of plasmas are considend in the hook — (i) homogeneous 
isotropii plasma, (ii) homogeneous magnetoaeth'o plasma, (iii) inhomogeneous 
isotropic plasma and (iv) inhomogeneous magnotoaetiv e plasma A special 
emphasis is then laid on the two topics (a) refloetion ol radio v'avc-s from lonos- 
I'heru layers, and (b) radio Avave propagation m cosmic conditions, hmally, tho 
imjiortant aspect oi tho non-linear phenomena in a plasma is ('-onsidm ed 

Regarding the theory of wave propagation in plasmas, both the maeioscopic 
utid microscopic approaches are dealt with elegantly. The so-called elementary 
tlmory and tho kinetic theory as well as tho hydroniagnetie and quasihydrodynamio 
•approximations are presented to deduce plasma properties, such as permittivity, 
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conductivity, indices ol refraction and absoriition, etc Methods for solving wave 
<!Hnations for a plasma are deserjlutd, and the reflocitifwi, ponotration, ahsorjition 
and transmission of electromagnetic waves as avoII as the change in their polari- 
sation ai(' flisciisscid (One important omission here pertains to the numerical 
motlmd of solution on a digital computer) Waves of various kinds — electromag- 
netic , plasma, liydroinagnctie and at^onKtu — are c-oiiBidorod . The sjiecial feature 
in tji(‘ propagation of pnlsi^ signals is explained Of particular signifioanee an^ 
the discussions on spatial disjieision, snpploinonted by Axipemdix A, and on energy 
density and conservation of energy in a dispersive^ medhim, snpportcll hy Ax)- 
]l(‘ndl\(^s Tt 11 nd 0 \ 

TIui iiT'ohlmn of tlii' I'e.flection of radio waves hy an inhomogenons layer is dis- 
cussed in dcl-ail mainly from the viewqunnt of its axi]>hcations to the ioiu)sx>hcn‘(‘ 
The tihajitc'i on cosmic conditions concerns, on tJie one hand, the ioiii/ed atnios])hin“e 
ol thii sun, oin- iieaitNst stai , and, on the other, the- interstellar miMlium with pai ti- 
cidar refill enc<‘ to the ahsor])tioii of waves owing to motion of eli'ctions in tlu» 
nouloml) field of n X’oiTd. (barge In the last cha]Dter the antiior ox])lairjH non- 
linear ]ilienom(uia in a jilasnia ni terms (.if its X)arfimot(Ts and desca’ihos siieh non- 
linear ofhats as S(dl-intcra( tion, cioss-niodnlation, g(‘n(a“aiion ol comhinaiion 
fre(|ii(‘n('ies, (*tc 

Tt IS worth noting that the author, all throughout the volume, lias taken ilic' 
dofinihi stand of rejec,tiTig the Lorentz polarisation term in (;alculating the effec- 
tive electric fi(dd in u. plasma. Although there seems Lo he stronger evidemc 
against the niclusiou of tlie toriii than in favour, tlie issue, according to (piite a 
h'W, is not yet coiiclusivcdy scuttled. 

A weak xionit of the hook is its scanty refcrenc(‘ to hvo topics of curremt interest 
tlie firsi. I'elatiiig to diagnostics of laboratory jilasinas, x>articularly in controlled 
therm omick'.ai expcijmciits, and the second to commiTuication through xdasmas 
surroniidmg space velucles during their re-entry into the earth’s atmosx^heri*. 

Th(‘ liook has, to its credit, a. long list of reforonces, hut a few well-known 
nani(‘s like those of W. H EcitJcs and J. Larmor, H. Margenan and W. P Allis, 
are, iruf‘ortimat(dy, found missing. Tii addition to the subject ind(jx following tlu^ 
h.st, an autlior index would hav(» boon much welcome 

Nevertheless, tin hook is really remakahJe for the fact that, while it may h(' 
regarded as an (dahorato work of reference for the rosearch sx^ocialist, the exxiositions 
of l)asi(! x>h(momena aic (dt^ar enough to help and satisfy the hegimmr 

Sykes and Rayler are to ho congratulated for their commondablo translation 
ol the Russian text The hook incorporates a groat deal of results obtained hy 
Soviet x>hysicists, and the Englisli edition is particularly valuable for making the 
results kiiomi to a largo number of interested persons wlio had so long little ac- 
(Xuaintanco nith the work (iarried out in the USSR. 


J. Buf>u 
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ON THE ESTIMATION OF ELASTIC SCATTERING 
CROSS SECTIONS OF GAMMA RAYS FROM 
DIFFERENT ELEMENTS 

M SINGH, S. ANAND aw. B S S00\> 

PiiYaiLS Dei'ti'., PimjAui Univeukity , Pytiaex 
{Reraivcd Oclohcr 21, 1905) 

ABSTRACT A mi>lh()tl for Llio oHtiiiiatjon ol olastu hc'uIUm'jmji cuj icLiouk ul luw 
‘t'y;y iJiammu iiiyn Irujfi difloront olomojits al, ilillurcni mi ill l.ciiinp imfili'i li‘.s( i iIkmI It 
of tliG exact ( liilciilaliojis oi Hroxwi ami Alnyers loi meieury umJ llie nxpei imciil al 
(lul.i on Z (U'jiondonco 'Plio ostimatod values show a pfoud agii*em(“iit wdh (he avadiiblo 
i'V|u)rimental data 

r N T R O D U 0 T 1 O M 

Itjiylcigli Hoiiitenng from atomic electrons and Tliomsoii Kcaitcriiig from iiu- 
(Iciii eliargi' ari‘ the only pioci^ssos which make any significant contrihiitjons to 
th(‘ clastic scattering of low energy gamma rays Whiles Thomson scattering from 
(Ill'll' rent e]cmi‘rit.s can lie accurately calculated, the exaid, cali-ulations of (tayliiigh 
s( altering arc available- only for /v'-elcctrons of mercury. Hov^ovor, various aiijiroxi- 
rnate form factor (.alcnlations have heen propo,scd by many workers to esti- 
mate Rayleigli scattoriiig from different elements. Unlortiinati^ly, these form 
laitoi i.alculations have been found to bo in largi^ errors, Tn a recent communi- 
cation, we suggested tliat our experimental Rtudie.s of Z rlepondonce of elastic 
SI atti'riug of gamma rays i‘an be combined with th(‘ relined calculations ol‘ Brown 
and Mayers (1957) to give relialde estimates of elastic scattering cross sei-tions ol 
gamma rays from different elements at various scattering angl(‘-s anil gamma ray 
(Miergiiis (Aimnd at al., 1904) In the following sections outline the method of 
estimation and compaie tlie results so obtained with the available experimental 
data 


M y: 'r H o D o if’ r s t i m a t ion 

The lelined oaleulaiions of Browui and Mayois (1957) for llayle-igh scattering 
are given in terms of ff-shell siiattering amplitudes for mi^rmiry w itli and ivithout 
I'olarization change The cross section for Kayleigli scattering is given m the 
loim : 

(dtr/dfi)^ = ry2[ I an -\-ihn \ | I “ I ■■■(•) 

^^hero subscripts \k and 2k denote the /f -shell amplitudes with no polarization 
change and with polarization ohange respectively, and is the classical electron 
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radius. Those amplitudes are complex quantities; the contributions of the imagi- 
nary part are particularly small at low values of momentum transfer ( q 

. 'e \ ' 

sin j . Neglecting the imaginary parts, Bernstein and Mann (1958) have shown 

by plotting the real jiarts of the scattering amplitudes that these may be written i 
os, 




1+cos 0 


«=<■ = \ ... (2) 

Fn and are smooth functions of q above q = 0.6 and for all values of q res- 
Xiectively. Furtluu', F^i is very nearly equal in magnitude to the Bogie’s /f-slioll 
form faetoT’ (Bethe 1952), and (umsistently large than Fj^j^. Bernstein and Mann 
(1958) have cal(!ulated the contributions of the L shell electrons to tJie elastic 
scattering by assuming that the non-spin flip and spin flip amplitudes for L shell 
contribute in the same ratio as the corresponding K shell amjilitudes. However, 
Brown and Mayers (1957) suggest that this assumption may not bo correct at 
largo valuos of q and exiierimental data suggest that it is ^better to uetglect the 
contribution of non-sxnn flix> amxdiLude lor L shell electrons for large valuos of q 
So, in our work we have altogether neglected the contributions of non-sxiin flip 
amplitudes foi Tj shell electrons at values of q larger than 1. The L shell amx)h- 
tudes were taken from the work of Bernstein (1958). 


The contributions of nuclear Thomson scattering, wliich interferes construc- 
tively with Bayloigh scattering, are calculated from the well known classical rela- 
tion 


Oombining the various contributions, Rayleigh plus nuclear Thomson stjatter- 
ing cross section for mercury at a scattering angle 0 is given by 

+ -ro=/4|([(^2_^B2)(xq eos ^)2-}-(6’2_^i)2)(x -cos ^?)2] ... (3) 


whore, 

A-HB=^F,j,{q)^F^M^f^ - ( 4 ) 

(J-yiD = F2k{q)-\-F.;»i^{q)-\-a 

and, 


a — 

Hero m is the electronic mass, M the nuclear mass and Z the atomic numher nf 
the scattorer. F^i^{q) and F^j.{q) contain both real and imaginary parts as given 
in the papers of Brown and Majmrs (1957), and 

^u(!Z) = (ait+iV)/(l + cos 0)12 ... (5) 

= (a2i+^^2(fc)/(l— cos 6)12 
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Tlio values of ^^ 21 - taken for different scatUiiiiig anglos 

from the data of Brown and Mayors (1957) for gamma ray onorgias of 1 28 and 
2 r)6mc2, and acjoordmgly and P2i calcidatcd as functions of momentum 

transfer. Tlio values of and F.^^ were taken from the work of Bernstein 
(1948) for different values oir/ The valims of yl^ l ii- and C'“ ( I^^for mereury, 
so obtained, are plotted as functions of momentum transfer m Fig. (1). By 



Momentnm 'Pruiisfoi’ 

Fjg (I) PJots of und C/2 + D2 against momenliim ti'unHfer for raorcury. 

For dofinitions roforoniM' may bo raado lo text 

means of these curves, it is possible to estimate the elastic scattering cross sec- 
tions for mercury at various gamma ray cneigies and scattering angles 



0 004.f 1.2 16 20 2428 n.2 3.6 40 

Fig. (2) A Plot of index ‘m’ of 2 dopondenco agaiiiai momentum transfer 
for elastio scattering of ganoma rays 
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Tlie oxpiTiinental Z dopftmlcnco ciirvo vdncli shows tho variation, of index: 
n of Z depomleneo is given in Fig (2) for various values of moTnenturn transfer 
(Anand H aJ., 19H4) This curve has been obtained from a study ot tho variation 
ol tho eJastic scattiTing cross sections with atomic number ol tho scatterer for 
().2Kb, 0.41] andO 002 MeV gamma rays scattered from Ag, Sn, W and Pb at 
different scattoring angles. 

In ordi'r to (\stimate the scattering cross section from the above data for any 
desiriid element {Z ^ 47) at paitumlai valne-s of gamma ray energy and acattmiiig 
angle, the enrrc^spondmg cross section for mercury was first evaluatfMl |froni Fig (I), 
and c(pi (II) To conviM't this cross section for mercury to the desirexl (dmruMit el 
atonii(‘ number Z, tlu' following relation was uswl, \ 

^ \ • (<>) 
the index n was obtained from tho experimental curve in Fig (2) corVesponding 
to tho partieiilar value of q. 

n 7^ S IT L T H AN I) C O N f’ U R I n N S 

The ostnnat(‘d cross sections are compared vcith tlu^ available cxporimiuital 
results in Figs (U-fi) Figs. (Ha. 3b) show a comparison of (‘stimated cross sirtinns 
for Pb, Pt, Ta and Sn lor 0.(562 MeV gamma rays at diHcrcift angles w i'tli tlii^ ox- 
perimeiital data tif Narasindiamiirty et al . (19(54) Also shown in tliesf‘. Figs are 




0 lO 20 30 40 r,0 GO 70 80 90 100 


Scat-lenng angle. Scattering angle, 

pig. (3a, 3b) CompuriHon of tho ‘ostimatod’ and expenmontal elastic scattering cross soctioiiH 
for 0.GG2 MoV gamma rays for Pb, Pb, Tn and Sn. 
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:!() U) (K) HO 100 12 0 

S( iittoiing auglo ScaltoruiiT uiif»l(i 

f^a. (la, -111) (.’umjiiiriMdii of iho ‘cHl.nniitod’ i ul oxiiiM’imoni.il (‘lnsl ir hciiIUo iiif^ ci ohh h(m liiin.s 
for I 12 JMoV {jammii ivs (oi JMi. I’l, Tn and Sn 



0 20 40 00 SO 100 120 Enr‘rj?y (MoV) 

•'IK- (^i) CompHriHon of tlie ‘ostimatod’ and oxprti- Fjk (0) Comymi’J^on of ‘osl ntiafcd’ 

menial olaatic* Hcatfenrig cross HHctiona for 1 .33 MpV nnd ox|j(irnTiiinUd cliisf-ic scattering 

gamma rays for U. Pb, and Sn cross sections for Pb, Sn, In and Cd 

at 90" for difloront onorgica. 

t'lio extrapolaiod Brown et al, values of scattering cioss soctions as reported by 
Narasiniliamurty et al (1964). The agrocinemt is better vith oiii estimates. In 
I'igs (4a) and (4b) a comparison of the estimated cross sections lor Pb, Pt Ta 
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and Sn at 1.12 MoV is made with the cxporimontal resnlta of Hara et al. (1958), 
Cmdro and Ilakovac (1958) and Narasinihamiirty fd al. (19G4), and extrapolated 
theoretical values of calculation of Bro^vn and Mayers (Narasimhamurty et al., 
1964). Again the agreement is quite good with the results of Hara et al. and 
Narasimhamurty et al. while the results of Cindro and Ilakovac are somewhat 
lower. The extrapolated values are also lower. Fig (5) comjiarcs the estmates 
at 1.33 MoV for U, Pb and Sn with expcrinumtalvaluos of Standing and Jovanovich 
(1962), Goldzahl and Eborhard (1957), Bornstein and Mann (1958) and Hara 
et al. (1958). The r(^^ults of Hara ei al. and Standing and .lovanovicil^ agree well 
with the estimated values wliile those of Goldzahl and Eherliard and Bernstein 
and Mann arc appreciably liigher. This discrepancy is resolved if, as pointed out 
by Standing and Jovanovich, the experimental results of Bornstein ami Mann are 
assumed to include sumo contribution of incoherent sc.attermg. In Fig. (6) wo have 
compared our estimates for Pb, Sn, In and Cd at 90° at different gamma ray 
energies with the experimental results of Burkhardt (1955) and Hara et al. (1958) 
Hero, we find that the experimental datji. of Burkhardt are (umsistontly higher 
than the latter more reliable data (Hara ei al , 1958, Standing and Jovanovich 
1962) which are quite scanty This may be due to the jirosonce of appreciable 
amounts of incoherent scattering in the measuroments of Burkhardt (1955). 

Thus there exists an over all agi'oement between tlu- estimated and roliabii^ 
experimental values of the differential scattering cross sections for different ele- 
ments at various si;attoring angles and gamma ray energies. Moreover, the esti- 
mates of the scattering cross sections made by Narasimhamurty et al (1964) from 
extrapolation of calculations of Brown ei al are knver than our estimates and the 
experimental values. This is particularly noticeable for tin Avhero any deficiency 
in the method of extrapolation should bo clearly exposed 

The cross sections of noii-resonant elastic scattering estimated by the method 
described above can be used wdth confidence to determine the cross section of 
resonant scattering of gamma rays by (jomparison V'ith non-resonant scattering 
cross section, especially when the experimental arrangement needed to restore 
resonance condition is complicated and it is not possible to calculate the solid angles 
from the geometrical set up (see for example Moon 1951). 
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EXPERIMENTAL INVESTIGATIONS ON POLARIZATION 
CHARACTERISTICS, ELECTRON NUMBER DENSITY 
AND ELECTRON COLLISIONAL FREQUENCY OF 
DOWN-COMING RADIO- WAVES AT 
OBLIQUE INCIDENCE 

S. R KHASTGIK anj) Y. S. N. MURTV 

Hosk iNaTiTiJTjo, Calcutta 
{Received Mmcli S, lIHUi) 

ABSTRACT. Tlio ]jii|)or jjivbcnLs Llir s(.iiclm,s (‘anuHl mil ul HujuiniH on jxilurlziitioii 
( linia,(‘(.m‘jHtif.s of the (Jowjicommg waves cf misimm-wAvelrnglljs ul oblujiio inridiMii'n Tlii' 
ciossert lc)(ijj-u,m-inl .sysLom of Katcliffo and Wiiilo wu.s eniployorl The bi oHiJeitsiing HtutioiiH 
were HO clioHuii, Unit, the ground wuvoh (rom fhenn did not roiu b Hi'niuiiK. 

The downeoiniiig wave wan toiind to bo in gcnoial oUipta* It was found that only iJio 
ordinary waves with a lott-haudod senHc of i-elabioii wen* roeeived from the medmm-wavo 
si atioiiH 

The method of traiiHl'orming the observed polairzatjoii jiaraiiieteis lioin tJu> set ol axes 
in and at right angles to the plane ol uicidenio, to the w't oi axes in and at right angloH lo tlie 
inugrii'lie plane has been given 

Fiom the polaiization paiametors, ( ransformoil in the abov^i* inannei’, tlie values of elei - 
Iroii immbor density and eleetron eolhsional fiequoiicy have bi'iai eslimal.ed Thi* values of 
I'leetron eolhsional frcqumiey have been found to be within the exported limits lor tlie lO-layei. 
Ill the ease ofoloifron number doiisity, the values obl.ained fiom two stations were found to 
be ill agroemeiit with those obtained fiom the normal sounding .studios ofEclioialey and Far- 
mor. Thu diHrroponey in tho case of tho other .statioiiB is diseusHed 

I N T R O D IT 0 T 1 O N 

Tlio expCTimoiiial studies ul' the polaiizatioii eharaett^ristifs of down coming 
radio waves wore initiated by Appleton and Ratcliffe (1928). They shotved that 
the downcoming medium radio waves wore in general, elliptit'ally polarized with 
a left-handed sense of rotation in the northern hcmi.spJiere, as expected from the 
magneto-ionic theory of Appleton (1932) and Hartree (1929), whore tho angle bot- 
wecii the direction of propagation and the positive direction of the earth’s mag- 
netic field was acute. The prediction of Appleton and Hatcliffo from tho magneto- 
ifuiic theory, that under similai’ conditions of proiiagation tho downcoming waves 
should ac(j[uiro a right-handed sense of rotation m the southern liomisphere, was 
later verified and confirmed by Green (1934) in Au.stralia. Following these workers, 

♦Senior Srientifio Officer, Dofonco Electroiucs Research Laboratoiy, Hyrlorabad— 
Ooc'can. 
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variouH iiivcKtigatorK (Katcliffo and White, 1 933 , Mariyn and Green, 1935; Eckersley 
and Millington, 1939, Eekeraley, 1950) carried out polarization experiments witli 
fliflorcnt apparatus of thoir own design Thougli all these investigators established 
the general nature of iiolaiization expected in the southern and nothern heniis- 
jiIkmos, only Eckei'sley and Millington undertook a tiuanlitativc study in the 
medium-frequency range, by exactly finding out the ellipticity of the polarization 
ellipse in the dow ncoming wave and comparing it with the ellipticity (ixpectod Iroiii 
the tbiHiry for such a downcoming wave Though the results of Eckersley and 
Millington wore in general agriicment with the nature ol polarization expected m 
the nortJieiji heniis]jhcrr\ they were not able to establish (uiiiclusivelyi the agree- 
niont of the exjicrimimtal results AVith the theoretical values for all lilie stations 
employed hir tins study, excepting in the eases of only two stations The tlieorcti- 
can values taken by Ecki'i'sk^y and Millington for comparision were based on tlu' 
Apploton-IIaite^^ lormiilae which is true lor vertical incidmice only, wliVreas the 
downcoming waves were received at obh(|ue incidenc.e. Buddon (1952), boweviM*, 
expressed bis vii w that the applicability of A 7 jpleton-Kati(H‘, lormulai' by Eckeisky 
and Millington was not justified for larger angles of incidence, although Ibeir 
results, aiqM'ared to show sonic agreement with the Apple ton -Hartree loniiiilui* 
111 the cases of two stations Under those circumstanci^s, it was cousideriMl 
desirable to uiidortaki? a systematic study of the polarization of the dowfncommg 
waves arriving at large angU^s of incidence in order to examine bow far the exjicri- 
mental results Avould agree with tln‘ tluMiry Accordingly the present nive,stigati on 
was carriiMl out to rhderuime the experimental values ol the polarization 
characteristics lor oblique propagation of radio- waves through the ionosphere, as 
recidved at Banaras from tin; various transmitting stations situated in India and 
Pakistan and then to obtain tli(» eleeiroii number density and electron collisiomil 
Irequoncy by using the lormulao given by Murty and Khastgir (1959). 

The experimental technicjuc in the present investigation w as the same as tlia^ 
adopted by Ratcliffe and White (1933). Some advantages of this method of ex- 
perimental study of the dowiicoming radio-wave and its suitability for the investi- 
gation of rapidly varying polarization, are mentioned below : 

(i) Tins iiiethofl is free from the assumption tliat is made in Appleton 
and Ratcliffe’s freqnency-tdiango method that the polarization of the downcoming 
wave should remain sensibly constant for about 15 seconds or more. 

(ii) With regard to the method of Eckersley and Millington, it may be men- 
tioned that for the accurate determination of botli the ratio of the axes and thc 
tilt-angles of the polarization ellipse, it is essential to choose only those stations 
for which the ratio of the axes of the projected polarization ellipse lies between 0 3 
and 0.6, Since in tlie present investigation on downcoming radio-waves coming 
from the different transmitting stations situated at widely different distances, 
it is expected to have a widely varying polarization, the method of Eckersley 
and Millington has nut boon adopted. 
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(iii) A flefinite arlvantago ofleml by iiatolitfo and Wliite’s niothod over othor 
nudiuids is tJiat tlio polarization cJianges, «von though rapid, can bo followed 
visually and photographically 

In the prosont investigation the polarization characteristics from iivemedium- 
v^ave transniitting stations weri^ studied. All these stations studied are distant- 
stations from which the ground waves did not reach the receiving station. All 
the stations with their names, Avavelength.s and freijuem-ies arc given in Table 1. 

TABLE T 


TMUiHinilting si-nbiou 

Wiivcloiigth 
in motoi'H 

Frmiuunry 

Ki'/s. 

Dislancc from 
Banuriirt (Km ) 

M adi/u in- wudr utationi^ 

1. Cnlcutia (ATK) 

300 (I 

1000 

f>3(i 

2 Dticcu (Radio Pakistan) 

2.'i7 . J 

1107 

7r,o 

Dolhi-A (ATK,) 

•t.'tK.O 

nm 

0S4 

•1 Hydoiabad-Doccuii (AIR) 

411 0 

7ao 

U90 

r» Lalioro (Radio l^akistau) 

27fi 0 

1100 

1087 


method ok KATCLIFFE AND WHITE 
E X P E H T M 15 N T A L 

The study of the polarization of the dowuieoming radio-waves from the dif- 
t(uent hioadcasting stations was made hy the method ol RatchtTe and WliiUi 
(KKIS) In this method a pair of ‘crossed’ loop-aerials were connected through two 
sepal ate aniphlior units to the opposih* ]>airs of the deflecting plates of a 
cathode-iay oscillograph One of the loop aerials was placed in the direction ol 
arrival of the downconiing w^ave, and the other at right angles to it The E.M.F.’s 
induced in those loop-aerials were tluMi amplilied equally by two suitable R\F 
ampliliei units which wiu'c arranged to give linear amplifleation If the E.M.F ’s 
induced in the two loop-aerials were in phase, then the amjilified voltages tuned 
to the frequency of the downconiing wave and applied to the pairs ol deflecting 
plates of tho cathodo-ray oseillogi'aph were also in phase and a straight line was 
obtained on the oscillograph screen. When there was a phase-difference betwmm 
the induced E M.F.s, an elliptic or circular pattern was obtained. The polari- 
z.ition characteristics ol tlu' downcoining wav<‘ wore studied from the tyjKi of the 
patterns observed on the oscillographic screen. 

The details of the ecpiipment employed in this investigation arc described 
below • 

‘CrosKRti’ loop-aerial Hystem and its associated circuit connections 

For working on medium wavelengths an aerial system consisting of two 
‘crtissed’ loop-aerials, 6 ft square, capable, of rotation about a common vertical 
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aruH was installad (in the rool of the top floor of tho Physios Department building 
(Banaras University). Tho observation room is of the rlimcnsions of 11' x 11' X 11 
with 9" thick walls and with no iron or any metal strue.ture in it. Each loop-aerial 
con Id he tuiuul over a range ol fequencies by means of a pair ol similar ganged 
condensers, enclosed in a shielded metal box aiTanged symmetrically Moth res]icc,t 
to the looj) the common jilates of the ganged condensers being earthed. The 
ogtput tm'minals from the extreme plates of the two ganged condensers, for eacli 
aerial, were conmu-terl to the m])ut terminals of tho push-pull stage ol each ol the 
tMO) iflcntical R/F aiujilifici units wdiich Mill be described later Tlu» coniietsting 
M'iics Irom eacJi loop to tho extreme plates ol the two ganged condenser*, and then 
Irom the latter to tho input tm-ininals of each ainplifim, rvere shielded anti arranged 
symnudiK ally With symmetrical arraiigeiiimit and M'ith the pusli-pulu arrange- 
nient, the antenna-effei.t m either loop M^as praiitically eliminated \ 

iSince the Iavo loop-aeiials Averi' in close proximity, and since both the ampli- 
liers wer(‘ c.onmuded to tin* same oscillograph, it M'as necessary to guard against 
the mt(‘ra(‘tion efhu'ts Mdiich wtndd be due to the. following causes 

(i) Coupling betMaxm the tM'^o loop-aerials 

(ii) Coupling betMeen th<‘ tM'^o output circuits by Avay of elec.trode capaci- 

tanc(‘S ol the dellecting ]rlates of the oscillograph , 

(lii) Coupling botMTen the output of one anijdilior and the input of the 
other amplifier. 

Since the tivo loop-aerials M'^ere exactly perpendicular to each other and their 
associated circuits Averc^ arranged symmetrically and further since shielded Mures 
wiwe used from th(^ loo])-aerials to the ganged condensers and from the condensers 
to the. amplifier units, the coupling between the two loojis was eliminated. The 
coupling betAveen the tAvo output circuits wuis, hoM^ever, found to bo negligible at 
these freipiencicH AvitJi the Du Mont Oscillograph, Model 274-A used during tlu> 
cour.so of this investigation in order to pri'.veut interaction between the output 
end of one, amplifier and tlie input end of the other, the original frequeruiy Avas 
converted into an intermediate frequency by a local osciallator after the first 
push-pull stage of the RjF amplifier unit. It Avas essential to employ a common 
oscillator in oidi'r to kwp th(‘ iihase relation botAveoii th(^ tAvo IfF output voltages 
tho same as tliat existing botMmen the Auiltages before frequency conversion. TJie 
use of a i omnion oscillator Avas also an advantage as the I/F could be maintained 
ji.t tho same value in both the amplifieis. 

Radio-frequency a^nphjier units 

(i) Description of the Circuits Tho tAvo similar R/F amplifier units, the 
purpose of Avliiidi M as to obtain linear amplification, .sufficient to jiroduce a good 
response in the oscillogra])h, were designed and oonsiructod as follows : 
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Tri tJio first stago of oaHi ainpiilior two similar luMilorl- valviis ((iA('7) wrvc* 
ustvl in imsh-pnll, tin; t-ontrol grid of cat-li valve being connecteil tlvrongh a suitable 
leak resistance to the eartli The output voltag'^ (roiu each ol tlie two loo])-nenals, 
oiicli of Avlnrb was timed by a gangoil eomlonser ivas ajijiboil to tlu^ two grids of tlie 
piisli-piill circuit of each ainpiilior unit. The uei-essity of emjilovnig a ganged 
(londcnsGr with the eoinmoii plates oartlied was din* to tb(i |msb-[mll airangcuuMit 
in the first stage of tJie ampblkr unit The priinary eod rif an 11 jF translonnei 
|(uued the anodes of the two valves in tJie [iush-])ull stage in the usual way The 
secondary cod was tuned by a variable tuning condenser Thii voltage across the 
tuned secondary was then applied to the grid and the filament of tlu* ])(Mitagfid 
mixer (()J7). Oscillations generated in a separak' i-ircuit using a (1,1.5 tnode 
valve were fod into the mixer tube in the usual Avay Tlic sanu' osc.illatoiy voltagi^ 
w'as led into the mixer tube (6 Tj 7) of tlu* secoiul ll/F amplifier unit Tlu* IjF 
voltage output in the plate circ-uit of the mixer tube was led tliroiigb an 1 / K ampli- 
fiei (fiSJ7) to the deflecting jdatos of the oscillograph The wdiole amplifu'r unit 
WHS u^ell shielded For acdiieAung identical performance of the two amplifiers, care 
Avas taken to use similar components in similar circuits of the tw'-o amphfim* units 
The biasing voltage to the contrid grid of the vaiions auiIiioh was ohtaiiieil by 
means of self-biasing resistors in tlu^ cathode leads ol tlie respectivi* A^alv(^s as 
slioAvn in the circuit diagrams (Fig. 1) 



Fig. Circuit (I Ingram of the R.F umpifior with fomninn oHnillntor. 

(ii) Power Unit : To avoid any interaction between the two R/F amplifier 
units through the common power supply, separate power Hup]ily units wen*, eni- 
f ‘loved for working the two R/F amplifier units. The power supply units were 
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of the conventional typo iisetl lu comniuni cation rocoivers, employing a Jiill-wavo 
I’octificr valve of Type 8f) and acondenscT-choke-lilteT network to sniocjth the 1) 0. 
output to the desired level The D.C output voltage from the power unit was 
supplied to the various anodes and screen grids of the amplifier valves thrinigh 
Hui table dropping resistors and by-passing capacitors. 

(iii) OhatacUristiCjfi Curves . As the two R/F amplifier units should be identi- 
e,al and their amplifications should be linear, it was nec’essary to study the gain 
characteristics of the. amplifier units Employing a signal generator with a cali- 
brate, l output, the gain of each amplifier unit was d<*.terminetl for valrioiis input 
voltage at reipnred frequencies and found to be satisfactory Tt was alsfe Jbunfl that 
the two sections of the pusli-pull circuit won'! exactly similar. \ 

'I’HK O S CULL O a H APTT AND P II O T O CUt A PH T 
ARRANGEMENl’S \ 

A Du Mont oscillograph (Typo 274- A) with blue fluorescence vas einploy(‘-cl 
for obtaining the elliptical patterns on its fluorescent screen The. deflection sen- 
sitivities for the X and Y deflector jilates were 18 nils volts/iiich and Ifl rms volts/ 
inch respectively The gains of the two R/F amplifier units ^\cre sufficient to pro- 
duce good elliptic patterns on the oscilograph scietm The patti^rns woi’e jilioto- 
graplied by an Alpha Camera. (l‘/l 8 lens) and also by a CossorTlscjIlograpli Camera 
(//3.5 lens) 

T R E (1 R Y OF THE R E C E P T J O N OP T TT E 
13 O W N C O M I N G R A J3 T O-W A V E F R O M T H E 
DISTANT BROADCAST STA'JUONS 

For distant transmitting stations the ground waves did not reach tlie receiving 
point Let the dowiicoming wave he incident at the riH'oiving station at an angki 
i in the planes of inc.ideiice of the wave The wave is reflected from the ground 
at the same angle The dowiicoming wave is in general abnormally polarized 
Let the component of the magnetic, vector at right angles to the plane of ineideni'C 
be Hj and the component in the plane of incidence be Ha, tlu'. eorrespomling elec 
trie vectors being E^ and E^ respeetively The eorrcspondiiig veistors for the wium^ 
refiecUvl from the ground can be obtained by colisidering the ground reflection 
coofficieiits for the two components 

II Ej^ is the E.M F induced by the wave in the loop-circuit in the plane of 
propagation, we have, 

... (I) 

where is the reflection eoeffieient of the ground for the normal magnetic eomiio- 
nent and a and /? are circuit constants The value of Ej^ at any instant I is 

assumed to be of the form where p is angular frequency of the wave. The 
current in the loop parallel to the direction of propagation is then given hy 

ij,^jpXE^{l^K^) ... ( 2 ) 



Experimental Investigations on Polarization, etc. 


379 


\\l)rre X ^ a new circuit constant Oonsidc-nn^i now ihv. l»K)]>-a(‘i ial. tlu' iilaiie of 
uJiicJi IS perpendicular to the jdaiie ol piopagalioii oi‘ tlu* (lowmoinin^^ \\a^'c, 
Lilt- E M.F. induced m it is given by 

^ ( A li) -1 i os ? (li) 

and the current in the perpendicular looji by 

i - I- A',) cos 1 . (4) 

whore y, p and Z arii circuit constants and A^, the ground ridlcclion (‘ 0 (^ffK■lcnl 
for the abnormal magnetic conijioncnt of th<“ dowiicommg w avc The ground plan 
of the fields is shown m Fig. 2 



Ml0«Ki)C0il 


PrMtclum cf 
incfiUiA uaiic 


Fig. 2 (j| ronncl- plan ot fields 


Hinci^ tile amplifiers arc arranged to give linear ampljlicatious, the correspond- 
mg amplified voltages e, and Co apxiluMl to the deflecting platr's of tlu' oscillogra-jili 
arc as follows 

c, ... (h) 

jpZ'A?2(ld 

where A' and 7j are new carcuit constants, and the factoi is dm* to the 

trequency change in the anijilifier, co being the angular frequency of Ihc, ha ul 
oscillation and p the angular signal frequency 

As in the exjieriments, the two looxi-aorials were identical and also the two 

1 I A 

TI/F amplifiers, X' = Z' . Furtlier, as shown in Apxicndix I, ^ ^ Thus 

iho ratio of the voltages would be given by, 


The ratio and the phase-difference ^ between the two voltages and e, 
(which is the same as that between and Ey) were obtained from the i llix>ti(. pat- 
tern by following the procedure described later, 
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M E A S u ]i E M E N T O F T H E P () L A li T Z A T TO N 
C H A IT A O T 10 IT T S T I O S K K O M T HR () S 0 I L L O O U A P H I C 
P A 'J' r 10 R N 

Lot UR siippoRo that tlui T-platos ol tho osoiTlograph aro oouuoctocl to the out. 
put of tho ainplifior unit for thfi hnjp-iuuial in tlit? diroction of arrival of tho down- 
ooming wavoH, and tho X-j)lat(vs to tho output of th(^ othor amplifiors unit for ih(‘ 
otlior loop-'iorial in tlio por])oudicular diroction Tho voltago dovelopod across 
tho loop in tlio piano of mcidonoo will give a vortical lino in tlu‘ Y dirtfotion and tlu* 
voltago Cj will give a horizontal lino in tho X diroction Th(‘ rosiiltulnt patter n on 
tho oS( illograTih Avill Ik* elliptic, oircidar or linear dopiniding on tho phaso-flilioroncc 
and tho amplitude -ratiri of Cr, and Fifnii the ollijitio pattern, (i) the ratio r^/p,. 
(ii) tho phaHt*-difforonoo and (in) tho soriRO of rotation oJ tho ellipse can ho deti j- 
niined in tho manner described bolov^ ' 

Tho ratio Og/cj can be easily obtained lorni tho vSides of the rectangle which 
pifit includes tho ellipsi* as shown in Fig II 



3 ITiaprum of an ollipl.ic pattern in'iido a rectangln 


Cg AB 
e, BG 


(S) 


Tho sine of the ])hasc-differonee can be readly tloUn’inined as the ratio of tho 
intoreopt of the A’^-axis to the maximum displacement of the spot towards tho 
X-direction from the origin and henoc ^N-ill be given by 


sin (f) 


ox 


(Fig 3) 
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D E T E it M I N A T 1 O N OF THE SENSE O V H O 'I’ A T J CJ N 
lA?t aiifl 02 the pliascH of the ainplificcl voltages ('orrospoiidijig to 
at any instant. Then at (iortliug to tiur notation, the pliase-tlilferenee 0 

0, -02- If now the phase 0^ of the applied voltagt^ corvespondiiig to the loop- 
aeiial in the diroctitiii ol propagation and giving a linear s^^e(^p on the oscilltigrapJi 
111 the r-direetion is tlecreased by ineroasing the capacity of Ihe tuning condenser 
('/, across tlie parallel loop, the phaso-difhu’cnt e 0 becomes smaller and hence the 
iMliptit pattorn aiiproxiniates more closely to a straight I me The same etfeid 

1, s |)i ()dii(!ed on the elliptic pattorn, if the phase 0^ of the applied voltage cioes- 
ponding to the loop-aerial in the }mrpondioular direction is increased by decreasing 
ilic La]iaeity of the tunmg condenser Cj, acioss the sami^ loo}»-aerial This eories- 
1)011(1 to the condition, 0 < 0, -02 < nj'Z, xnovided tlie ellijitic jiattern lies in the 
I iilibration quadrant and the downeoming polarized v\ avc has a left-handed sensi' 
ol i(jtatioii (in the northern hemisjihere) We have therelore the lule that il an 
luc.iease of the eaxiacity of the tuning condenser in tlie parallel loo])-aorial or a 
(locroaso of the capacity of the tuning condensei in the perxiendic-ular loo])-aerial 
causes the ellipse in the calibration quadrant to apxiroximate more closely to a 
stiaight line, the wave is to be coiisidertHl left-haiide-d and rice verm 

EXT* E It T M E N T A E A D J V S T M E N T 
The two loop aerials and the two RfF amplifiers wen*, first tiimul to the fre- 
ijiicncy of the desired station, and the aerial connections AA^ere dlsconnl't^U^l from 
the aiiqihher. An EjF voltage was then fed to both the amplifiers througli an 
UjF transformer, tlu^ secondary of which was timed l\v a gauged condeiiKer TIu'. 

1 ri!(][ueiicy of the signal goiKn’ator was adjusted to ho tlu* same as that ol tlu^ desired 
Uaiisnutting station As the input siiigal voltagi^ was tJie same for both tJie 
lunjiliheis and as the amplifiers were already m the tuned position we w'ould expect 
a stiaight line on the oseillograiih screen But actually, m jirac.ticc, a very narrow 
elh])se was ohserved on the oseillograpli screen The narrow^ ellipse wuh reduced 
1(1 a straight lino by readjusting the amplifier controls This adjustment indicates 
tliciL no phase -difference w^as iniroducod by the amxihliers during the xti'ocosh of 
.miplification. 

The next adjustment was to get equal deflections on the osc.illograph along 
ihc X and Y directions for the same voltage in the tw'o loop-aerials This w'^as 
doiK' b,y adjusting the gain controls in the amxihfier units such that the straight 
line o])scrvo(l on tlie oscillograxih seTOon made an angle 45° with the X direidion. 
This ir)°-ahgmnent c,ompeiisatcd lor the unequal dellection sensitivities of the oscil- 
logiajili x^lates along wuth vertical and tlie horizontal directions. 
experimental results on 'r II e polarization 

OF THE DOWNCOMING WAVE FOR OBLIQUE 
INCIDENCE 

Tile amplifiers were adjusted during the day Lime to receive the frequency of 
ih(‘ station under study. Iteceivmg the signal in the day-time, the looji-aerial 
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system was also tuned For about an hour, around sunset, the pattern on the osc il- 
lograph was found to be sTualJ and looked like a diffused patch of light. A regular 
polarization patUnii, generally, an ellipse, was observed on the oscillograph screen 
from about an hoiii- aft(U' sunset Observations wore taken both visually and 
photograph u;aily For visual observatins, a transparent scale was attached to the 
oscillographic screen and the coordinates of the ends of the major axis and tin* 
inbii'cept of the ellijise on tJio X-axis were noted at regular intervals of Ih-IT) 
seconds. The idlixitic x)att(Tns vrcie also xihotograjihed at suitable times. 

From the olist^rved polarization ellijise, the values of the rati(/i rs/e^ and 0 
the xiliase-differcnci^ wct'<‘ t.omimted by the iiictlKKl described Earlier Sonu^ 
res^iresentalivc xjolarizatiou xiatterns recorded x>Vu)tograxihically aften some visual 
notings from the livi^ moflium wave transmitting stations are shown in (Figs 
4a-4<^) Though the polanzation jiattern was in general elliptic, there Was ovidemr, 
of linear and circnlai x'olarization at times As the values of and ^ were found 
to vary with time m a random manner, the most probable values were obtained 
by drawing m each ease a distrilmtion cuivc showing the number of times the 
value ol ej(\ ami 0. lying within a small range was found to occur against the Tiicau 
value over that range, the whole jmukkI of observation having been divided into a 
number of such small ranges The values ol were then calculated from tlu' 

eorresxiomling values of and the most jirohable values of and 0 

are given in Table II 

FolloAvmg the procedure outlined (earlier the sense of rotation of the down- 
(ioniiug Avaves, liom the differimt transmitting stations as received at Baiiaras. 
was determined The. downcoming waves from all the transmitting stations 
slioAVod lel't-lianded sense of rotation during the Avholo period of observation wliioJi 
was usually from 1900 to 2300 lirs 

TABLE 11 

Most jirohable values of Ag/A^ ami 


Most probable values 


iStiiiion 

Meiers 

froiri Banaras 
(Km) 

- f'2/Cl 

E 2 IE 1 

6 

Delhi A 

33B G 

6S4 

0 7 

2 76 

66" 

Culeuita 

330 0 

63G 

0 46 

1 94 

GO" 

Hydorabtul- Dei-curi 

411.0 

!)!)0 

0.47 

2 38 

67''30' 

Dacca 


75G ' 

1 07 

4 31 

42nL 

Lahore 

27G.O 

1087 

0 65 

3.3H 

26"36i 

In calculating the values of the critical collisional frequency Vc, from the cx- 


nrossioii v. — ^ , wo reimirod the earth’s magnetic field at the 

^ *’2 cos U 
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(e) LAHORE {llOOKc/sj, Date 30.10-58. Time : 2113.2115 1ST 
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jonosphorit; layer and the values of the angle 6' between the direction of the down- 
(ioming wave and the positive direction of earth’s magnetic field at the points 
midway between the various transmitting stations and the receiving station. The 
e^irtli’s magnetic field at a height h is given by 

= (10) 

where is the earth’s magnetic field at the ground level and R, the radius of the 
earth . | 

The magnetic field Hq at the ground level is obtained from 

^ \ .. ( 11 ) 

where H is the horizontal component of the earth’s magnetic field at the ground 
level and D is the dip-angle 

The angle between the direction of the downcoming wave and the positive 
direction of the earth’s magnetic field is calculated from, 

cos O' = sin D cos I’+cos D sin i cos ^ ... (1 2) 

whei'c i is tlie angle of incidence of the downcoming wave af the receiving station 
and ^ is the angle between the plane of incidence and the magnetic meridian 
In Table ITT are given the various required values of H at 90Km and 6' along with 
the values of I), i and ^ for the points midway between the transmitting and 
the receiving stations 

^rHANSFOIlMATlON OF THE OBSERVED 
POLAIIIZATION ELLIPSE WHEN THE ORIGINAL 
OF AXES LYING IN AND PERPENDICULAR 
TO THE PLANR OF INCIDENCE IS CHANGED TO 
'I’lIE SET OF AXES LYING IN AND 
PERPENDICULAR TO THE 
MAGNETIC PLANE 

(a) Evaluation of the, angle between the two sets of coordinate axes 

Eckersley and Millington (1939) deduced a formula for the angle e botwocii 
the two sets of coordinate axes : This formula is given by, 

tan e = tan D cosec ^ sin i— cotr^ cos i ... (13) 

where D is the dip-angle, i the angle of incidence of the downooming wave at th« 
recoivei- and ^ the angle between the magnetic meridian and the plane of incidence. 
Tlie values of this angle calculated for the downcoming waves from the different 
transmitting stations are entered in Table III, along with the values of i, D, C 
other parameters. 
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(I)) The amplitude-ratio and the phase-difference referred to the nxes lying in ami 
perpendicular to the magnetic meridian 

Knowing the values of the angle t, the amplitude-ratio and the i)hase- 
difference, referred to the new set of axes X and Y, liavo boon ealcnlatod frojn 
tlie formulae given below : 


COS e. sin c cos 0 
' p2pjnag_j_pog3g — 2 p cos c sin e cos 96 


(H) 


j a JL/ 2pBin6 

and tan^ = — 7 — « ■■■ (i^) 

{l—p^) sin 2c+2^ COS 0 c-os 2c ' 

wliere p and ^ refer to the original set of X and Y The derivation of these formu lac 
IS given in Appendix -IT. 

The calculated values of p’ and 0' obtained by substituting the oxporimontal 
values of p and <j> in the formulae are given in Table V 

((i) Electron number density and. electron collisional frequency cakidaied frow iltr 
polarization parameters 

The electron number density N and the electron collisional frequency v can 
l)C“ calculated from the following expressions (Murty and Khastgir, U)59) 

«'= coRy=- V, C09 y -v/-2(co» 2^H-~co^2y ) 

y/a,' ^ sin 20 


V tan V = Vc sin y V- 2 (cob 24 >-\-gob 2 y) 
sin 20 


■vAherc, 


V* = ?J(1 -Pn^fP^), V = ^rrNe^lm, a' 


( 17 ) 


tan y = ~= cot 9 

p' 1 


and e, m =z charge and mass of an electron . 


The computed values of jp = ^^'^^--- = -^--and also of the electron collisional 

^ p^ 
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frequency v are giv^on in Table V . 


TABLE V 


Transmitting 

station 

9 ' 


a: = p2„/p2 


Delhi 

0 (>982 

34“(i' 

0 4141 

2 OSSxlOi' 

Calcutta 

0.4RB8 

7«h32' 

0 0144 

2.395 xlOo 

H ydorabac 1 -Doccaii 

0 5321 

46°44' 

0.8744 ' 

0.992x100 

Dacca 

0 4545 

21 “30' 

0 6665 1 

9 279xl0‘i 

Lahore 

0.7042 

15“0' 

0.0165 ' 

^ 6.21x100 
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Electron number density from, the observed polarizatUm parameters 

(a) From ilio values of p' and. obtained from tbe polarization parameters 
and gh’^en Table V, it can be soon that for the downcoming •waves received aL 
Banaras tbe values of x for the tiansmitting stations at Calcutta and Delhi arc 
0.014 and 0.41 respectively and the con'e.spoTidmg Vtalues pi the eJoctJ’on nuinbcr 
density are 1.750 vlO^/cc and 4.33xl0®/cc Tlie.se valuo.s olitained for olilique- 
incidonce tranismissions agri^j well with the corro.spo]iding values obtained earJiei' 
by Eckersloy and Fanner (194.5) for nornial-incidenoe pulsed transmis.sioii In 
the case of the downcoming waves from tlu» transmitting stations at Hyderaliatl 
(Deccan) Dacca and Lahore, the value, of x varies from 0 67 to 0.92 and tlic 
corresponding electron number density ranges from 1 .086 X 10^/cc to 1 336 X 10^/cc 
It may be mentioned m this connection that the values of x obtained by Jloy 
and Vorma (1955) were found to be about 0 9 

There arc however certain factors which may affect the calculations of x and 
N from the observed polarization parameters These factors are considered below. 

(i) For oblique jii'ojiagation the angle O' between the direction of propaga- 
tion and the positive^ direction of the earth's nmgnetic field varies continuously 
along the path of the wave in the ionosjiherc, while, in the Appleton-Harln^ 
formulae from which the expression for the electron number density had boon 
derived, the angle O' is taken as constant along the path of the wave m the 
ionosphere The variation of O' along the ionospheric xiatli is expected to ho 
large for distant transmitting stations 

(ii) In calculating the angles of incidence i corresponding to the differoiii 
oblique transmissions received at Banaras, the equivalent height of the -layer 
has been taken to be 90 Km Any appreciable departure from the value of tho 
equivalent height may cause perceptible variation in the value of the angle of 
incidence i. For very distant transmitting stations, even a small variation in the 
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V iiluo of tho £7-layor lioiglit is likely to products considemble chaiigo in the iiiiglo 
of infideiice 

(ui) TJio multiple re-floctioiLS Imtwocn tlu- ionospliciv and the eailli are 
( xlHH'tcd 111 the ease of tlie trausiiiissions from distant tiansmitinig atations in 
our ealeulatious, however, only the single-hop traiisniissieu has he(Mi considered. 

(iv) Though the dowmeoniing wave was lonnd t(» he })ri‘doniinaiitly left- 
li.uulcd, tlie, preseiHu^ of the light-liaride-d (‘.onijionenf could not altogidJu'i- lie 
J‘ul(vl <Hlt 

(h) EJcc.iron coUisional jrctpivncy Jnmi the oLsn'vrd pohtriz^iliDn jxirrimrirrs 

Tlie expernnental values ol the electron collisjonal ire(|uency in llu* A’-lavcT 
as given in Table V have heoii louiul to he ithin tlit‘ hnuts Ironi 1 ^ iO*' to 10 ^ 10“ 
These values he within the ex])eete(l range 

A (' N () W 1. K D (1 IM 10 N T S 

We gratefully" acknowledge our mdehtedness to late Dr K. Satyanarayana 
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medium Avavelengths. Olu thanks are also duo to the (^ounc-il ol iSeientifie and 
industrial Research, Nc>v Delhi, for siionsoring a research sclv(*nie on the subject. 

APPENDIX 1 

I) JO T E Jl iVr I N A '1’ 1 O N t) E T FI 10 V A L H LO () ^ 

The ground -reflection coefficients aivl tor the normal and tJie ahiionnal 
components rt^spectively are given hy the expressions , 

and A'. = y* ^ ... (A-1) 

\/g COS i+tios r " ‘\/f cosr-fcost 

wliere i is the angle; of incidence, r is the; (complex) angle ol relrai.tion and c is the 
(;ojnplex dieleetrie constant of the ground given by c- — Cy - -2j|fr/_/, where c,, - true 
diidectric (;onstant (e.s u ), o' = conductivity (e.su), and / ^ w'ave-lrequency. 
Thus w'(; have, 

H-Aj _ cos i Bee r h {A-2) 

1 - 1 K.y sec t cos r d- V? 

Por the frcqiuuieies with which W'e are concerned tho approximate values of 
h, and o- are knowm to bo 10 and 10» c.s.u respc^ctively . The disturliing offt;ct of 
i-u ound increases as the wavelength is dccreaswl, so that if this effect can be shown 
to he small for a wavelength of 257.1 ni, the shortest wavelength used m the medium 
wave experiments, then the effect can bo neglected here 
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For 257.1 in wavelength, e is found to be equal to (10— 171.4j). Uaing this 
value of 6 we got the value of cos r as approximately equal to 1 for all values of sin i, 
thus even when sin i ^ 1, it is found that cos r = 0.9999— .0029j. Thus taking 
oos r = 1 and putting — 9.532— 8.991 j, we find, 


1-1 ^ cos i + 9 5 32— 8.991 j ^ 

\-\ K., see I- 1 9 532— 8.99 1_7 


(A-:j) 


u’liere K — 


l iH.miY + (9.532 J- co8i)2 
V (8.991)2 -i “(9 532 + sec 


and 


(i - laii“^ 


8.991 

9 532 -I- eos i 


— tan 


8. 991 

9 5324- st’c i 


(A-4) 


(A-:,) 


The values of the phase- difference S and the amplitude -ratio R introducH'd 
by the giouiicl refl(H lion for various angles of meidenee arc shown in Fig 5. 11 

IS seen that even with an angle of meidenee of 60“ , the phase-difference is only 



h’lg. .'i. Effect of ground reflection. 


40 and the amplitude-ratio is 0.92 and that^for the smaller angles of incideiife, 
which occiu' m the experiments with the near stations, the phase-difference is les.'^ 
and the amplitude-ratio is more nearly unity, so that we are justified in neglecting 
completely the effect of the ground and in writing 

l+-^i __ 1 (A-f>) 
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VALUES O E THE A M P L T T U D E il A Tl O AND V H A S \i- 
difference R E F E R R E U to the set i)V A X E S 
IN AND PERPENDICULAR TO THE M A C N F T 3 C 
PLANE 

After calculating the angle e between the horizontal divectioiv in the wave- 
front and the lino of interRoction of the magnetic piano witli tht^ vave-front liom 
the fonuula given by Eckcfsh>y and Millington (19:19), it is iiocessary to traiisloi ni 
tlic experimentally obaervod aiiiplitude-iatio and the pliase-difierenc-e with refer- 
(iii(;e to the set of axes in and perpendicular to the plain’! of iiicidencc' to the set of 
axes ill and perpendicular to the magnetic jilaue 

Let (!OH and cos be normal and the abnornial eoinponents in 

and perpendicular to the XJlane of incidence along I'^-and A-direidions H we 
now refer to the set of rectangular axes in and periienditmlar to the magnetii; 
plane along X- and r’-directions, then the normal and tln^ abnormal olecdric 
vectors will liave their resjiective coimioncnts along the axes X- and y-dnec.tions. 
Tlie components along X-aro : 

cos cos 6 and cos (co<+^) sin c ... (A-7) 

and the tjomiionents along Y are 


~E^ cos (ni sin e and cos (coi-f 0) cos t ... (A-8) 

The resultant electric vectors along X and Y directions will hii given by 



Eg^ — E» cos (ot cos t-\-E^ cos ((o^+0) ^ 

... (A-9) 

and 

Ey — —E^ cos at sin cos (o)i:+0) cos c. 

... (A-IO) 

Putting 

Eg, = X cos 

... (A-II) 

and 

Ey = K' cos 

... (A-12) 

>ve get 

K ^ cos=^ eH AV sin- e-\-2E^E^ siii c cos c cos 0 

... (A-13) 

and 

K' — cos*e-|-AY'^ sin'^e — HEiE^ sui ^ cos t cos 0 

... (A-14) 

and 

cos c+A/j sin e cos 0 

... (A-16) 


— Ag sm 6+ A?! cos C COB 0 

... (A-16) 


4 
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The ami)l]tude-ratio p’ and the phase-angle with reference to the set of axca 
in and perpendicular to Uie magnetic plane are tlien given by 

_K _ I sin^e-f py coa^c-j 2p cos e sin e cos 0 (A J7) 

^ V coB^e+P^ f' — 2p COB c sin e cos 0 


and 


tan0' = 


2p sin 0 

(i — p^) sin 2c^2p COB 0 coa 2t 


(A-IS) 
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SCATTERING OF THE RADIATION FIELD OF A LOOP 
ANTENNA BY A CONDUCTING CYLINDER 
IMMERSED IN A COLD PLASMA 

T. D. SHOCKLEY and C R. HADEN 

Thi!3 Univebsttv oe Oklahoma Norman, Oklahoma 
March 9, 196(5) 

ABSTRACT. Tlio oquationH dosci-ibmg Oio F?ciiUornd fields of a eirnilnr loop ajitouna 
and 0 eondw'ting cylindor iiimioi-aod in a liomogonoous cold idnsTnia are doiived. It is aKsumnd 
tliat the loop antenna is exoitoil by a ono-diTnen.sional, uniform, injjhuso, KinuHoidal oiirroni, 
I (■ , a eurront' filament Solutions of Helmboltz’s wave oquatiou are lonnulated through 
.HI integral expansion of tho product of oylmdiical Tlnnkel InnetumH and I ranHceiideiital fiuie- 

i. ioiia. Tho coofflcionts m those solutions aio oialuatod by the applicai.ion of ihe problem 
houjidary conditions so that a solution for the sralterod oleetne field is efJ’nel.od 

I N T R O U IT 0 T I O N 

Considorablo inierevSt has boen shown by a mnnlior ol authors, including Ych 
(1964), Seshadri and Hossol (1964), and Soshadn (1964), in tlu^ .scatUu-iug oflbct of 
plasmas and perfectly conducting suriaciw on th(» radiation charactoristics of 
various antoniias. Sosliadri (1964) considorod th(^ problem ol tho scattering of 

ii, piano wave due to tho presence of a conducting cybudiM mimorsed m a tiold jilasina 
The problem discussed in this paper is the scattering of the raduitiori field of a 
circular loop antenna iminersed in a cold pla.sma in the pntsenei' ol a perfoidly 
conducting (jylinder of infinito loiigth (Fig. 1) It i.s assumed that tlie thin wire, 



'^’inglo turn, loop antenna is located in the xy plane with its center at the origin 
uud that it is excited by a uniform, inphase sinusoiflal current of the form Itp exp(ia)^) 
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iSinoo the plasma is assumed honxogonoous and isotropic, its field characteristics 
may bo dcsonlxMl by a complex relative permittivity factor K 

Tlu’ equations governing propagation are Maxwell’s equations and the equa,- 
tion of motion of the free charge existing in the plasma. For the sinusoidal steady 
state case, those equations may bo expressed as 


V X ^ 

yxH — itjiCoKE 
(iw-f v)mv = qE 


( 1 ) 

... ( 2 ) 
... (3) 


whore E is the tdectric field strength, U is tlie magnetic field strength, to is the 
angular wavi^ frecpiency, /y„ is the permeability of free space, is the mei'inittivity 
of free space, K is the complex ndative permittivity factor, v is the ayeiage colli- 
sional freijiumcy of electrons with neutral particles, q is the particle charge, w 
is the mass of the charged particles, and v is the velocity of the (sharged particles 
For the jilasiua, K is defined from(3) as 


K - 


[('- 



... (4) 


wliere a^— = (v/w)“. and iV is the number density ot chargetl 
particles in the plasma. 

K {) 1{ M U L ^ T T O N O K T H E WAVE P O T E N '1' 1 A L S 

Maxwell's equations (1) and (2), may be readily combined to yield HelmhoUz's 
vector wave ecpiatjon in tenns of the wave potential F 

= 0 ... (5) 

where is complex. The components of the wave potential F satis- 

fy Holmholtzi’s scalar wave equation 

^^i/r-\-kh/r — 0 ■■■ 

Harringttm (1901) has shown that tlie wave potential tjr may be expressed in tlie 
form 

= ( 7 ) 

wliere the B,^{kpp) aro Bhhk« 1 or Kankel functiofls, the ginv) and h{h^) arc siimHOulftl 
functions, and /c“ — Tn general it is possible to formulate solutions 

to (6) as 

^ ^ S In{h)Bn{KP) 9{nv) 

” h 

with the integration over the complex plane and the function/^(i: 2 ) to bo deteriiiiiicd 
from the bomidary conditions. 
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An oxaminaiioii of Fig. 1 indicatos tljat diu' tu .synmioirv, tborc will be nn 
( ojupoiioni of E ill tho z direction Tlio .stipulation ol a uniform inphase current 
f'Xdtatioii of tlio loop antenna lequires that i/(?/«p) bc' a constanl or that n - 0. 
Eq (8) may now be ro written as 

Mhon b < fj < a and 

= i ^HQ^^\kpp)p^kz:^dk, when p>a ... (10) 

h 

Eq (0) nquc-sents a standing wave region (region 1) which exists Imtwoon the 
conducting eyhndor and a. inatliematieal eyJimliical surface containing the loop 
antmnia in region 2, p > «, only travelling waves exi.st The ionstant,s A. B, and 
r' are tlu' /o(A’ 2 ) to be determined from tbe boundary conditions and the ll^l^^lc^p) 
and the aie Haiikel funetions of zero order of the first and seiiond kind 

The eleetiic field E and the magnetic fiehl H are given respectively by 

E = --yxF 

11 = V.x_vxl'’ 

»«/‘o I 

^\'he,r(‘ F = a^xjr 1 

DERIVATION O ]^’ THE S C! A T T E R E O E f E I. D 

Aiiplication of the boundary (londitions over tlie snrlace oftlu^ perfectly 
onductiiig cylinder and thii loop of current yields the rcijiiirod /of/c^) Sincis 
the tangential coinpononts of the E field must be zero on tho surface of the con- 
ducting cylinder {p = 6), application of this boundary condition yields 


(H) 

( 12 ) 


B ^ — 




A. 


... (13) 


Tn addition the tangential components of the E field must be continuous ovei tho 
eylindri(3al surface {p — a), so setting Eipi — Etp^i at p — a gives 



Also at /? = «, s = 0, the magnetic field must change in a discontinuous man- 
ner because of tho current flowing in the loop antenna. That is 

fJv 


... ( 15 ) 
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Tho delta fiinotion may be represented by a complex integral of the form 

S{z) — J 
h 

Substitution of (16) into (15) allows evaluation of A as 

A = - ^c o/tQ.ff j^^^(A;pU)/y I 

Utilization of the Wronskian for Hankel functions reduces (17) to 


( 16 ) 


(17) 


" Sk, 


(18) 


The electric field E (radiated and scattered) in regions I and 2 may now bo 
written as 


^vi = 


8 a^^^^kph) j 

... (19) 


^ — to/^pf y 
' 8 


E,. = — " 


I H^^^^kpu) J 


( 20 ) 


Since (19) and (20) represent the total field, radiated plus scattered, tho field scat- 
tered by tho cylinder may be found by subtracting tho radiation field of the leoji 
from the total field 

Correspondingly, the radiation field of the loop antenna may be expressed 
as 


En = f ... (21) 

kg 


E., = r 


/ Ji{kpa)Hi^^^{kpp)etkzzdk^ 


... ( 22 ) 
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(Subtracting (21) from (19) and (22) from (20) yields the scattorod field produced 
|)y the presence of the conducting cylinder. Thus the scattered field in region 2 
uiay be written as 

= - -g L \ } - 

—2J^{hpa) I H^^^\kpp)e‘'l^z-dk,. 

It is also interesting to note that (23) reduces to a I'tJiiner integral if k. is real. 
I\)r the problem under consideration, this occurs wlu‘ii tlui jdasiiia (iollisional 
li-oquoncy v is zero since K is tlien real. Integration limits on k, in (23) may then 
be \mtten as — oo to c». 
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ON THE MEASUREMENT OF EQUIVALENT FOCAL 
LENGTH OF TELESCOPE LENSES 

J. PliASAD AND M. S. R. S SABMA 

CliNTltAL SuiJONTlJi’lC JNSTltU ItflSNTH OKUANISATION, CUAN JJllLVllH, IjSTDlA 

(Jiec^}^Ped March 21, 1966) I 

ABSTRACT. A ijiiiHin miU-horl for vapid inoaHuromoni ol (‘(piivalcnt \rofai longtli of 
t('los((jpo k'liHos iH tl(ihcnl)o(] If has born aliowii thiii proriKo mriiBurrmoiit ofttooiil loiiglli is 
po.SRible oven if Ibo liijiiiKin ih alilirtod with small STjlionoal rolraoting power. Vrhe anuvucv 
obtained by the mol hod was loiiiid to bo within about_h.'l per oont \ 

1 N T R O 1) U C 'I' I O N 

J^or till* (l(itc,riiiina,ti()n of (‘(luivaleni fooal leiigtli (o f i ) of a Ions or Ions coiiibi- 
nalion, incliaii Standards S])ocili nations (IS OSS ■ 1050) laid nodal point, NowLon’s. 
magnification and focoiiiotor motliods. Tho toloranco for nominal focal length is 
spocifiod as within difi per cent unless otherwise stated 

Employing a biprism -with zero spherical refracting power, Darling (1962) 
has outlined a method for I’apid detorniination of the o.f 1, of flat field lenses It- 
was reportcil that this method permitted a quick check on e.f.l. value of a given 
lens obtained with tho optical bench. 

Because of the inlieront simplicity and rapidity of Darling’s method, an in- 
vestigation was taken up at this Organisation to ascertain whether it (ian also h(^ 
incorporated for e.f.l. measui’einent in Indian Standards Specifications. The 
approach adopted had to be, however, a little modified as the available biprism 
possessed spherical refracting iiower of +0.25 diopters. 

THEORY 

A colhmated beam is split with the help of a- transmitting biprism, afflicted 
with spherical refracting power, into two nearly parallel beams inclined at a small 
angle d. On traversing tlirough the lens T under test, two images laterally sepa- 
rated by a distance, d, are formed. It can easily be deduced that focal length, 
/, of T is represented by the equation : 

i^e — Kd ... (i) 

where e is the distance between the image and true focal plane of T and K = cot 0. 
Since rf, c can be experimentally measured, the constant K is first evaluated, 
employing lenses of knomi focal length, and using equation (i) above. The pro- 
cedure can then be repeated for determining e.f.l. of unknown lens. 

398 
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EXPERIMENTAL 

Tlio oxporiiuoiitjil aiTangemonfc used is illiistraled m l^ig. i Jt ^vas sot up 
on an optical bench, vernier constant 0.05 inin TJic slit aS' was illuiniiiated witli 



iiltiiied gi-c-eii light from an mcandoscent lamp and c-ollimaU^l with tlio hel]) of an 
achromatic doublet lens, of 5 em a[)ertnro and 00 cm focal length. TJie distance 
h(^t^^THiTl the two slit images iSf, and formed by T was measuriMl with the hel]) 
r)t a travelling nuoroscoi>e M, least count 0 01 mm. e was measured on the bench 
hy sliding the carnage carrying M. 

It was observed that with the avadablo biprism the two slit images did not 
appear in locus simnlbaneously indicating tliercb}'' that tlie biprism i)o.sses,sed 
iion-symnietrical refracting powci This observation introduced uncertainties 
m ineasuroinoritR and hence the following two different procedures wore adojited 
loi evaluation of d, c and the results compared 

111 jjrocedure T, the o|)tjmum po.sition when the two slit images apjiear in 
licsL focus siniultanoously is located on the optical bench, and d, e measured 

fii x^rocedure II, without B, the best locus jiosition lor tlie sht image is 
lirst located on the optical boneh and the image centied on tlie cross section of an 
eyu[uoce graticule B is now introduced and the two slit images are loc.uscd in 
succession moving the carriage (uirrymg M, noting their positions and 

recording from the centre on the ocular micrometer tlie distaiujes dj^ and do ol slit 

images, ‘d’ was taken as and e’ as^^--— — A"n. 

In both the above cases, nioasurenients were made on same lenses, repeating 
individual observations five times. As a counter check, the nominal focal lengtli, 
j n, for each lens was also determined indejiondontly, with the helf) of an imjiro- 
vised focometor. 


RESULTS AND DISCUSSION 

Following procedures I and II outlined above, the results obtained are given 
ill Tables I and II respectively The plot between d vs (y„ — p) is a straight 
IiiKi pa.ssing through origin (Fig 2). The correlation coefficient is O.OSd On 
5 
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atatistical analyeia K cornea out aa 173 3 ±1.6, which value was used in equation 
(i) above for computing 7’ both procedures. 


TABLE I 

d, e and K results as obtained by two procedures* 


Jjona 

No 

f 


Prooedure I 



Pi-onndurp II 



d 

e 

K 

d 

e 

K 

1 

357.97 

2 060 

13 62 

167 16 

1 97 

14.60 

174 6.5 

2 

196 21 

1 116 

3 96 

172.26 

1 JO 

5 ls)4 

173 79 

3 

148 1.5 

0.787 

3.00 

184 43 

0.80 

2 olp 

J82 01 

4 

201 . 83 

1 108 

4 90 

177 73 

1.20 

4 si 

164 .54 

5 

298 54 

1 675 

9.49 

172 56 

] 70 

8.55^' 

170. ;5H 

ei 

250 85 

1.482 

6.44 

168 96 

J 42 

8.42 

174 (,.5 

7 

175.41 





— 

1 03 

2.60 

168 74 


*d, c aadfn are m mm, K is a dimenHionloss quantity. 


TABLE II 

Focal length results as obtained by two procedures 


Lons 

No. 

Focal loiigth (mm) 

f~fn 

fn 

> 100 

Prooeduro I 

Prooeduro II 

Procoduro I 

Prooeduro J f 

1 

370 62 

355 31 

3 6 

-0.7 

o 

197 36 

196 07 

0 6 

— 0 3 

3 

1.39 39 

140 70 

— 5.2 

-5 0 

4 

196.92 

212 34 

— 2 4 

5.2 

5 

299 . 77 

303 16 

0 4 

1 5 

(• 

263.27 

262 .51 

2 6 

-1 6 

7 

- 

181 10 


3.2 


It may be seen from Table IT that generally the percent difference in focal 
length from nominal value obtained by any of the two procedures is within tlui 
tolerance limit specified m IS 988 ; 1959. Small departures from this criterion 
obtained in case of lens 3 and 4 might bo due to imcorrected nature of these do bliits, 
as seen by star test, enabling only approximate measurement of Results of 
the star test (Turman, 1955) carried out to ascertain the qualitative performance 
of the lenses used are given in Table III 




TABLE III 

Appearance of star image 
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Assuming Gauss law to liold good, tlio error, df, in measurement of / can ])(i 
expressed as 

Substituting tlie values of partial differential coefficients obtained from equation(i) 

±{d^^Jr-+K^M^-\-^e^y 

TABLE IV I 


Error in detornimatioii of focal length by two procedures 


LonK 

No 


Piociidnr 

1 



Prooodurci IT ^ 


2 5(1 d‘-i 


+ SJ 

±Sf% 

2 5Gd2 


-iS,f \ 

rL-8y% 

] 

10 80 

13. HO 

3 72 

1 04 

}) 89 

12 89 

3 .57' 

1 .00 

2 

3 10 

0.10 

2 48 

1 20 

3 09 

0 09 

2 40 

1 2.5 

3 

1 no 

4 no 

2 14 

1 44 

1 04 

4 04 

2 in 

1 45 

4 

3 14 

0,14 

2.45 

1 22 

.3.68 

0 08 

2 58 

1 28 

5 

7 IS 

10 IS 

3 10 

1 07 

7 do 

10 40 

3 22 

1 08 

6 

n 02 

8.02 

2 03 

1 14 

5 10 

8 10 

2 8.5 

1 10 

7 

_ 






2.71 

7 71 

2 77 

1.58 



fi,- e Cmtn; 

Fig. 2. d vs (fn—e) plot for difForont lenaeH. 


As reported above the standard error in evaluation of K is ±1-6. ‘d* and ‘e’ 

can be assumed as aceurate to within d_0.01 and drO O*’’ respectively, being llif" 
least counts of respective verniers. Hence, 

•5/ = ±(3+2.56d2)i 


(iii) 


On the Measurement of Equivalent Focal Length, etc. 403 

Oil tills tlieoretical basis the average percent error in doti'iininatioji of focal 
length by proeocUiros I and II comes out to be within |^J 20 and 1.26 T(\s|K>i'tively 
(Table IV) 

It may bo point-od out, however, that from Table II, in ease ol in oeodurcs I 
and II, the average deviations of moasiired focal length IVoiu nominal A'ahie are 
2 0 and 3.1 iier cent respectively 

It IS felt that aecuraey in local length measurement by this nn^tliod can bi-! 
fnrtlu'r inipiovt^d upon by employing a biprism producing comparallV(^ly large 
.nigulai deviation, and use of a two directional iuicrosco])( cajiabli* of reading 
;u ( urate to 0 01 nini in mntnally perpendicular planes. 

(■ () N (! 1. U S I O N S 

1 A method employing a biiirism afflicted with small spherical refracting 
])owor IS described which enables measurement of e f 1 of telescope lenses accurate 
f.o Within ±3 per cent It is coiisid<‘red suitable for inclusion in IiS 988 . 1959 

2 Efl. moasuremonts wore madc^ following two independent procednr(*s 
These yielded results of similar accuracy Procedure I is more rapid. 

3 Accni'acy in measurement diminished in casi* of iincorreiited lenses 

A r K N O W J. E II (J E M E N T 

The authors are thankful to Dr. P R Gill, Dni'ctor of the Organisation, for 
his kwm interest in the work and kind permission to publish tlie jiuper 
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Is 98H ; 1 909, Gorieriil rcquirpmcnis for opliral PomjioiioniB, Jncliun Stiindai’ds IiiHii- 
ilition, Now Dollii 

'I'wyman. 1900, OptuaJ QUtfisworhing, Hdpor & WhUs Lid , London, 100. 
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DIMERIZATION IN POLAR GASES 

A. N KOy ANP A. DAS GUPTA 

Indian Ahhoc’Iation tob tiik Octt.tivatton ot- Scienci:, 

( 5 AT.rirTTA- 32 , India. 

(Rcroivrd April 2. 19G6) 

ABSTRACT Tlio snini-ompiricul motliocJ of Hirai-lifplclor, MrCflnro Wd WooUr ijnd 
l.hp KliftiiKl/ioal upiit oJK h Ilf c'uloulnf iiifi f-ho poirpnl-iigo of dimors ffn’mc'd in a polAr gas have bf 
oomparod for Hovortil subfiil nncoB Tlio roniiliK indn-aio ilio liniitulioii of TlirsoldVdilor p 1 al\ 
npproni'li anfl also jjoirifc fo ihr n«*roa.si1.y of ronaidmiig tho jUTbonci' of m(d.a,slVd)li‘ dimc'i,s lor 
tlio oalruUil'ion of I ho oquilihi’ium roiiatanl. foi dimerization 

I N T R O D U T O N 

Tlio (ionaifleraiioi) of cliisior formaijon is necossai-y for roprcsonting propeiJ;\ 
tho pro})ort)os of doiiRo gasos (Das Gupta anti Barna, 1965) As a first step 
in this dirootioii it is lUHiossary to considor diinorisation only winch is siifiieicul 
upto a certain density limit Tlio diinors consist of bound jiiid inotastably bound 
double molecules. Uecently tho idea of cpiasi-dimors has also been introduced 
(Kim and Boss, 1965) Tn the 7 Jrosont x>apor wc shall tumline our considiMatimj 
to bound double molecules only. The dimers thus formed may be dofincMl as 
systems whoso relativt> kinetic energy is less than the negative value of the mutual 
potential energy (Hirschfelder, McClure and Weeks, 1942) TJie number of dniicis 
is (letermmofl by the usual chemical equilibrium constant although the lifetime of 
these molociilos is of the order of the collision time 

Tlio formation of djmers in non-xiolar gases has been considered by iStogryii 
and Hirschfelder (1959) for realistic intermolecular iiotontials. However, for 
polar gases due to the iiresence of long-range^ diiiole-dixiolc forces association playn 
a much more important part than in non-polar gases Hirschfelder, McClure and 
Weeks (1942) suggested a somi-omiiirical method for calculating the mole fractiniis 
of dimers in a iiolar gas Aci;ordiiig to this method, the equilibrium constant for 
diinerisation is givcm by, 

K{T) = ba-B{T) = 'iuVln,^ ... 0 ) 

whore are the moles of monomers and dimers respectively and V is the volume 
ha is a constant depending on the intermolecular forces and B{T) is tho second 
virial coefficient at temxicraturc T 

However, another approach which is more logical and accurate is from tl)o 
stand point of statistical mechanics. The second virial coefficient B{T) can 
written as follows 

... ( 2 ) 


B{T) == B^{T)-]-Bt,{T)-\-BJT) 

404 
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u li(‘ro Bf{T), B^{T) and BJ^T) aro thc> oontributums of the fu^o, bound and inotas- 
l.i))ly bound double moloculus. When nietasiably bound luoleculos are iieglooted 
Llie ecluilibrium constant for dnuerisatioii may bo \vi-ittcn as, 

K{T)-^h^B,*{T^) ... (3) 

wJierc ^ J^a-^ 

JlcLcntly Barua, Ohakraborti and Saran (IDOh) liave cahadatecl Bf*{T*) for a polar 
j.as by asHuining the dipoles to act in the hoad-to-tail position according to the 
S to ckii 1 a5Mn' iio t eat i al , 

0(r) ^ 46L(tr/r)^“— (cr/'/-)®] — (2cos 0^ cos «hi 0^ siii 0.^ cos if)), ... (J.) 

w'lu're //. iH tile ilipolo moment of the inUu-acting mokuMiles, 0^ 0.^ are the angles ol 
iiiclination of tiie axes of the two dipoh^s to the hue joining tlu^ ctuitre of the mole- 
cules and fj) is tlu^ axiniuthal angJo hc^divcmi them, cr and c. have usual SJgnilicance. 
When tho dipoles aro in the head-to-tail iiosition Eip (4) becomes 

0 (r) -- lt[((r/r)^*-5—((r/r)®] ( 5 ) 

Tlie final expression for if*e(7’*) calculated on the liasis of Eij (5) is given 
hy (Barua (it al, 1965) 

«„•(?'*) = - ~ 'C 4”(«+l)l „ I [ 4(.l I f f„")l '■ . (C) 

^”’''4-. (2«+l)' 2«+l L T* J 

where A -—pL*^l2, /i* — /il (// being the rlipole Triomeiit) Y — and 

7'* — kTjt The values of Bf*{T*) corresponding to different values rif /I and T* 
liave been tabulated It has, however, recently been poinUid out hy Barua, 
dt- al (1966) that it is physically much more realistic to assume an hd’leciive’ 

1 Illative orientation of the dipoles of the interacting moloculos. This means that 
at, any particular temperature and pressure altliougii the different pairs of 
( elliding moloculos interact with a different relative oircntation, it is possible to 
assume an 'effective’ relative orientation with which all the pairs interact on the 

A = ; (j — (2cos 0^ cos 0^ — sin sin 0.^ cos 96 ), (7) 

4 

.lYi'rage. Under this condition. It is possible to utilise tlic Table as obtai- 

-'led by Barua e< a? (1965) for ‘oftectivo’ relative orientation of dipoles as given 
l)y A from Eq. (7). 

In view of tho importance of tho piobleiii ivo thought it nocsessary to compare 
die different methods which aro at present available for tho calculation of tho 
J'lolc -fractions of dimers. 
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CALCULATION AND RESULTS 

l''or the purpose o( comparison, we have chosen ammonia, chloroform and 
utetliyl chloride for winch both soiamd virial and viscosity data are available, 
The force constants cr, r//c and used for the calculation of are shown in 

Table I JTor ammonia and methylchloride it is not possible to fit the exporimontal 
viscosity data tor g — 2 (Itcan, Grlueck and Sevhia, 1961 and Barua et al, i960) 
Consinpieiitly w(^ have used only values obtained by fitting viscosity data 

by using collision iiitcgials calculated by Monchick and Mason. (1961). For tlic' 
for method suggested by Hirschfelder H at (1942) except for ammoijiia the value oI 
ba was obtained from the relation 

- 1.75F„ 

Va being the critnuil volmm^ Foi ammonia b was obtained by fitting to experi- 
mental data (Hirschfelder, et al, 1942). TtcMults of tlie sample calculations pci- 
formed arc shown ni f’ablo Tl. 

DISCUSSION O y K 1^] S U L T S 

It may he semi from Table II that for chloroform and methyl chloride the mole 
fractious of dimers obtained by using the scmi-cmpiric.al arudhod of Hirschfelclci 
et al, is much higher tha those obtained by using Fq. (3). For ammonia the agiei'- 
mont between th(‘. two methods is fairly good. This is most probably duo to the 
reason that for ammonia th(‘ (.onstaiit b„ was obtained from experimental chdii 
which indirectly shows that b,, as given by Eq. (8) gives too high valine of tlui niolc- 
fraction of‘ dimers Another source of discrepancy liotween the two methods ol' 
calculation is the neglect of metastably bound double-moleeulos in ealculalinjj 
IC{T) from Eq. (3) Therefore, it appears that K{T) as obtained from Eq (.'{) 
give reliable values of the molehactions of dimers provided mc.tastablo doiihli' 
double molecules are also considered. 


TABLE I 

Force x)aramotors used for the calculation of Bi*{T*) 


Snbstaiioo 

oA 

e/A-°K 

A 

Roferenc'o 

rhlorofortn 

n 513 

256 . 7 

0.086 

a 

Mothyl Chloride 

4.870 

12 4 

0 60 

ProBoni work 

Ammonia 

2.733 

380 

0.25 

b 


Li. iLoan. E. 0., Ghiock, A. R., and Svohla, R. A., 1961, Na,^a Tochnical 
Note D— 481. 

b. Barnu, A. K , Saraii, A., and Suigh, Y , 1966, To bo publiuhod. 
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TABLE IT 

Moiefraotiona of dimers at difforent pressiucs aiul Icmiporalnros 


Siibsi-anuo 

T°K 

V abomK 

1 roiii 
K<i 0 ) 

Kujxn 
JO4 (3) 



1 

0 0508 

0 01 89 



.1 

O 21 OH 

0 0820 


2ns 

10 

0 3102 

0 1439 



25 

O 4721 

0 2051 



50 

0 0203 

0 37 HS 



1 

0 0300 

0 0121 



1 

0.1537 

0 055 1 

Chloroform 

34 S 

10 

0 2447 

0 1004 



25 

0 3940 

0 1900 



50 

0 5110 

0 3021 



t 

0 0282 

0 0084 



5 

0 1108 

0 0392 


308 

10 

0 1940 

0 0730 



25 

0 3314 

0 1525 



50 

0 4500 

0 2432 



1 

0 0387 

0 0121 



5 

0 1500 

0 0554 


JB 5 

10 

0 2411 

0 1004 



25 

0 38«7 

0 1991 



50 

0 5070 

0 3043 



1 

0 0101 

0 0055 



5 

0 0845 

0 0265 

Mothyl Chlorifio 

338 

10 

0 1407 

0 0504 



25 

0 2001 

0 1105 



50 

0 3832 

0 1853 



1 

0 0105 

0 0029 



5 

0 0844 

0 0143 


450 

10 

0,0880 

0 0279 



25 

0.1795 

0.0015 



50 

0 2780 

0 1164 



] 

0 0185 

0 0154 



5 

0 0992 

0 0688 



10 

0 1414 

0 1224 



25 

0 2010 

0 2334 



50 

0 3749 

0 3428 



1 

0 0094 

0 0079 



5 

0 0435 

0 . 0374 


333 

10 

0 0804 

0.0698 



25 

0 1054 

0 1467 



50 

0 2001 

0 2367 

Ammon j a 







1 

0 0048 

0 0039 



5 

0 0228 

0 0188 


423 

10 

0 0437 

0 0304 



25 

0 0973 

0 0825 



50 

0 1622 

0 1438 



1 

0 0028 

0 0021 



5 

0 0138 

0.0101 


523 

10 

0 0281 

0 0198 



26 

0.0021 

0 . 0468 



50 

0 1119 

0.0860 
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ON THE RAMAN AND INFRARED SPECTRA OF 
BENZYL ACETATE 
S. CHATTOPADHYAY and D K. MUKHEIUEE 

Optics l^EVAHTMiiMT, 

Indian Association pok the Cultivation op Science, 

Calcutta- 3 2 

{Recc-iveiH April 27, lJUUi) 

ABSTRACT. The Unman spectrum of honzyl nccUite in tlji“ lupiid stale and I lie iji- 
li'/ired absnriition bands of tho pure liquid nnd its Holiitions in CCl^ mid Imvi' been m- 

vestigatod A ronsonably complete vibrational asHipnmenl of I he observed fieqnericies of 
llie molocule of benzyl neetato has been made by liealiuK the vibrations of Ihe phenyl f^ionp 
imd the -CHaOCOCH^ indcpondently. 

T N T R O O IT C T ION 

A largo amount of work on ilio assignniotit of inotbts of vibration to various 
vibrational froqiicncios in the molooulos of benzom' and its dcrivativos have already 
1)0011 carried out (Pitzor and Scott, 194:1. iSponor anti Kirby- iSmi tl i , 1941, 
IVlocko-Korkliof, 1951; Whiffen, 195G, Stophonsoii el al , 1901, Sirkar el nl , 1964 
and otlior,s). In most cases tho substitireiit is eitbor a singb* atom oi a snigle 
Sroup containing a small numbor of atoms Howovoi*, if tlio sul)Ktituciit group 
eontains larger number of atoms tbo Raman and infrared spectra of tbo (ioinpound 
become more complex and in such cases very little work on the enumeration of tlie 
vibrational modes in the molociilos seems to have been done 

A systematic programme lias been undertaken so that a reasonably tioinplete 
vibrational assignment of the frequencies of vibrations of molecules of substituted 
benzene compounds with large substituent groujis may be made and m tliis paiicr 
tho results obtained with benzyl acetate have been presciiterl 

An incomplete study of tho Raman spectium of this coinjioimd was made hy 
Morris (1931) while the infrared absorption bands due to this compounri were 
rcfiorted by Lenormant (194S) The Raman and infrared spectra of the compound 
have fieen re-invostigated in order that as many vibrational frequencies as pos- 
sible are obtained 

EXPERIMENTAL 

Tlic sample of benzyl acetate supplied by Society des Usinos Chimiques, 
f'canco, was first fractionated and the proper fraction was distilled several times 
under reduced pressure before use. Tho Raman spectrum of the liquid was investi- 
^Mited in the usual maimer and the states of polarisation of some of the Raman 
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linos woro dotonniiied qualitatively Irom the ratio of tho intensities of the Iiovn 
zoiital and vertical components photographed simultaneously with the doiililc 
imago prism . Tho Fuoss glass spectrograph used has a dispersion of about 1 3 A /miu 
and 19 A/mm m the Hg 4047 A and 4358 A regions respectively. The infransd 
spec.tra of the coraiioimd in dilute solutions m OGI4 and HCCI3 and also of a thin 
fdin of the purc^ liquid were recorded on a Perkin-Elmcr Model 21 double beam in- 
frared H]ie(“troi)hotometer with NaCI optics Tho absorption due to the pure liquid 
in a 0 025 mm thick cell was investigated carefully so that the existence of veiy 
weak bands which might have escaped observation with the dilute solutions and 
the thin film of xnini luxuid, could be ascertained The spectrophotometer was 
calibrated witli thi" standard absorption bands of atmospheric Water vaxioin 
carbon, dioxide and of a polystyrono film \ 

It S U 1. T S AND D I S C U S S I O N ^ 

The frequency-shifts ol the Raman lines (in cni-i) of benzyl acetate togetln'i- 
with the estimated relative intensities are given in Table I. The states of polari- 
sation of the lines are denoted by tho letters P and D as usual The table also 
eontains the wave iminbers (cm-^) of the infrared bands due to tho jniie liquid and 
its solutions m CCI4 and IICCI3 Tho intoiisitios and the nature, of tJ;io bands ari' 
listed as .s'— strong; m medium, — weak; h — broad; sk — shoulder and very 
A probable assignment of the various vibrational frequencies is given in the Iasi 
column of Table T 

The molecule of benzyl acetate contains 21 atoms wbicb givi^ rise to hTmodc.'- 
of vibration Since tlie molecule contains no other symmetry element than ihc 
clement of identity all these would give rise to 57 frequeiicios of vibration, all al- 
lowed in both the Raman scattering and infrared absorption 

In order to be able to assign the modes of vibration arising from the pbeiiyl 
grouj) 111 tile molecule of benzyl acetate the observed Raman sliifts and infrared 
absoi'iitioii freiiuencies of the compound have been comiiarcd with the Raman shifts 
of a number of benzyl derivatives reported earlier by Reitz and Stockmair (1935). 
From tins conqiarison it is easily found tliat the frequencies of certain Raman lines 
characteristic of the vibration of the phenyl ring vary only slightly from one benzyl 
comxjound to another This indicates that so far as the phenyl group is concerned, 
the modes of vibration and their frequenoies are not sensitive to tho variation 
m the nature of the atoms or group of atoms (denoted by X) in the substitucul 
— OH2X This simijlifies the enumeration of tho vibrational modes of the benzyl 
acetate molecule to the extent that the vibrations arising from the phenyl group 
and the — CH^OCOCHg grouj) may be treated separately. 

a) Assignments of the vibrations of the phenyl group ■ 

If the whole of the — CH2OCOCH3 group is treated as a single mass point 
tho molecule of benzyl acetate would have to a first approximation, the symmetry 
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of tlie point j^oiip C2p. Unclor this symmetry, the classwiso bieakiu^ iij) oftlio 
.{() vibrational moflos of the monosuhstituterl benzene componnd and the elassi- 
lication of the states of polarisation of the Raman lm(*s arising Irom Ihe in-])lane 
^ibiational modes are well known The experimental ly obscTved states of tlie 
polarisation of some of the easily reeognisable Raman lines ol benzyl acetate 
justify the eorroetness of the assumption. 

TABLE I 
Benzyl acetate 




Irifiaiod froquoiu‘ir,s (cm- 

') 


|{UI 11 IU 1 .shift 



— - 

— 

- -- __ _ 

— ('on'c.spojulijip; nioiloa in 


Pure liqiud 

iSolutiona iii* 

licnzmc 

]h|ui(1 

Tliiii film 

0 025 mm 

ecu 





.ell* 




17H (fi) D 





lOB 

'jrii (1) 





Kill 

3(37 (0) 





J7H 

400 v 





16A 

(1) 





fiA 

,7.7!) V 





5 

tJO (.7) 1) 





on 

()4(l (2) 

040 V w. 

640 in 



hcii.liii;? of O-e-t) 

(i!)2 (o, b) 

005 h 


6!)2 s 

(>95 ,s 

1811 

715 (o, h) 

740 s 




J2 

Si>5 (3, b) 


824 a 



lOA. stretch i]if^ of C-CTT lioiid 


830 m 






000 w 


897 'ft 



'lOS (0 h) 

915 w 


912 w 


17A 


900 m 


900 III 

960 w 


1002 (10)1’ 

1000 m hIi 


1 000 in sh 

1002 m ah 

1 

1027 (5) !• 

1025 s 


1022 R 

1023 m Bh 

ISA 


1 040 m sli 

1040 a ah 


1040 in ah 

15 

11(.5 (3) 

10(10 w sh 

1060 B.sh 



!)A 

1175 (3) 

1180 mail 

1180 a Bh 



!iri 

(214 (5) P 





7A 


1230 va.h 


1227 vs 

1227 vs 

C — 0 Him tell 


1260 rn.Rli 


1250 s ah 

1250 s bh 

J4 V 


1302 .s 


1360 a 

1360 m 

a (CdiK in ni;, 

137.5 (3. vb) 







1380 H 


1380 s 

1380 in 

8 (ciru 111 (’ll , 


1440 m.ah 


1 437 m ah 


a ((!Tl)a in (MI. 

1445 (2 vb)D 







1457 s 


1455 ra ah 


8 ((Ml)„ in (!l-l 1 


1485 w ah 




19A 


1499 m 


1495 m 

1495 w 

1!) H 

1500 (1) 

1590 \-w 

1590 in 



8A 

1005 (5)T) 

1605 m 

1605 m 



8B 

1735 (2, b) 

1730 vs 


1728 vh 

1725 VB 

C — 0 Htrntch 


2850 w sh 




flTT Hym atrotch in CH-i ? 


2890 m.ah 

2900 m ah 




20:15 (5) p 





(JIT syiii filTotc h 111 CTTa 


2965 m 

2905 8 



CH nsym alrotch in CHj 






CF asyin atrotcli in CHj 


3012 m.sh 

3010 fl.ah 

3015 m 

3010 

CTT asym fltml.oh in CHj 

3037 (8) 





2 


3045 m 

3044 s 

3045 w.sh 


13 

lOfiO (ti) D 

3067 m ah 

3067 B.sh 

3070 .s.rIi 

3072 w ah 

711 



3080 8. ah 


3085 w.sh 

20 B 


*onlv Drominent bands are tabulated. 
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Tho proposed assignments of the vibrational frequencies have been based on 
the considerations of tho intensity and character of polarisation of tho Raman 
lines, the intensity of the <*orrosponding infrared bands, the frecpiencies of vibra- 
tion in other benzyl compounds and tho assignments made in the case of mono- 
Bubstituted bonzoncs. 

1) Modes almost unaffected hy substitution ■ 

It is soon from the diagram of tho normal modes of bonzono (Pitzor and Scot! , 
1943) that in the case of monosubstitutod benzenes the freipienciics ^it vibration oJ 
the modes fiB, 7B, 9A lOA, 16A, 17A and 20B will not bd affeeded hy 
tho substitution Also tho modes 8A, 8B, 9B, 18A, 19A and 19B in general 
give rise to vibrational freijuencios in monoderivatives of benzene whicli ari' 
almost the same as in iKaizeno and change slightly from one compound to 
another These Raman lines and the infrared bands (iorrespoiiding to fhost' 
modes in benzyl acetate are slunvii in Table T The weak Raman line 400 ciir ^ 
may correspond to the mode 16A while the other v'-eak Raman line 908 inn ' 
is assigned to the mode 17A The Raman line arising from tho mode lOA 
may be masked by the strong and polarised Raman line 825 cni“i wlm li 
originates from a different vibration, diHcussod later The strong and jiolfi- 
rised Raman line 1002 cm“^ which also appears as an infrared shouldi'r al 
1000 (sm *^ and corresponds to a similar Raman line in many monosubstitiited 
benzenes, has been assigned to the mode I Similarly, the strong Raman lni(» 
3037 cm- ^ and the strong infrared band 3045 cm“’ are believed to arise rcs])etdivoh' 
from the modes 2 and 13 of benzene The (f) infrared band 12G0 cm“i ina\ 
originate from til e mode 14. Table! contains tho proposed assignments Tlio 
frequencies arising from tho modes 3 and 20A have not been ascertainerl 

2) Modes affected hy substitution ■ 

Of the remaining eleven normal modes, the frequencies of vibrations, in case 
of the monodcrivative of benzene, arising from tho modes 6A, 7 A, lOB, 11, 12, lOB. 
17B and T8B of benzene would be appreciably changed, AvhiJe those due to flu* 
modes 4, 5 and 15 will be affected to a lesser degree 

Tlie weak Raman line 482 cm"^ is easily identified as arising from tho mod(' 
OA while the strong Raman band 178 (;m“^ is attributed to the mode lOB In 
toluene there are two strong and polarised Raman lines at 786 cm~i and 1210 ciii“’^ 
respectively In the benzyl derivatives tw'o corresponding moderately strong and 
polarised Raman linos in the region 740-765 cm~i and 1200-1 210 cm~^ rospoctivcdy 
are observed Also, in benzyl acetate there is a weak Raman line 745 cm“^ coi- 
respondmg to the very strong infrared band 740 cm“^ and a moderately strong and 
polarised Raman line at 1214 cm“^. The two Raman lines most probably origi- 
nato from the modes 12 and 7A respectively of benzene The strong infrared band 
1230 cm~^ is believed to arise from other cause which has been discussed later. 
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inie woak Raman line 692 cm-J having its counterpart m the very strojig infi-arod 
l.aiul 695cm“i, has been assigned to the mode I8B Since tlie, otliui benzyl 
( oiiipounds do not show any Raman line corresponding to tlie lianiaii hue 040 oni-^ 
(lufrared band 640 cni-i) of honzyl acetate, this line obviously do^y not rojiresent 
ji s ibration of tlie phenyl group On consideration of intensity th(‘, veiy Aveak 
ihunaii lines 367 cm~^ and 254 cm"i]iave been atrnbiitod to modes 17B and 16B 
u spectivoly. Moreover, since the frequencies of the modes 15 mul 5 arc allectiHl 
slightly on substitution, the woak infrared band 1040 cm and tlu^ very weak 
Kiiman liiu' 559 cm ^ respectively piobably rcprcseiii these modes Raman line 
dm* to the modii 4 has not been observed All the proposed iissignnienis are 
sJumm in Table I. 

b) Vibrationfi q/ the OH^OOOGH,^ group . 

11 the phenyl group is taken to bo a single unit 27 vibrational frequoiKues 
v'ould arise from this configuration. From the eJaboratt* Raman anrl ini’rared 
ilata on the nioleeulc ol methyl acetate (0H:,0()OCHa) reported by Wilinshurst 
(1957), it IS seen that many of the vibrational irecjneneies ef this group except 
those arising from CHg, CHg and 0 — 0 groups are so close to the Ireipiencies of 
V iliration of the phenyl group, that it has been possible to didect only a few ol thoiii . 
However, the following characteristic groui) vibrational fretjiiencies an; easily 
recognised Table T contains the proposed assignmoiits 

1 ) Carbonyl frequency 

Tlie weak and broad Raman line at 1735cnri correspomliiig to the strong 
infrared band at 1730 cm~^ due to the pure liquid is easily assigned to the vibra- 
tional frequency arising from the stretching of the C ~ 0 bond 

2) GH deformation vibrationn * 

Tli(‘, Raman spectrum of benzyl acetate shows two vi*iy broarl hues at 1375 
and 1445 em~i and in tlie infrared sjKietriim tJiore are thre.e! stiong bands at 1362, 
1380 and 1457 cm“^ Tliero will be one symmetric and one asymmetric OH 
dolormation vibrational frequencies arising trom the CH^, group A comparison 
lA'^Jtli the spoctra due to the other benzyl compounds tixe^s those frequencies fairly 
reasonably at 1360 and 1440 cm~^ respoctively, Tlie very broad Raman lino 
1375 0111“^ may m part also correspond to the strong infiarod hand 1380 cm^^, 
^\duc,h is the frequency of the symmetric CH deformation m the methyl gi*oup 
wdiilc at least one component of the antisymmetric and doubly degenerate CH 
didormation in the CHg-group is represented by the strong infrared band at 
l -h)7 om-i The Raman line corresponding to this mode may have merged in 
file broad Raman line 1446 cm"^. 

3) G~H stretching vibrations : 

In the Raman spectrum of honzyl acetate there is a strong polarised Raman 
fine at 2935 cm-i while the infrared spectrum shows a strong band at 2965 cm-^ 
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and three medium shoulders at 2850, 2900 and 3010 cm“^. From a compansou 
with tJie Kamaii shifts oi other benzyl compounds the Kaman line 2935 cm~^ has 
been assigutwl to the syiiunetric CH stretching vibration in the CHg group and the 
asymnudrie oomponent is most probably ropresontod by the infrared band 296.ni 
(iin"^ This band may also correspond to a component of the doubly degenerate 
asymmetric CH stretching vibration in the methyl group and the band 3010 cm~ ^ 
may represent the other component. The symmetric! CH stretcliing vibration of 
tluv CHg grouji lias not been detected m the Jtaman spectrum but may coiTcsiiond 
to tlie weak infrared band 2850 cm“^ All the assignments madc| are in acenr- 
dan(!e with those proposed by Wilmshnist (1957) m the case of methyl acetate. 

Besid(!S tlic.se characteristic group h equencies, the strong and pohirisod Ilamaii 
line 825 cm liaviiig its (lounteriiart in the strong infrared band 824 cm-^, the 
Hainan hue 640 cm“^ corresponding to a medium infrared band 640 om^^ and tlu' 
very strong infrared band 1230 cm“^ probably originate in the vibrations in the 
acetate group of benzyl acetate. These bands in all probability correspond res- 
]X)ctively the strong and polarised Raman line 844 cin~^ (strong infran’d banil 
843 ciTi“^), the strong and polarised Raman line 640 cni“^ (medium infrared hand 
640 ciiT^) and the very strong infrared band 1239 em“^ in the Raman and infrared 
sjicctra of methyl acetate reported by Wiliusburst (1957) • Following the assign- 
ments proposiid by him, in the latter case, the Raman lines and infrared bands in 
the acetate group have been assigned to the vibrations involving the stretching 
of the C — CH;, bond, the bending of the O— C — 0 angle and the stretching of 
tho C-0 bond rosiioctively 

A C K ]sr O W J. F D a E M E N T 

Tho authors are grateful to Professor G S. Kastha, D Sc . for his contiimod 
guidance throughout the progress of the work 

REFERENCES 

Louoimuiit, 11, 04 8, Bull. Soc. Ghim , France, 15, 

Mornes, C S , 1931, Phys. Bev., 38, 131. 

Moclto-K(M'kh<»f, lOni, LmuloU Born^tcin Tablcb, Auf. 6, Band I, Toil 2. 

Fitzer, K S and Snutt, D. W., 1943, J. A?ner. Ohem. Soc , 65, 803. 

Reitz, A and Slockiniur, W , 1935, Klasso, Abt lib, 144 (Seri 08 10,) 

000 

1935, Monataheftc fur chemic, 67, (JSeries 1 and 2), 92 

Sirkar, S C., Mukhorjeo, D. K, and Bislnu, P. K., 1964, Indian J. Phys., 88, 610 

Sponoi, H and Kirby-Smith, J. S., 1941, J Chem Phys., 9, 667 

Steplienaon, C V , Oobnrn, W. C. Jr. and Wilcox, W. 8 , 1961 SpcctrocJnm Acta., 17, 98.1 

Whiffen, D. 11 , 1956, J. Chem. Soc., 1350. 

Wilmshurst, .1. K., 1967, J. Mol. Sped., 1, 201. 



44 


ON THE RAMAN SPECTRA OF DILUTE SOLUTIONS OF 
PARA- AND METACHLOROTOLUENE 

S. K. NAKDY 

Indian Association fob the Cultivation of Science, 

Calcutta-32. 

[ReoeiAjed April 25, 1066) 

(Plate 3) 


ABSTRACT- Tlie iiaman spectra of 6% and 20% solutions oi para- and metacliloro- 
l uliiomi lu carbon tetrachloride have been studied usmg a spectrograpl) of high resolving power 
.lud a suitable filter to suppress the continuous background in the spectra and these 
have boon compared with the spectrum of the pure liquid. It has been observed that the 
llaman frequency 1092 em'i of jo-clilorotolueno mcreases to 1098 cm i m the case of the 5% 
solution and the Raman lines 683 om-i and 996 cm~i of w-ohlorotoluono shift to 688 cm"i and 
JOOO cm“i respectively when the strength of the solution is reduced to 6%. It has been con- 
cluded that in the 6 % solution in both the cases the molecules are monomeric while in the 
pure liquid they are dimers foi-med through hydrogen bond. 

INTRODUCTION 

Numerous workers studied previously the influence of solvents on the Raman 
spectra of organic molecules (Gray and Hidalgo; 1952, Feneant, 1952; Puranik, 
1952; Bellamy 1959; Rea, 1960 and otliers). The changes in the spectra observed 
l)y most of the previous workers are due to association or formation of hydrogen 
bond. The strengths of the solution used in some of these investigations are 
generally not below 20%, because it is difficult to record the Raman spectra of very 
dilute solutions owing to the presence of strong continuous background in the 
overexposed spectrum of the light scattered by the solvent In the investigation 
on the infra-red spectra of such compounds, however, tJie strengths of the solu- 
tions used range generally from 3 to 5%, but unless a careful comparison of such 
a spectrum is made with that of the pure liquid slight shifts of the bands which 
may take place owing to the influence of the solvent may sometimes bo overlooked. 

Recently, Mukherjee al. (1965) observed by recording the infrared spectra 
oi each of a few substituted toluenes in the vapour and liquid phases on the same 
chart that the molecules of the meta- and para compounds in the liquid state are 
dimeric and even in the vapour state certain percentages of these molooules are 
dimers and the rest are monomers. The shift of certain hands with the formation 
of the dimers observed by them are small, being of the order of about 4 cni"^ 10 
om In case of dilute solution in carbon tetrachloride they observed the 
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dimers to be broken up into monomer^. In order to verify these results by study- 
ing the Baman spectra of these compounds it would be necessary to record the 
spectra due to Very dilute solutions. It was therefore thought worthwhile to study 
the Raman spectra of such dilute solution of meta- and para chlorotoluene of dif- 
ferent strengths in carbon tetrachloride in order to find out whether the shifts 
of some of the bands observed by MuMierjee et al. are also observed in the 
Raman spectra and whether the conclusions drawn by them are corroborated by 
such results. / 

EXPERIMENTAL \ 

The liquids used were taken from the same packing from wnich Mukhorjeo 
e^ al, had taken their samples. Carbon tetrachloiide used as solvent was of chonu- 
cally pure quality and it was redistilled before use. The Raman spectra worn 
photographed using a Hilger two-prism spectrograph provided with medium dis- 
persion camera, the inverse dispersion in the 4358A region being 18A/mm. Agfa 
‘Isopan’ films were used to photograph the spectra. The resolving power of tins 
spectrograph being fairly large shifts of the order of 4 cm“^ could be easily dotectod 
A very dilute aqueous solution of NaN02 was used to out off radif^tions of wave 
length shorter than 4046A in the incident light in order t6 suppress the continous 
baokgroimd in the spectrum. 

RESULTS AND DISCUSSION 

The spectrograms are reproduced in Figs. 1 and 2, Plate 3. The ohangoB 
observed in the positions of some of the Raman lines are shown in Table I. 

TABLE I 

Changes in Raman frequencies 


Substance 

Raman frequencies in cm-i 



Pure 

State ~ 

20% Soln. in 

cci* 

(correspond- 

ing modes of 

6% Soln. in CflHe,) 

CCl* 

^-Chlorotoluene 

1091 (6) p 

109^ (e) 

1098 (s) 

19 A 

m-Chlorotolueno 

683 (7) p 

688,(b) 

688 (w) 

9B 


,996 <10) p 

996 (b) 

1000 (s) 

1 


p-poUrised s«almrp V-Wi0lvk b-broad 


It caii be seen from Fig. % that the line 1092 cm~^ of pure para ohlbrotoluone 
lappears unatj^r^^ in position and width in the upeotium due to the 20% solution 



K. Nandy 


Indian Join mil of Physics, Vol, 40, No. 7 

PLATE -3 



Fig. 1. Raman spectra of />-chlorololune 
(a) Pure liquid (b) 20% Solution in C CU (c) 5% Solution in C CU 



Fig. 2. Raman spectra of in -chlorotolune 
(a) Pure liquid (b) 20% Solution in C CU (c) 5% Solution in C CU 
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in carbon teti^oWoride so that it coinoideB with a line 4676. 2 A in the iron arc 
spectrum as in the speotnim due to the pure liquid, but in the oaso of the 6% 
solution the line shifts slightly towards red so that the Raman shift increases to 
1098 cm-^. This can also be seen by measuring the distance of tlie line from the 
iron line 4656. 13A. In the infrared spectrum of the compound in the vapour 
phase Mukherjee et al. (1965) observed two bands at 1088 and 1096 cm"^ but the 
liquid was found to give only one band at 1088 cm^^. Hence the conclusion drawn 
by them that in the vapour phase some of the molecules are in monomeric state 
giving the band 1096 cm-^ and the rest are dimers is corroborated by the results 
mentioned above, because in the 5% solution in carbon tetracliloride all the dimeric 
molecules are expected to be split up into monomeric ones giving the line 1098 om“^. 
The fact that no change is observed in the case of the 20% solution shows that only 
at very low concentration the molecules are truly dissolved in the solvent and 
exist as monomers. Owing to the presence of the strong Raman lines of carbon 
tetrachloride in the spectrum due to the solution changes in some other Raman 
linos could not be observed, but the spectra show that the line 3062 om“^ does 
not undergo any change probably because in the formation of the hydrogen bond 
only one of the fom hydrogen atoms is involved. 

Fig. 2 shows more significant differences between the spectrum duo to 
m-chlorotoluene in the liquid and that of the solution. The sharp lino 083 cm"^ 
of the liquid broadens towards red in the spectrum due to the 20% solution and it 
again becomes sharp but appears at 688 cm”^ in the spectrum dtio to the 5% 
solution. Similarly, the lino 996 cm“^ becomes broad in the spectrum due to the 
20% solution and it appears as a sharp line at 1000 cm'^ in the spectrum duo to 
the 6% solution. Assuming the lino 1000 cm“^ to be duo to the monomeric mole- 
cule, it is concluded that the 20% solution contains a mixture of both monomeric 
and dimeric molecules. These results further corroborate the conclusions drawn 
by Mukhorjoe et al., that the compound in the vapour phase consists of a mixture 
of monomeric and dimeric molecules. 

The results discussed above lead to the conclusion that in both the liquids 
oiJy dimeric molecules formed through hydrogen bond are present and they persist 
in the solution unless the strength is reduced to about 5%. 

It may be pointed out here that the influence of the solvent observed in the 
present case is different from that observed by Gray and Hidalgo (1952) in the 
case of dilute solutions of acetophenone in carbon tetrachloride and cyclohexane. 
They observed that the 1684 cm-^ line of the C = O group of acetophenone shifts 
to 1690 om“i in the case of a solution containing 6 Mols in 100 Mols of carbon 
tetrachloride, but in the case of similar solution in cyclohexane the line was found 
to shift to 1696 cm-^. They attributed the shift to the breaking up of the anti- 
paraUel ablgnme^t of tl^e two 0 ^ O ^oups of the two neighbouring molecnles, 



but in the present case the breaking up of the hydrogen bond between two mole^ 
oulen is postulated. 
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development of neon tube hodoscope chamber 

AS A DETECTOR OF IONISING PARTICLES 

B. K. BANBYOPADHYAY, SUBHRA BHATTACHARYA 
AND R. L. SENGTJPTA 

PHYSIOAI. LABOBATOBY, PBBfiTDHNOy OOLLEOH, CALPHTTA 
{UecGived December 2, 1905), 

ABSTRACT. The paper discusBes about iho conatnictjon of a pariicle dohictor called 
the noon iubo detector. The detade about the proceBsing of the tubos, gap filling and the 
construction of tho chamber as well as the oloctronica so used has been presonted in this paper 
jn a more lucid way. Tho advantage and disadvantage of this typo of detector and tho possible 
(osmic-ray experiments that can be performed with tho help of this insimmont has also boon 
diaouaaed. A photograph of a single particle, presumably a moun winch passeB through the 
chamber and thereby illuminating all the twenty tubes in a column and not the other 
adjacent tubes has also been presented along with this paper 

INTRODUCTION 

ihe neon tube hodoscope chamber has originally been developed by Convorsi 
d al. (1955, 1966). After the publication of this short report this detector has 
beou investigated extensively by many investigators ain many countries and now 
it is used widely in experiments of high-energy and cosmic-ray physics. (Fukui 
and Miyamoto 1967, Rochester 1960, Coxell and Wolfendalo 1961, Hasegawa 
ft al 1963). 

This neon tube hodoscope has many advantages such as, it is easy to cons- 
truct at low cost, very stable in operation and short recovery time (about 0.1 
second) as well as tho life time of the tubes against failure seems to be very long. 
Due to these facilities this technic is very suitable for the experiment on large 
cosmic ray showers as well as in the under ground penetrating shower detection. 

The major disadvantage of neon tube hodoscope is its limited resolution 
due to the finite dimension of the tubes and hence the difficulty in interpreting 
complex events. We present here a preliminary work along this line, 

OONS TRUCTIONL FEATURE 

In this laboratory a neon tube bodoacope chamber has been oonatructed with 
hundred neon fi,a&b. tubes. This instrument consists of twenty-one aluminium 
' plates placed parall^y and between which a number of glass tubes are inaerted. 
Eveiy second plate being electrically connected. Five such tubes are placed m 

each row, Thearrangemeint used isahown"sohematically in Fig. 1. 
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A, B, CARE THREE SETS OF CM-COUNTERS, 



Fig. 1. Schematic diagram of Experimental arrangement. 

The tubes are 30 cms long with 1 .6 cm in diameter and are made up of Soda 
Each tube is filled with neon gas at 36 cm Hg preqpure. In this experi- 
ment spectroscopically pure neon has been used. All the tubes has been washed 
properly with the cleaning solution (the chromic and sulphuric acid mixture) 
and are evacuated in electric furnaces. During the experiment all the tubes has 
been covered with black paper to keep each tube not being illuminated by the 
light from other tubes. 

EXPERIMENTAL ARRANGEMENT AND DISCUSSION 

For tests with cosmic rays the chamber is placed between three sets of G. M 
Counters A, B, and C (as in the diagram shown in Fig. 1). A coincidence between 
the pulses from the G. M. Counters is made to trigger an EFP60 pulser which in 
turn fires a 5C22 hydrogen thyratron, applying the high voltage pulse to the 
chamber. In this test the pulse is derived by discharging a 0.001-yaf condenser 
through a 100-ohm limiting resistor into the chamber. The condenser is chargofl 
to a potential of 8KV from a conventional high voltage power supply. 

The electric field thus generated inside the chamber is large enough to acce- 
lerate the electrons freed by the ionizing particle and cause a luminous discharge 
in the neon tubes crossed by the paricle and not in the other tubes. Each tube 
crossed by a particle is set alight and is photographically recorded. A typical 
photograph of the path of an ionizing particle through the tubes is shown ia 
Fig. 2. 

The camera is operated with an//8 aperture, because enough light is generated 
by the flash and pictures of tracks taken with this /-number are quite satisfactory, 
using Tri-X Pan film. 
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The spurious disohftrges which depend partly on the condition of filled 
in the tubes hut mainly on the condition of the inner surface of the glass wall 



Vig. 2. Photograph of a single penetrating particle. 

can be minimised by washing the tubes properly with the cleaning solution and 
in order to get the best performance it is necessary to get an excellent vacuum 
before filling. 

By the choice of internal diameter of each tube to 2 mm, tlie spacial resolu- 
tion of the neon tube hodoscope chamber can be improved to a great extent. 

We hope to employ this technic to study an extensive air shower experiment 
v'itli a larger and more efficient installation. 
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ON A NEW DISTRIBUTION FORMULA FOR MOLECULES 
OF REAL GASES AND FOR IONS OF STRONG 
ELECTROLYTES IN SOLUTION 

M. DUTTA , 

(A/3J, C.I.T., Buildings, Singhbbbagan, C)alcutta-7) 1 
{Beceissed March 20, 1966). \ 

ABSTRACT. A dJstTibution formula for molecules of finite size m fields! of forces, tuid 
of ions oi strong olectroJytes in solution, which was found to bo very useful for development 
of a now theory of real gases arid of strong electrol 3 d;es m solutions, was deduced by Dutts 
(1947, 1948. 19.71a, 1951b, 1952, 19.79) and by Diitta and Bagchi (1950). In these deductions, 
the phase-spaco is split into raomoiital and configurational spaces, the configurational space 
is divided into layers oJ different potential onergios which are again divided into small cells, 
and then distributions of image points in momontiil and configurational spaces arc considered 
separately. Kero, over and above all these, the notion of coarso-graming has been introduced 
for dotermuung distributions in the configurational apace A new distribution-formula, which 
may bo useful in the theory of real gases and of strong electrolytes m solution, is Obtained. 

INTRODUCTION 

For statisticaJ conaideralions of an assembly of a large number of particles, 
the phase-space is conveniently divided into cells of suitably small volume and then 
the distributions of particles (really, then image-points) in these cells are considered 
by treating the states of a particle by points in a coll as equivalent (cf., Ehrenfest 
P. and T., 19C9). This procedure is practically the same as the grouping of ob- 
servational data in statistical analysis. Its significance and justification from 
informatioii-tlieoretical and statistical stand-point can be seen in the book of 
Kullback (1959) and in some recent discussions (Dutta, 1966, 1966a and 1966b). 

Before the formulation of Heisenberg’s uncertainty principle, the measure of 
the volume of the small cells was arbitrary. Bu^simple arguments based on this 
principle (cf. Dutta, 1966, 1966a and 1966b) lead to the value, for the volume of 
the elementary cells, Ji being the Planck constant. 

In a nunrber of papers (Dutta, 1947, 1948, 1961a, 1951b, 1962, 1959, 1966, 
1966a; Dutta and Bagchi, 1950; Dejak, 1959), for the consideration of the volume 
of exclusion of particles (molecules, ion, etc) supposed to be rigid, i.e., for the 
consideration of the short-ranged repulsive interactions between particles of the 
type, 

- 0 for Tij > Tq 
^ 00 for Ty < Tq 

being the distance between the i-th and the j-th particle, and being a -charac- 
teristic constant for pair of particles of a particular kind, generally taken as the 
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sum of the radius of the particles in the pair, the configurational space is divided 
in smaU ceUs of volume, 6, equal to the volume of exclusion of a particle and tho 
particles are assumed to be distributed in such a manner that each ceU may either 
remain vacant or be occupied by a single particle. If there be other forces of some 
regular types the configurational space is also divided into potential layers which 
are again supposed to contain a large number of the above cells, and then, the 
distributions of particles are to be considered in these cells (Dutta 1951a 1961b' 
Dutta and Bagchi, 1960, Dejah, 1969). By forces of some regular typt,, itismeaiit 
that the gradient offerees is large compared to the dimension of particles and small 
compared to the volume of the container. Now, vdien the assembly contains 
particles of different kinds, the method has been modified suitably by introducing 
different volumes, for pair of different kinds and then by calculating tho 

theomodynamic probability suitably (Dutta 1961b, Dutta and Bagchi 1960 
Dejak, 1969). 

Now, in calculations of activity coefficients for strong electrolytes in solution, 
it is seen that better results are obtained if different values of 6^. and are chosen 
suitably in different ranges of concentrations, fio, it has appeared that it may be 
possible to deduce more useful results, if h is interpreted suitably and slightly dif- 
ferently. Here, it is done simply after tho introduction of coarse-grained distri- 
bution, as already mentioned earlier (Dutta, 1965). 

Wo shall take h, the volume of the cell, as a bit arbitrary parameter which is 
greater than the volume of exclusion and is to be chosen suitably to the fit 
tho experimental value, h is taken to be such a small volume that it is quite 
sufficient to specify the position of a particle by stating that it is in a particular 
cell. The equation of an ideal gas can be deduced simply by specifying the 
IJosition of a particle to be anywhere in tho total volume V of the container, 
i.e., 6 = F (cf. Falkenhagen, 1960). In denser systems and in the presence of an 
external external field and or of a field of interactions, more accurate specification 
is necessary, i.e., ^ 6 < F. Now, if r = {bjh^ the integer just less than 6/6o, 

it is easy to see that a cell may be vacant or occupied by utmost rnumbor of 
particles. In this respect, it is similar to Gentile statistics. For simplicity, we 
first consider tho case where the forces other than tho short-ranged repulsive 
force for rigid particles are absent. .After that, we consider tho case where 
there are other forces of regular type over and above the above short-ranged 
force. At the end, mixtures of particles of two different types is discussed. 
Except tho introduction of the notion of corse-grained distribution other 
notions are similar to those develope earlier by the author. 

ASSEMBLY OF P a'& TXCLES OF FINITE SIZE 
The theimodynamio probability is * ■ 

W = ^ ’ ( 2 . 01 ) 

nNiA 


8 
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where V is the volume of the container, N the number of particles, Ni the number 
of cells occupied by b particles, and the number of particles with kinetic energy, 
ei . [V/v] is the integer just less than (F/6). As in gases (F/6) is generally very 
large, so in future discussion we shall neglect their difference and always write 
(F/6). After using Stirling's formula and taking logarithm, we have 

log IT = ( ^ ) log ( ) -Sff,loglf,+lV,log Jff-So„log(.„ ... (2.02) 

This is to be maximised subject to the condition that 


II 


\ ■■ 

. (2.03) 

S tNi = N 

1.1 



(2.04) 




(2.05) 




(2.06) 

E being the total energy. 

Then, by usual variations, we get 




Ni = e-'-'i* 



. (2.07) 

and 







. (2.08) 

Therefore, 




« = *logir„,. = 4[(^ l°8(j)+v| 

[|-j+v,iV+Ai\r+M .. 

. (2.09) 

Fi’om well-known thermodynamic relation we 

have 



= = 
h \ BE ) v,s 

1 

IcT 


. (2.10) 

T being the temperature. 

Then, from (2.06) wo have 









kT 

dp^p^pg 

¥lb 


.JgOMfK 


... 

. (2.11) 
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From (2.03), we have 


Vi T r^i 


From (2.04), we have, 


e» = * a ie-"* 
N 


( 2 , 12 ) 


Nb _ d 


V 


Se 


- Vii 




_ _ 1 jr+l) 

evi— 1 e(»’+l)vi— 1 


(2.13) 


Thus, all the parameters (Lagrange’s undetermined multipliers), entering in the 
calculation can be determined. As the case when r = 1, has already been com- 
pletely worked out (Dutta, 1957) in actual applications, r will be two or three 
and so calculations appear to be not difficult. From (2.09), 8 is known in tonns 
of F, T on substitution of values of v, Vj, A, fi and by well-known thermodynamic 
relations, expressions of other thermodynamic functions can be easily calculated. 

ASSEMBLY OP PARTICLES OF FINITE SIZE IN 
PRESENCE OF OTHER FIELDS OF FORCES 

As in earlier papers, (Dutta, 1951a, 1962b, 1959), it is assumed that the 
forces, other than the short-ranged force associated with rigidity, are such that 
the entire configurational space is divided into potential energy layers of potential 
energies ... of corresponding volumes, F^, Fg, ... which are small compared 

to the total volume F but large compared b. As before the thermodynamic 
probability can be written as 


IF = n 

n 


iVnlb), N\ 

UN„i ! ■ n^aj 


... (3.01) 


where is the number of cells in the w.-th layer which are occupied by I particles 
and other symbols have interpretations, same as in the proceeding article. 

As usual, after using Stirling formula for factorial, and then taking logarithm, 
we get, 


log [s (( ^ ) log )-aif„iogi»r.,} 


-l-JT log JT-E Om teg O., j 


... ( 3 . 02 ) 
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This is to be maximised, subject to the condition that 


m 

^IN^=IZN^ = N 

I n 


and 


Sa«i = ivr 




(3.04) 

(3.05) 

(3.06) 


After usual variations, wo get 


Then, 


S (log N nj+v+Vi2H-/*^li^n)+24 Aa^ (log »/+A+/^ei) = 0 

*»,? i 

2 ^ ^ g-V-Vi?-(A?lJ^« 


= e 


-X-hbot 


8 = klosW^ = k[z{^) log { ^. ) +v {\) + 

Vi-N^ 4" A-2V^ ~\~f^E j 


(3.07) 

(3.08) 

(3.09) 


In the usual way the temperature can be introduced by the thermodynamic 
relation as 


Then, 


N m 


(dS \ _ 1 

\ 3E 1 IcT 

F»A 

... (3.10) 


... (3 11) 


From (3.03), we have 
Prom (3.03), we have 


l_C-(r+ir 


and 


(f) » i_e-(vi++«/*r)' 




(r+l) 


g(vi+y!'7,/fcr)_j ^(r+l)(vi+ifc»^Ar)_j 


(3.12) 


(3.13) 
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Til© equation (3.1^) gives an expression of v in terms of vj The equation (3.13) 
is the new distribution ofi-mula. Tho parameter, Vi, is dotermined (at least theo- 
retioaUy) from the restriction (3.04): 

assembly of particle^s^of two different 

TYPES 

Now wo consider an assembly consisting of and particles of tho first 
and the ‘second types of masses, and respectively. We suppose that the 
forces are of regular type, so that the configurational space can be divided into 
potential layers of potential — 0^, — 02, ... — 0n‘-- so that the potential energies in 
tho 7i-th layer of particles of tho first and the second typo are mi0„ and m20„ 
respectively. These layers are again divided into cells of volume b. If 6^ and 
&2 denote the exclusion volume of the first and the second types for particles of 
the same types and 6i2(= 621) denote tho same for particles of different types and 
]f we write 



then a coll may remain vacant or may bo occupied utmost by particles only of 
tho first type, or utmost by rg particles only of the second typo, or utmost by 
particles of the first type when it is already occupied by j particles of the second 
type or utmostly r particles of the second type when it is already occupied by 
I particle’s of the first type. 

Wo write tho thermodynamics probability as follows : 


J, ■ fffflj,! ■ 

l H 


(4.02) 


where N„y = the number of cells, in the n th layers, occupied by i particles of 
the first type and j particles of the second type, 

= the number of particles of the first type with th© kinetic-energy, 

and — that of th© second type with the kinetic energy, e^. 

After using Stirling’s approximate formula for factorials and then taking logarithm, 
wo have 

log IT = s| ( ) log ( ^ 16g IV,,,} 


log Nj Ipg wRTg— 5 aim— Sa 2 iii log 


... (4.03) 
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This is to be maximised subjeot to the following conditions i 




». (4.04) 

nij «i 


... (4.06) 

ZJN^i = tN„ = N, 

nij n 


... (4.06) 

S 

\ 

... (4.07) 

5 

\ 

... (4.08) 

S Olrt filw+S02ill^8n»+S Nnfnj{il^i-\-j^2)^n — ^ 

t tn ntj 


(4.09) 

where the volume, F, of the container, total numbers, N-^ and jVg 
the total energy E, are to be taken as constant. 

, of particles and 

After usual variation, we get ' 





... (4.10) 



... (4.11) 

= c“"^* -f*aw 


... (4.12) 

where v, Vi, v^, Ai, Aa, fi are Lagrange^s undetermined multipliers to be inter- 
preted suitably. Then by Boltzmann hypothesis after using the relations (4.10, 
4.12), we get 

s = iiogjr„„ = i[a( ^ ) log ( ^)+v(^)+if,iogjr. 



+.^2 ^ s'h(Ai+Vi).?r i+(A2+V2)-W’ ^-{-fiE 

... (4.13) 

As usual, by the well-known thennod 3 mamic relation, wo have 



\ (dB \ • 1 


... (4.14) 

By the equation (4.07) And (4.08)^ W6 ha^e 





... (4.16) 
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...(4.16) 


By the equation (4,04), we have 
\V/ nil 


(4.17) 


This equation gives v as a function of v^, Vg, Wg etc , Thou, by (4.16) and (4.06) 

vj and Vg are to be determined. 

Now, also we have 


b ij 


(4.18) 


and 




e ** £ le 
1} 


li 

Then, after simple calculations, we get 

N. 


-.j x' • -■ “x*-vsi-(^Wx+.?m3)^^ 

N^n = e-* Sje nr 


z« 

b 


^ ^ 1q„ 


. log la 

5vi ® Lw J 

S ^-Vl^-V2>-(^r/^t^-L/«a) ^ ^ 


(4.19) 


(4.20) 


(4.21) 


(4.22) 


Those are the distribution formulae in a binary mixture in most general form. 
The evaluation of the series within the logarithms, in a closed form, appears to be 
very complicated. Moreover, it is also very difficult to express the summation 
within the logarithms as a symmetric function of the characteristic quantities 
associated with particles of different quantities, since the summation of j first 
and the over i is apparently different from that of i first and then over J. But, 
the nature of the problems suggests that the expression within logarithms should 
bo symmetric with respect to the characteristic quantities, associated with particles 
of different types . We postpone the general discussion at present . Here, we consi- 
der in details tl|e case which is oomperatively much sunple to evaluate and also 
useful for appUeatjons. 
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Case when =: 0, i.e. iB negligible compared to and \ : 
Here, and r ^,2 = r^, 

for all i and j 

Now, 


Ij 

l_e-(''*+w”) 



Then, 


= / __1 K+i ) ] 

*’ I e-v.+ -1 ' e('.+’)(v.+ -1 J 

v„ r — 1 


(4.23) 


(4.24) 


These are the now distribution formulae in this case for binary mixtre. Of oourso, 
the discussion can bo extended for a mixture of more than two components and 
the distribution will be similar to those given by (4.23) and (4.24). 

ASEMBLY or IONS OF STBOJJ^iJ ELECT It OLY TBS IN 
SOLUTION 


In case of ions of strong electrolytes in solution the average minimum approach 
of ions of opposite charges is always expected to be bory small compared to that 
of ions of opposite charge i.e. — <<.b+ and 6_.* In actual calculations, 
(Eigen and Wicke, 1951, Dutta, 1952, 1963; Dutta and Sengupta, 1964) 6+_ is taken 
to be zero. So calculations quite similar to the preoeeding articles leae to the 
distribution formulae for ions given by the following expressions : 


f (rt±l) ... (6.01) 

^e''++ ^ —1 e(*'++^^(''++ —ij^ 
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Avhere N+n and N^n are respectively number of ions of positive and negative charges 
in the w-th layer of electric potential, — 0„, e+ and arc charges of positive ions 
jmd negative ions, and r^, have interpretations similar to those of the 

proceeding article. 

CONCLUDING BEMARKB 

It can be easily seen that all calculations reduce to those made earlier (Dutta, 
l'J47, 1948, etc.), if the volume, h, of the cell is taken to be equal to iliee xclnsion 
volume of the particles. From this stand-point the formulae proposed here arc 
goiieialisatioii of those proposed earlier. 
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LIFETIMES OF 2+ AND 4+ STATES OF Dy-160 
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SWAMI JNANANANDA 

Labokatohies roa Nucleab Rebeabch, Andhba UnivEweiTY, WalTaib. 

{Received January 16, 1065) 

ABSTRACT. Tho half-lives of the first and second excited states Dy-lOO aio 
measured by the delayed coincidence method. For this measurement, a timc-to-amplitudc 
converter is assembled. With NaT(Tl) crystals on both the photomultipliers, a resolving time 
of 2.4na with an intrinsic time resolution of 0.27ns is achieved down to an onor^ of 200Kev 
The life-times of 2+ and 4+ levels of Dy-160 are obtained at T (2+) = l .94i0,097n8 and 
T^(4H-) = (11.20±].13 )x10"1i sec. Those values confirm those obtained by Li and Schwarz- 
child, The results of the present investigation ai*e discussed and found to confirm tho predu - 
tions of tho unified nuclear model. 

INTRODUCTION 

# 

Recently Li and Schwarzchild (1963) have measured tho lifetimes of 2+ and 4 ' 
states in four different isotopes (including Dy-160) which belong to the strongly 
deformed region. Their results have been found to be in agreement with tho 
predictions of the unified nuclear model (Bohr, 1952). Tho results obtained by some 
of the workers, however, show deviations with the predictions of the unified model. 
These deviations may be ascribed to those arising out of the measured lifetime 
values. The recent doveloplent of the time-to-amplitudo converters has enabled 
the attainment of a better accuracy in the measurement of the lifetimes. These 
converters enable the attainment of the time spectral data employing a multi- 
channel analyser. This use naturally reduces the duration of the experiment 
thereby rendering the minimization of the various systematic errors . The time-to- 
amplitudc convertor which is already mentioned, is so modified as to match the 
characteristics of the Nal(Tl) crystals employed in the present investigations 
inorder to measure tho lifetimes of the 2+ and 4+ levels of Dy-160, 

EXTERIMDNTAL ARRANGEMENT 

The experimental aiTangement in the present investigations involve two scinti- 
lation lieads arranged in triple coincidence. The scintillator-photomultiplier 
assembly consists of a Nal(Tl) crystal 4.45 cm in diameter and 2.54 cm in height. 
Whenever the investigation involves the observation of beta-decay, an anthracene 
scintillator (4.45 cm in dimater and 0.32 cm in thickness) is employed in the beta- 
channel, The block diagram of the arrangement is shown in Fig. 1. Tho pulses 
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Fig 1. Block diagfftm of the oxpenmontal set-up. 

S — Source; H.T. — High Tension; PMT — Photomultiplier, L — hiniitor ; C,F. — Ca- 
thode follower ; TPHC — Timo-to-pulse height convertor ; A — Amplifier ; PHA - 
Pulse height analysior ; I — Invertor ; T.C.C — Triple coineidonco circuit ; 

from the anodes of the photomultipliers are transmitted to the limiters the outputs 
of wliieli are so clipped as to obtain pulses of 80ns duration, which in turn aro fed 
to the 6BN6 time-to-amplitude convertor of the Green and Bell (1958) tjqie. 
The output of the convertor is connected to the triple coineidonco cncuit via an 
amplifier followed by an analyser. It may be pointotl out that the pulses from tho 
oiglitli dynodes of both tho photomultipliers aro amplified, energy selected and 
then transmitted to the triple coincidence unit, tho output pulses of which aro 
recorded by moans of a decade scaler. 

The decay time of tho Nal(Tl) crystal is approximately 300ns. Hence only 
a minnte part of its pulse is applied to the convertor inoidcr to achieve a good 
time resolution by operating the photomultipliers at voltages upto 2400V, The 
amplitude of the resulting pulse is of the order of 150V especially in tho case of 
a gamma component with an energy of 61lKev as given out by annihilation 
quanta. The arrangment of the fast pulse part of tho converter is shown in Fig. 2 
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in wjiicli the converter part is identical with the original one (Oreen and Bell 1958) 
In tha present arrangement the limiters are of Special Quality Philips 
E180F tubes operated at a plate potential of 150V. The limiter has a cut-off 
value less than 2 volts at the operating conditions. The screen potential is su 
adjusted as to obtain a plate current of 22mA. The clipper in the fast chanpel 
is a cable of the type AS48M with an impedance of 100 ohms, a capaoitanco 
of 12pf/ft, and a delay of 1.2na/ft. The distortions which may occur in the rising 
and falling portions of the shaped pulses are eliminated hy employing a fixed 
delay of 40ns in both the channels of the converter. The valve 6BN6 is operated 
at potentials of 20V and 1 OV to the plate and screen respectively. With tlieso 
operating conditions, the pulses with one volt amplitude can saturate the plate 
current, as the grids and as shown in Fig 1, are held at negaTl|ivo potentials 
of 0.7 and 1.0 volt re.spectively. Since the plate current of the limitl^r is adjusted 
at 22mA, and the effective impedance of the clipping stub is 50 ohms (ob- 
tained with 100 ohm terminating resistance in parallel), the pulses have a height 
of I.IV. It may be mentioned that at those operating conditions of tlie 6BN6, 
there is an inlieront delay of 5ns arising out of the transit time of electrons from 
grid gi to ga Complete overlap of the pulses at gj is effected by inserting 35nH 
cable in g^ and 40n8 in g^. Wlion two simultaneous pulses arrive at the two grids 
of the 6BN6, a current flows during the time the pulses overlap. Sinc?e the plate 
pulse is integrated, the charge accumulated on the plate is proportional to the 
overlap time of the pulses so that the amplitude of the pulse obtained from the 
converter is proportional to the delay between the two pulses. 

The introduction of a fixed delay of 4flnB in both the channels affords a simul- 
taneous comparison with the prompt coincidence curve. The slopes on the two 
sides of the coincidence curve arise out of the jitter in the time of arrival of tlm 
pulses at the grid of the limiter. When the time jitter is symmetrical, the prompt- 
coincidence curve is symmetrical in shape. With a measurable lifetime, tho 
delayed radiations are detected only in one of the counters hence the distortion 
of the lifetime is imposed on only one side of the coincidenco curve. Tho plot 
of tho delayed coincidenco has a slope as expected for a prompt cascade being of 
the .same energies, whereas the other side has the slope corresponding to tlm lifo- 
time. With the introduction of a delay of 40ns in both tho channels the present 
arrangement has a useful range of 0-40ns. Tho negative output of tho convorier 
is fed to a liigh gain linear amplifier through a cathode follower. A single channel 
analyser which follows the amplifier is used to scan tho time spectra. The voltage 
scale of this analyser is calibrated in terms of time by observing the shift in the 
centroid of the prompt curve for every Sus decrease of the cable in one of tho chan- 
nels. The amplifier in the fast channel is kept in one of the two adjusted 
positions corresponding to the calibration values of 0.909ns/ volt and 0.425ns/ volt 
for the measurements in the nanosecond and sub -nanosecond regions. The prompt 
curve has resolving time of 2,4ns with slopes corresponding to half -lives of 0,27n8 
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for enorgies down to 200Kov. For energies below' lOOKov, the resolution is ncw,rl,v 
;]ns. With anthracene-photomultiplier assembly, the operating voltage is only 
2()00V. This reduction from 2400-2000V enables the limiting of the anode pulse 
to 0-8% of the amplitude thereby obtaining the best possible resolution, the rosolv- 
jiig time in this case being 2,1 ns with slopes of 0.26ns. To test the accuracy of the 
lifetimes of the excited levels in the isotopes under investigation, the lifetimes of 
the level with an energy of 81Kov of Cs-133 and the level witli an energy of 279 Kov 
of Tl-203 are observed and found to have the valuo.s of the half-lives as 0.09-|-0.3ns 
and (2.89±0.14)xl0-i«sec respectively. These values are quite in agreement 
with the results of the previous workers. In other words, the oft measured values 
of the lifetimes of those isotopes taken as standards are employerl for testing 
the verity of the lifetimes measured with the pre jent equipment 
Determination of lifetime of the 2+ state of 7>?/-160. 

The decay scheme of Tb-160 is quite oomplicat(*d as can bo soon from the level 
diagram (Ewan et al, 1961) given in Fig. 3. The figure indicates most of the intense 



transitions along with the percentage of intensities. It can be seen that there 
are seven beta groups and nearly twenty gamma transitions, hence the spectros- 
copic measurements are difficult. It may be pointed out that the 2‘*‘ and 4'*' 
states have been identified as members of the K — 0 rotational band, whereas 
the higher 2+ and 3+ excited states have been identified as those of the K = 2 
hand resulting from electric quadrupole vibrations. The values of the half-life 
for the 2^ level obtained by different authors are tabulated as given in Table I. 

From this table I it is interesting to find that the values of (1), (4) and (6) 
are in good agreement within the limits of experimental, error; of which those in 
(4) and (5) are of relatively high precision. On tire other hand, the results from 
(2), (3) and (6) are at variance with one another. The recently measured value* 
2.059 which is given within a precision of ^0. 016ns, is at variance with all the 
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TABLE I 



Author and year 


Half-life (iLs) 

Beferenco 

1. 

F. K. McGowan 

(1065) 

1.8 ±0.2 

6 

2. 

Borlovioh ot. al. 

(1002) 

1.6 ±0.1 

6 

3. 

Richtor and Wiogandt 

(1962) 

2.26±0.00 

7 

4. 

Fossan and Herskind 

(1963) 

i.92±o.on 

8 

5 

Li and Schwarzchild 

(1963) 

1.99±0.05 

1 

6. 

De Boer ot.al. 

(1963) 

2 059±0.010 

9 

7. 

Blbok et.al. 

(I960) 

2.247±0 14 

10 


already montionod values. Under these ciicumstances it is considered necessary 
to reinvestigate the lifetime of the 2+ level using the equipment developed for the 
purposfc, To study the dooay scheme, Terbium- 160 is obtained in liquid form 
as Terbium chloride with an intensity of 5.2mC. A small quantity of this liquid 
is taken in a perspex tube and is mounted on the source mount situated symmetri- 
cally between the two scintillation heads. Then the singles spectrum of Tb-.lbO 
is recorded. The 87Kev transition being highly populated (nearly 68%), is very 
intense. Hence a gamma-gamma coincidence study is very desirable for this 
intense case. The gamma-gamma coincidence involves the record of counts when 
the detecting units are arranged at right angles to one anotlier and the crystals arc 
covered with 1 mm of load to cut-off the characteristic X-radiation. The 87Kov 
gamma component is chosen for observation by one scintillation head, the other 
being biased at an energy of 600Kev so that those gamma photons feeding the 
87Kov level are collected for coincidenoe. The resulting coincidence spectrum 
is recorded as 8ho^vn in Fig. 4. Each experiment is repeated thrice, the total 
number of separate experiments being four. The resulting average half-life value 



2^. 4. Lifetime measurement of the 2 -f- level. 
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obtained by least square fit analysis is = 1.94±0.036us. This error together 
with the errors arising out of the instnunent, calibration, and those arising out 
of the measurement of the length of the cables comes to a total value of 6% so that 
the corrected half-life may be written as ^’^(2+) = 1.94i0.097ns which is not in 
agreement with somo of the listed values ®> ®. 


Determination of the lifetime of the 4+ level of 2>/y- 160 

The 283Kov excited level of Dy-160 doxcites tt) tlu^ S7Kev Icvtd by a transi- 
tion with an energy of 197Kov. The 4+ level is of meagre population being only 
5% in the decay of Tb-160. This transition also involves to total conversion of 
nearly 25 % The transitions between the 1204 ami OOOICev levels as well as between 
1204 and 1049Kov levels give rise to conversion electrons ol intensity compaiable 
to that of the above transition If the 765.2Kcv transition bo selected in one of 
the channols and the 215-197 Kev transitions in tlic other, tlie lifetime of the 1049 
Kov level may influence the value of the lifetime of the 4 ' level. The iqjper levels 
have energies of large value and mostly are decaying by E2 transitions. Hence 
the single particle estimates predict very short lifetimes (of the order of 10”^® 
sec) for these levels. Therefore, thoy are not expected to iirfluonco the lifetime of 
the 4+ level. The results of the measurements on the lifetime of the 4+ lo'N'el 
carried out by previous workers are tabulated as given in Table II 

TABLE 11 


Author 

Year 

HaU*-lifo 

soo) Method 

lioferonuo 

1. Burdo tind Hakavy 

1961 

7 . 60d;0 . 76 Solf c'omijarison 

11 

2. Borlovioh ot.al. 

1962 

7 ]0±0 90 Centroid shift 

0 

3. Li and Sohwarzchdd 

1963 

10. 7 ±0.60 Slope 

1 


The first two mentioned values in Table I, though are in fair agreement, differ 
very much from the last one. The first result iu the table is obtained by employing 
two double lens magnetic spectrometers in coincidence along with a timo-to- 
amplitude converter. The second in the list employed a centroid shift method 
for measuring the lifetime in the decay of Ho- 160 in which the coincidences arc 
measured between the upper gamma components and the conversion electrons. 
The last mentioned data is obtained by employing a precision tirae-to-amplitude 
converter having a slope of 4 X 10"^^ sec along with a three crystal spectrometer. 

In the present investigations an attempt has been made to measure the life- 
time of the same level but with the equipment developed for the purpose. In 
a certain sense this unit is very sensitive with high efficiency and with a good re- 
solution. In experiments which involve beta -electron or beta-gamma coincidences 
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the number of prompt coincidences may be very large because of the interference 
of the upper levels. The scintillation heads as already mentioned, subtend an 
angle of 90° and the crystals arc covered with 1 mm of lead to arret X-photonss. 
One of the slow chanuols is set to accept the peak with an energy range of 197- 
215Kov, the othei- being biased at about 600Kev. The number of prompt coin- 
cidences given out by the 215-765Kev cascade is nearly 20% and as the 1049Kov 
level lifetime is expected to be very short, the uncertainty in the lifetime is expected 
to be loss than the assigned errors The gain of the amplifier in the fast chaimcl 
is set at the position (d‘ the higher sensitivity whereas the converter circujit is kepi 
ill tJio 60ns overlapping condition obtained by replacing the cable in the channel 
with a cable of length 20ns After these preliminary arrangements the time spec- 
trum is scanned obtaining a curve, the inverse of which is taken by the interchango 
of the selection of the gamma component.s. The two sets of data thus obtained 
arc plotted, after eliminating the errors arising out of chance comcideneds, on 
a somi-logarit]mii( scale as given lu Fig 6. A similar procedure is adopted using 



Fig. 5. LLfotmie meosuvomont of the 4+ level. 

a Co-60 source, with the same energy selections, in order to eliminate the errors 
due to time -independent and energy-dependent shifts, ^he resulting spectra thus 
obtained are shown in Fig. 6. The centroid shifts (2 t) are determined by numerical 
integration and arc converted to time by comparison with the calibration plot 
used as standard. The sliift for Tb-160 thus determined oorrespoudsa to a half- 
life of 16 X 10“^^ sec whereas that for 0o-60 corresponds to 4 x lO-i^sec giving the 
value of the half-life of the 4^ level as 12 X 10~^^seo. The entire experiment is 
repeated using a different intensity of the source. The result of this repetition 
is found to have a value of 10.5xl0“^^sec. Assuming the possibility of 10% 
error in these measurements, the average value for Tj(4+) is found to be 


Tj(4+) = (11.26±1.13)XlO-iisec. 
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which is indeed in agreement with the latest value listed in the table. 

DISCUSSION 

It is usual that the experimental transition probabilities are compared with 
the values computed from the theory of single particle model. To obtain the ex- 
porimental transition rates, the 197 and 86.7Kov transitions of Dy-160 are consi- 
dered as having no admixture. It is required that the values of the experimentally 
determined lifetimes be corrected for internal conversion. The theoretically ob- 
tained total internal conversion coefficients^* are found to be 4.60 and 0.25 for the 
86.7 and 197Kev transitions respectively. Thus after the necessary corrections 
the experimental transition rates and T(E2)^^^ are found as 

T{E2)^^.^ = 6.392x10’ sec-i 
T{E2\^ = 4.939 Xl0»sec-i 

The values of the transition rates corresponding to the above are derived from the 
single particle model and are found to bo 3.148 X lO*^ soc-^ and 1.907 x 10’ seo~^ 
respectively. It can be seen that the experimental values are comparatively 
much higher by an order of 203 and 259 respectively than the theoretically obtained 
values. This enhancement is expected in the strongly deformed region for E2 
transitions within a rotational band. However, the K-forbidden E2 transitions 
have retardation factors of the order of 10*. 

With a view to see the present experimental transition rates are capable of 
tJonfbrming in a more satisfaotory way the predictions of the strong coupling 
model, the present experimental results for the transition rates are compared 
with the predictions of the strong coupling model, In this connection it may be 
10 
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pointed out that the reduced transition probability B(W2) of an E2 transition 
from an initial spin state Jt to the final state in a rotational band K is 

[BiEHy, ... ( 1 ) 

where is the intrinsic quadnipole moment. Substituting the experimental 
values in the expression 

[B{E2)\^p = [1.23xl0-^^X 

the B(^ 2 )gg ,7 and B{E2)^^^ are obtained as 

5(jE72)aa., = 1.061(e210-“ om‘) 

= 1.362( <)e210-4» cm*) 

Again substituting the above values of the B{E2) in the expression (1), the 
values are obtained as 

Qq = 7.302+0.18(10-a« cm*) 

Qo = 6.901 ± 0.36(10-a« cm*) 

being those determined from the lifetimes of the first and second excited states 
respectively. It can be seen that the Qq values for both the levels are as should 
be in agreement within the limits of the experiment. From the value of Qq given 
above the deformation parameter /? is derived from 

as /? = 0.3443. 

The value of the intrinsic quadrupole moment may further be tested by 
employing the result derived from the Asymmetric “Rotor ModeU®. Using this 
model the Qq is obtained from 



[B(E2y,2+-^ 0+] = 4 f 1+ 

•' 16ff 2 \ V9-8,sm»3r/ 

where r is the (shape) parameter of transverse deformation. In the case of Dy-160, 
from the energies of the first and second excited states, the r is found to be 11. 
which on substitution in the above expression (4) gives the Qq value as Qq = 7-44 
(10”*^ cm*) which is in agreement with that obtained from the unified model. 
Hence it may be concluded that there is not much differeuoe in the results 
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obtained from unified and asymmetric rotor models in the strongly deformed 
region. 

The expression (1) gives a value of 1.43 to the ratio of the reduced transition 
probabilities [5(.B2); 4'*'-> 2+]/[5(^2) ; 2+— >0], On the other hnd, the experimental 
value of the same is obtained as 1.276±0.2. It can be seen that these two 
values are in a fair agreement. The assigned error 0.2 of the ratio amounts to 16% 
which naturally as can be seen from the following table is cjousiderably less than 
those of others. 




TABLE 

III 



Authors 

Year 

fB(J72) ;4+->2+l 

2+->0+J 

Same ratio 
calculated with 
ri(87) = 1.04ns. 

1. 

Burde and Rakavy 

1961 

] 650=t0.33 

1.897±0 33 

2. 

Berlovioh et.al, 

1962 

l.e80±0.27 

2.019±0.27 

3, 

Li and Sohwarzchild 

1963 

1.400±0.22 

1.341±0.22 

4. 

Present investigation 


1.275±0.20 

1.276±0.20 


From the last column of the table it can bo seen that with the value obtained 
by present investigation for the lifetime of the 2"‘" level, the values of the ratio 
differ considerably from the theoretical value (1.43) in the case of the results of the 
authors (1) and (2) mentioned in the table. From the data^ of four even-even 
nuclei in the strongly deformed region it can be seen that the values obtained for 
the same ratio are in good agreement with the theory. Hence the present experi- 
mental value for the ratio of the reduced transition probabilities within the = 0 
band confirm the unified model predictions. It can also be seen that the present 
lifetimes of the 2+ and 4+ levels are accurate within the limits of the experiment. 
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rectifier action of a gas discharge and its 

DEPELNDENCE ON THE V-I CHARACTERISTICS 
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ABSTRACT. Ob-servatiojis on tho ractification produuud m a glow dischai'go lu 
iiydrogoii (^»=^94 — 275ii) do not show good correlation with the values to be expociod from 
the d— c V—I eliaractorisLics in the forward and the reverses dnootion. It ih suggestod that 
this may aiiso bonause tho eloctrieal condnebion m the two half cycles may not bo indepoiidont, 
winch has boon eojifirmed by obsorvatioos obtained with a transverse magnetic hold applied 
at one of tho olectrodes- 

Gaseous devices for rectification (Gnntherschulzo, 1927) of low frequency 
ii.c. are well known. They are of several types, of whicli the two (physically dis- 
similar) electrode system with a hot or a cold cathode is the most common type. 
The rectification produced by such a device is based on the asymmetric conductivity 
of tho gas when tho first or the second of these electrodes functions as tho cathode. 
Tlic effect can be explained in some cases in terms of the cathode fall at each of 
the electrodes i.e. to say in terms of the d.c. V-I characteristics in the forward 
and the reverse direction. Under those conditions the rectification should bo 
determined by the eletrocle geometry, the nature of the gas and its pressure etc. 
(Chiplonkar, 1939 1941). It is clear that whereas the average rectified d.c. 
output voltage given by the device will bo also determined by tho ignition poten- 
tials in the two half cycles (Talekar, 1956), (which will control the conduction angle 
of the current), the peak values of the current in the two half cycles will however 
be determined by the V-I characteristics only, if one assumes that the electrical 
conduction in the two half cycles can be considered to be independent of each other. 
For a given gas the V-I characteristic of a discharge is controlled by tho gas 
Iiressure p and to a limited extent by D, the interolectrodo distance. By a suitable 
variation of p and J9, it is possible to vary the nature of the V-I characteristic 
BO that the discharge changes from tho normal, to the abnormal or to the obstructed 
^yp®j as the case may be. The last type of discharge is obtained when the length 
of the cathode dark space ^ D. It may be mentioned that there is no theory 
available at present (Von Bngel, 1966), which is able to account for the different 
V-I characteristics observed for these different typos of discharges. As a matter 
oi fact these types are specified in terms of their V-I characteristics. It is also 
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known that the V-I characteristics of a discharge can bo appreciably modified by 
the application of a magnetic field at a suitable point of the discharge. Tho 
object of the present investigation was to examine the correlation between the 
rectification observed and the corresponding d-c V-I characteristics when these 
arc altered by varying p and /or D or by tho application of a suitable magnetic 
field at one of tho electrodes. No attempt was however made to investigate the 
wider pi’oblern of the effect of the magnetic field on the nature or form of tho 
charactorJslic or on the other parameters of the discharge. 

The discharge tubo used (Pyrex glass, length = 26.0 cm. diameter ^ 3.0 (mi.) 
was provided with two electrodes of Aluminium (i) A (dia = 2.9 cmM and (ii) 
B (dia = 1.4 cm). Tho iiiterelectrodc distance D between them could be varied 
by a magnetic device. No gas streaniing was us(^d during the observations. Thc^ 
pressure of tlie gas in the discharge tubo was iueasm*ed with the help of a ^ihernio- 
coiiplo gauge previously cialibrated. The magnetic field was supplied by means 
of a permanent magnet and had a magnitude ^160 Oe as measured with a scarc]\ 
coil The d.c. V-I eharaederistics with electrode (i) A as the cathode and (ii) B 
as the catliodo wore taken with the help of a d.c. power-pack (output 20 kV , 
20 m A, ripple factor << 0.5 jier cent). The circuit arrangement Chiplonkar 
(1951) shown in Fig. (1) was used, to determine the dynamic Joctification. TJie 
so kXl 



Fig ]. Diacliiu’go tubo and olectncal coxuiections foe meeisurement of rectification. 

use of the condensers enabled tho direct measuremenr of the peak values of the 
current in the two half oyides for tho a.c. operation, If and i_ represent these 
Xieak values, the rectification p observed is taken as 

p = 
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In terms of this notation /o — 2.0 would correspond to complete rectification. 
The values of p were determined in this manner as a function of the peak value of 

die a.c. applied voltage F across the tube for different p and D. The rooti- 
fication ratio p' to be expected from the characteristics was calculated from tho 
relation 


whore ij_ and represent respectively tho currents observed in the d.c. V-I charac- 
toristic.s corresponding to when (i) A or (ii) B is used as cathode. Tn 

order to bring out clearly tho dopcndenco of p on tho V-I characteristics, obser- 
vations were also taken on both these parameters in the presoiuje of a tran.svorse 
static Jiiagnetic field when applied near the electrode A Tlie ajip'licatioii of the 
field was found to modify tho cliaracteristics to a significant extent. One typic al 
Hot of these observations with and without this magnotje; field are shown in Fig 
(2). From the characteristics it is clear that the discharge is abnormal (with 
a ])Ositive sloiie for the V-f characteristic) except in the case of curve I for a small 
range of currents (0-1.5 niA) wliero the discharge is obstructed. Fig (5) curves 



p = 170 microns, D = 2.0 cm. 

I Electrode A os cathode (without field). 

II Electrode A as cathode (with transverse magnetic field at A). 

III Electrode B as oathodo (without field). 

IV Electrode B as cathode (with transverse magnetic field at A). 



446 


V. T, Chiplonkar and N, M. A, Kukahiwala 


(I-V) represent the values of pjp* as a function of the peak values of the a.c, e.m.f. 
applied with and without the magnetic field. 



1500 1500 1700 J5>00 2100 

Volts ► 


Fig. 3. Variation of P[P' with voltage, 

p —observed rectification ratio 
p'=: calculated rectification ratio 
I p = 94 microns, D = 4.0 cm. 

A —without magnetic fiold, 

B — with magnetic field. 

II p -= 140p., D = 4.0 cm. 

A — without magnetic field, 

B — with mannetic field 
m p = 210pi, D = 4.0 cm. 

A — without magnetic field, 

B — with magnetic field. 

IV p = 275[i, D 4.0 cm. 

A — without magnetic field, 

B — with magnetic field. 

V p = ITOn, D = 2.0 cm. 

A — without magnetic field, 

B — with magnetic field. 

Observations were taken for a glow discharge in hydrogen within the pressure 
range of 94-276|B for D, the intereleotrode distance, betweeu 2, 0-4.0 cm, A fev 
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typical curves obtained are shown in Fig. 3 (I-V). The observations obtained 
for the case where the magnetic field is not present show values for pjp' which are 
very much greater than one, indicating that the actual rectification is always very 
much higher than the expected. The ratio shows a slow decrease with increasing 
voltage. The discrepancy between the magnitudes of p and p' may possibly 
occur because the conduction in the two half a.c. cycles may not bo independent of 
each other as assumed in our analysis. The necessary condition to be satisfied 
for this to happen is that the quiescent time interval between the quenching of the 
current in one half cycle and its ignition in the next consecutive half cycle sh®uld 
be less than the deionisation time for the device. Support is given to this view by 
the observations obtained under the same conditions with a transverse mag- 
netic field. One expects the magnetic field to deflect the discharge chamiels in 
the two half cycles in opposite directions and thus help to make them independent 
of each other. This is in fact shown by our observations that p and p' under those 
conditions have values which are not very much different from each other. It 
may be remarked that a gas rectifier with a three electrode system based on the 
dofiection of the discharge channels in opposite directions by a transverse magnetic 
field has been reported (von Engel and Steenbeck, 1932) 

Only in the case of the observations shown in Fig. 3-V which was obtained 
for an obstructed discharge, that the agreement between p and p' is fairly good 
oven in the absence of the magnetic field. As the magnitude of the plasma region 
is negligible in this case, the results may be taken to indicate that the deionisation 
time effects of the plasma region are more important than those of the cathode 
dark space region. 

One can therefore conclude that the dynamic rectification observed in the case 
of a glow discharge cannot be predicted from its d.c. V-I characteristics, a result 
in agreement with the observations of Sisodia (1963) for a hollow cathode 
discharge. 
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ABSTRACT. Invorso and direct problems of trajisiont heat conduction tlirougl(^ a cylin- 
dnea] wodge havo boon solved with the help of integral transforms ^ 

INTRODUCTION \ 

In most problems in the theory of heat conduction either temperature or 
lieat transfer conditions are prescribed on the surface of a body, and conditions 
at interior points are to bo determined Such problems are known as “Direct 
problems”. There is anotlier class of problems, (Inverse problems), in which either 
temperature or heat flux, on some part or whole of the surface of a body, 
is to bo determined from the temperature distribution on suitable interior sur- 
faces, and the remaining portion of the boundary surface. G. Stolz. Jr, (1960) 
obtained an integral equation, and out-lined a numerical method for solving in- 
verse problems, with special reference to sphere. The problem occurred as a part 
of quenching programme (G. Stolz Jr. 1966). T. J. Mirsepassi solved the problem 
by a graphical method A V. Maskot and A. C. Vastano (1962) solved similar 
problems of Mathematical Physics, using Laplace Transform and Separation of 
variables, and termed these as “Interior Value Problems”. O. R. Burggraf 
(1964) has obtained the solution as a rapidly convergent series, witli lumped 
capacitance approximatiem, as leading term . Burggraff has taken boundary condi- 
tions etc. as a function of time only. E. M. Sparrow, A. Haji Sheikh, and T. S. 
Lundgi’en (1964) have also tackled the inverse problems. Inverse problems arise 
in Quenching studies, the analysis of exporimontal data, and measurement of 
aerodynamic heating, etc. 

I, Inverse problem for a cylindrical wedge O^r ^ a\o ^ B ^ 0 q\ o 
Temperature on the surface 0 = be determined from the given temperature 
distribution on an interior plane 6 — a. and zero temperature on the remaining 
boundary surfaces Initial temperature is zero. K represents the constant 
thermal diffiisivity. w(r, z, <) the temperature satisfies ; 

^ K I -I- 1 ^ 4- J: 4- \ ' 

dt \ dr^ Wi M I ' 

0<r<«; 0 <6 <6q; 0 <z<h] t^Q 
446 


( 1 ) 
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u{r, e, z, 0) = I4(r, e, 0, t) = u(r, 6, h, t) = «(?-, 0, z, t) = u{a, (9, z, «) == 0 ... (2) 

u{r,a,z,t)=rf{r,z,t)-,0<a<do (Kxlom'ji), ... (3) 

u(r, 6 q,z, «) = gir,z, t), say (unknown), ... (4) 

u{r, 0, z, t) tends to zero, as r tends to zero. 

Applying to equations (1) through (4) the finite Fourioi' sine transform, with 
respect to z, and the Laplace transform with respect to t, defined successively as, 


Z7(r, d, n, 0 = J u Sin , 


aTid 

We obtain ■ 


0,n,p) = I U exp {—pt)dt 


* (T-U 
‘ar“ 


' dr 


-rW+lf = 0; 


u'here — 


■/i.2 


P 

K 


.. (5) 


U{r,{), n,p) ^ V{a, 0,n, p) ^ 0 ... (6) 

U{r, a,n, p) =■ F{r,n,p) ... (7) 

U{r, 0Q,n,p) = 0{r,n,p). ... (8) 

Further applying to equations (6) through (8) the finite Lebedev irmisform 
{Naylor, 1963; equation 9) defined as : 


U' (s, (9, n,p) = S [Isiqa)£^s(Qr)-Is(qr)Ks(qa)]U . 

0 ' 


where Ig {qr) and Kg {qr) are the modified Bessel functions of the first and second 
kind of order a". 


de^ 




... (9) 


U'ia, 0, n,p) = 0 
U*{a, ot, n, p) = F\s, n, p) 

C7'(5, ^0, n, p) = O' {a, n, p). 

Solution of equation (9), after some simplifications reduces to 


G'(aj n, p) “ F'{a, », p) 


sin (sOq) 
sin («a) 


... ( 10 ) 
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Applying to equation (10) the inverse finite Lebedev transform (Naylor, 1963; 
equation 11), the inverse Laplace and the inverse finite Fourier Sine transform 
(Sneddon, 1961; P. 74, Th. 27), we obtain ; 


1 " vfrrv c-l-teD _ 

g{r, g, <) =- - ^2 sin — J exp. (pt) . dp | P'(s, n, p) 


sin (sd) Igiqr) , 
sin {ado) ‘ Igiqa) 


where L is the path Ji(a) = G' . 


\ 

II. A direct problem: Cooke (1956), Craggs (1945) and Jaeger (1942) have 
solved direct heat conduction problems for a wedge, Muth constant surface tempera- 
ture. Their results can be extended, if in article I, g[r, z, t) the variable surface 
temperature is supposed to be known and u{r, d^z^i) the temperature distribution 
in the wodgo, is similarly determined to be : 


u{r, 0, z, t) 


Titt^ 


L sm - .f- 
n=i n> 


_ * 

/ exp {pt) dp J 0\s, n, p) 

c—ioo L 


sin {ad) 

Hih“(«57) 


X . ads 


This problem can be used for the study of analogous problem of transient 
flow taking place in earth dams during drawdown. 


The author expresses his gratitude to Dr. B. R. Bhonsle, for his guidance 
during the preparation of this paper. The author’s grateful thanks are duo to 
Dr. B. D. Nag Chaudhuri, Director, SaHa Institute of Nuclear Physics, Calcutta, 
for his very kind encouragement. 
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A STUDY OF THERMODYNAMIC BEHAVIOUR OF 
IMPERFECT GASES ASSUMING ASSOCIATION 

S. P. PAL 

(Djbpabtmidnt ov Mathbmatios and Statmtios, Nodtii Benual Univejjsitv, 

Raja Rammohanpxjb, Dist. — Dabjebmng, India). 

{Beoeived JPehruary 26, 1906 ; RemhmUted June 1C, 1966) 

ABSTRACT. In this note the thermodynamio behaviour of an assembly of mole- 
cules of finite dimension which are associating and forming higher complex, has been mvosti- 
gulod. The quasi-lattice theory of Dutta for real gases and ions in solution has boon extended 
for investigating assemblies of associating o»d dissociating moleoules and used Iieio for cal- 
culating the isothermal compressibility. The result is in agreement with oxporionco. 

INTRODUCTION 

In usual investigations of the properties and behaviour of perfect gases no 
(lonsideration is taken for association of moleoules. But for many real gases, 
such as N 2 O 4 , Iodine vapour, water vapour, sulphur vapour it has been found 
that association of molecules takes place in various degrees. 

According to Fowler’s idea (1936), the usual results of the imperfect gases 
can be obtained very easily by considering dissociation and association of mole- 
cules into higher complexes alone. From this idea, the behaviour of an assembly, 
(jomposed of associating and dissociating molecules complexes like Xj, ... X„ 
where X is the most elementary molecule, is investigated by the method of Fowler 
(Dutta, 1961). A deviation from the properties of a perfect gas is obtained 
but this deviation is not in the direction of imperfect gas. The isothermal com- 
pressibility, as obtained by Dutta, was greater than that of perfect gas. This 
result is justified &om different considerations. It appears that a behaviour of 
imperfect gas cannot be obtained purely from association and dissociation if some 
of the usual causes of imperfection is not introduced. Here, by introduction of 
finite size of molecules, a deviation towards imperfection is obtained. 

The quasilattice theory developed by Dutta (1963) is suitable for the discus- 
sion of various properties of gases whOTe association and dissociation take place. 
Here, this quasi-lattice theory has been extended and used to deduce the 
equation of state of imperfect gases. After that the isothermal compressibility 
of the gas is calculated. 

Now the imperfections of gases are due to two causes ; 

(i) Wite size of the gas moleoules or particles, and 

(ii) presence of the fields of force. Here only the first cause i.e, the finite 
size of the 'particlesj is token into oon^deration. 
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Description of Assembly : 

For the sake of simplioity, gas molecules are assumed to be present in their 
simplest form and] in the form of second complex i,e.> the molecules of this 
complex are formed by the association of two molecules of the gas. Then this 
system can be looked upon as a binary mixtuie of gases. In the assembly of 
the mixture it is assumed that is the average number of molecules of mass Wj 
and N.^ is the average number of molecules of mass 2mi, 

and = N, I 

where N is the total number of molecules of the gas in the simplest form 
present in the assembly. \ 

CALCULATION OF ENTROPY 

111 case of this binary mixture following quasi-lattice method and the principle 
of symmotrisation, the thermodynamic probability is given by, 

... ( 1 ) 

where 

/ 

w \ — ft. — I 

Nil{vlbi-Ni)\ j »ro|l 

and Wia is a similar expression obtained by interchanging the suffices, 1 and 2 in 
the first two factors. 

Here, the symbols have the same interpretation as in the papers of Dutta (1961) 
Now, using Starling’s approximation formula for factorials and taking usual 
variation of the logarithm of W, 
subject to the conditions 

S <yai+22: da'^ = ^Ni+2^Ng = 0 

1 fM 

and 

m 

whore X energy of association, * 

wo get, 



■ (..,(,1-1..) +w(r:^-s.) + ^ 


—log a^— /iSj = 0 
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where A and /i are Lagrange’s mnltipljors. 
From this, we have 

Ntbf\-N2ht2 

OjA.e ^ 

V 


and similarly 


(approximat^y) 


a ' JL . 
K 


... (3) 


... (4) 


According to Boltzmann hypothesis, and by equations (3) and (4) we get 
/Sf = *ilog1F„„ 

+r^' -^0+ .7 -^») • 

log {^L-n,) + {^!z^) log (ir^p..) _ (‘--p.. -if,) 

log -ifi)! -ifiiog»/6i-Jfalog«/6j+iVX+/<®] 

Now from the well known thermodynamic relation 


we get 


I 

T 


= M or, /e = 

N = = S a<+2Sa'm. 

iS ^ e^^^**** +22 £^g-2x#*-(v«+x) 


(r>) 


(«) 
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_ ^ / 27 rmi \*^2 2i> _2^-nx 62 / 27 rma \^ 

“ 6 , + m—) 


2N 


'-(^r['+V‘+-^'“( ^ Ki 




(upto first Older). 

EXPUESSIONS FOR OTHER THERMODYNAMIC 
FUNCTION 


( 7 ) 


Now, from thermodynamics, wo know 

ijr = E-^TS 


and 

So, 


where 


P = .2- . [ - ^ ( log ( 1 - +log ( 1- - ) } 

F ^ 1 - y ) 

p = mT[ 1 .+ ^ I 

(upto first order of small quantities) 


... (8) 
... ( 9 ) 




-i=r' *•= 


N 


^1 = 1 As = ijyfci., , A = I . 


... (10) 
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or 


„ ivtrr,, SKT 

^=T^t'+Fj= r^- 


(11) 


rvliero B = | (a;,*/?i+2»i»^,t+®,%)-2Arc . ) * J j 

The expression in the first bracket is same as that obtained by Lorentz (1927) 
and Putta (1947), and the other term gives tlie effect of chemical reaction. 

Isothermvl compressibility. 

From (11), we have 

isothermal compressibility ^ \ 

V \ op )t 


= l(l-5/F). 


Now, by using (11), we can write 


t =r P- — 

V ~ NkT Nk^T^ ' 


and, so, 


(upto first order of small quantities) 


(upto first order of small quantities), 

of course, if 5 ^ 0. 

Tims, we get the isothermal compressibility of the assembly less than that 
of perfect gas provided the values of the characteristic constants of molecules 
like feg, ... etc., of temperature and of association energy are suitable. 

This result is contrary tp that obtained by Dutta (1951c) and is entirely due to tho 
effect of exclusion volume. 

OONOLUDJNG REMARKS 

The investigations of the other thermodynamic behaviour of gas by the 
present method are interesting and those will be the subject-matter of future 
papers. 
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A SIMPLE METHOD OF FINDING THE PRINCIPAL 
IONIC SUSCEPTIBILITIES OF CRYSTALS 

J. K. GHOSE 

Depautment op Physics, St. John’s Colleiik, Acha 
{ttecaived August 23, 1965 ; Hesubmtt/etl November 30, 19115 and April 12. 1900) 

ABSTRACT. It is shown that the principal iomc anisotropiGK in triclinic ns well as olhor 
n v-'lals can be ealcnlated from just the values of magnetic anisotropy in any two plane, s and 
X-i ay data regarding the angular orientation of tho ions. Slightly loss iwcui ati; valuob may 
bo obtained from measurements of anisotropy and the direction of maximum snscojitibjhty 
m a Mingle plane of the crystal. In cose of uniaxial symmetry ol iho ions, the principal ionic 
iiuihotropy can bo calculated from a single measurement of magnetic aniaotrojiy m any one 
jjlano of tho cry,sta1. Additional observation of maximum susceptibility iji only one {ilano, 
iH .suflK'ient for calculating tho principal ionic susceptibilities. The probable errors uvo rc- 
(lufvd by 1 ‘lioosing a plane of large anisotropy. 

INI’KODUCTION 

Mugiietic susceptibility tensor of a crystal is the resultant of tho ionic or 
molecular susceptibility tensors of the magnetic ions or molecules in tho unit 
cell of tho crystal. The ultimate (quantity of intorost is tlio ionic or molivcular 
susceptibility tensor because of its use in the investigation of ligand fields, Tho 
usual procedure is to first determine the erystalline magnotiis susceptibility 
tensor. Satisfactory methods could not be found easily for tri clinic crystals. 
Kn-shnan and Mookherjoe (1936, 1938) had used a trial and error method of cal- 
( Illation requiring a large number of measurements of anisotropy in different plaints . 
Ghosh and Bagehi (1962) had proposed a method requiring the iiioasuromonts 
of ])oth maximum susceptibility and anisotropy in five different planes in aildition 
to tho average susceptibility of the crystal. The author (Ghose, 1964) had dis- 
cussed several alternative methods of calculating tho principal susceptibilities and 
directions of the principal axes using the transformation laws for covariant and 
contravariant tensor matrices in oblique coordinates. Each method requires just 
«ix observations and imposes no restrictions as to the planes of measurement. 
Olio of them, in contrast with the method of Ghosh and Bagehi (1962), requires 
only tho values of maximum susceptibility and anisotropy in three different planes. 
iSeveral other methods designed for greater accuracy of results are being published 
eiaewhere (Ghose, 1966 a, b). 

Ghosh and Mitra (1964) pointed out that instead of fii'st determining the 
susceptibility tensor for tho crystal, it is possible to calculate the ionic susceptibility 
tensor directly from the magnetic measurements and the X-ray data regarding the 
angular orientations of the magnetic ions or molooulos- This brings in a great 
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economy in the labours of numerical calculation. In most cases the principal 
ionic susceptibilities can be calculated by solving just one set of simultaneous 
linear equations. 

This elegant method of calculation has two rather subtle drawbacks. Firsiljr 
it requires more than the minimum number of observations necessary in principle. 
The sum of the maximum and the minimum susceptibilities in a plane of the crystal 
was considered as a single piece of information. Actually it requires the measure- 
monts of both maximum susceptibility and anisotropy. Thus for uniaxial syui- 
metvy of ions, since only the axial principal susceptibility K\\ and the lateral 
principal susceptibility of the ion have to be calculated, just two ob^rvations 
in addition to tlie data regarding the orientations of the ions should be sufficient 
The method of Gliosii and Mitra requires the determination of anisotrbpy and 
maximum suscjeptibility in one plane of the crystal, as well as the average siisceiiti- 
bility of the crystal The second drawback is a considerable loss of accuracy 
duo to tho use of two susceptibility values in tlio calculations. This is not imme- 
diately self-evident from the equations but will bo proved here and tlie (jauso of 
this inaccuracy will bo traced so that it may be avoided. 

An alternative method of calculating the ionic susceptibilities directly from 
tho observations will bo presented here. It will be shown that the principal iouu* 
anisotropy {K\\—Ki), for axially symmetrical ions can be obtained from only one 
ineasuromont of magnetic anisotropy in a specified plane, together with X-ray 
data. In the absem;© of symmetry the principal ionic anisotropies may bo cal- 
culated froiti two anisotropy measurements In addition to those observations, 
just ono moasuromeni of either maximum susceptibility in a plane or the averag<i 
susceptibility of tho crystal is sufficient for calculating tho principal ionic suscciiti- 
bilitios. Nut only for triclinic, but for all crystals, this method demands fewer 
observations and simplifies calculations. Apart from tho errors in the measuremoiil 
of magnetic anisotropy in one case and also absolute susceptibility in tho other, 
the major source of error in the proposed method is the inaccuracy of the X-ray 
data used. In due course it has been proved that tho latter error may be mini- 
mised by choosing a plane of measurement such thair the observed anisotropy is 
large. The final error is then expected to bo no more than that with the lengthy 
indirect motliods and smaller in some cases. 


Let the cosines of the angles between the principal ionic axes K^, Xg, Xg 
of any magnetic ion and any set of orthogonal axes a;, y, a, fixed in the crystal, 
be as follows : 



X 

y 

Z 



Pi 

71 

Xg 

ajj 

Pn 

73 

if. 

- 

■ P» 

7® 
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The direction cosines cos cos cos (j)^, of each ionic axis K, with respect to 
t]ie crystallographic axes a, b, c, are kno^m from the X-ray data. Hence (x-i, /7, 
and 7t may ho easily calculated. It has been shown by Ghoso (1905) that if th(i 
orthogonal axes are so chosen that the z axis coincides ^vith the c axis and the x 
axis lies in the a—c plane and close to the a axis, then oLi, fii and (;aii bo cal- 
fidated without any ambiguity by the following matrix equation. 


[ai A rJ == cos cos 


1 cos tx, c ios cos y 
sin M sin fi 


0 


snijtf 

~M 


cos fi cos fi cos y — cos cl 
I sin fi M sm /? 


( 1 ) 


A^duvro Gc, fi,y aro the triclinic angles and ilf is the positive square root o(‘ 
(I -cos^a— cos^— cos2y+2oos a cos/? cosy), There is no ambiguity. Similar 
lUtitrix relations may bo obtained if any other set of oT-thogonal axes is selected 

In most of the actual problems it would be necessary to calculate the values 
ol only yi. A shortei’ method of calculating it for different directions of z axjs 
^nll bo discussed later. 

If in the unit cell there are n ions of a particular type witli different orienta- 
tions, then the susceptibility matrix for the crystal is 1/n times the sum of the 
susceptibility matrices for the n ions. Thus in the x, y,z coordinate system, tlie 
susceptibility matrix is 


A'li 

Abz 

Ai3 “ 

1 


Ai2 

Xii 

Xii 


Pi 

Ai3 

Xii 

Xii _ 

.7i 

Ta 


“i riH 
“2 Pi y-i . 

“a Pi 73 J J 


(2) 


Probable errors of existing methods 

The observed values of anisotropy, maximum susceptibility and averages 
susceptibility are subject to errors of the order of 0.1 %. The estimated erroj- is 
smallest for anisotropy and is 0 . 1 % (Krishnan and Banerji, 1935; Datta, 1953, 
1954). The error in the values of maximum susceptibility may bo about 0.2% 
(Dutta Roy, 1955) or slightly less (Das, 1963) The error in measuring average 
susceptibility for powdered samples may be larger still. Thus the o.stimated 
errors in the last two quantities is never less than 0.1%. 

For uniaxial symmetry of the magnetic ion, i.e., = Xg = and = K\\, 

Ghosh and Mitra proved that 


^Tll ( 1 - +Xi( 1+” ^“3*) 


( 3 ) 
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^^hore Xmax maximum susceptibility and anisotropy in the 

piano. Also for the mean susceptibility, wo have 

^ = i(2A:x+i:ii) ... (4) 

Solving equations (3) and (4), wo get 


(All -Ax) = 

, Sa,2 ... (5' 

This is an exact relation without any approximation. If the magnitiAe of the 
oiTors in the values of Xmax^ x be dxmax^ aii‘l ^X. then the magiiitiido of 

tlic error in tho calculated value of ionic anisotrojiy is given by 


d(7C,|™ Ax) - 


- + ^AW.r~-^--2x)d(Sa3^) 



n ■ 


(i- 


n I 


Neglecting dA the error in anisotropy and the second term on tho right hand sidc^ 
which is due to error in X-ray data, the percentage error in ibnio anisotropy is 
equal to 


200(dxWa,+g^) • 

In any given case this minimum estimated error can bo easily calculated bocaus(i 
dXmnx= 0.1% of : and Since Xmax and X are largo quan- 

tities, the absolute errors dXniax and dx are quite large; on tho other hand tho 
denominator in the above expression for percentage error is very small. So tlm 
accuracy of ionic anisotropy calculated by this method will bo necessarily sTualJ. 
Substituting the values of Xmax> X etc. given by Ghodi and Mitra (1964), the error 
in principal ionic anisotropy in the case of CUS 04 • SHgO, is found to be about 25%. 
Similarly for their determination of tho principal ionic anisotropy of NiS 04 ■ 
7 H 2 O, the ostimatod error is found to range from 20% to 60% for tho different sots 
of observations given by them. Actually tho errors must be still larger due to 
inaccuracies in the X-ray data. The apparently' close agreement with previous 
workers’ results, must be due to coincidence. Also the direction cosines of tho 
tetragonal axis of tho second copper ion as calculated by them from X-ray data, 
have an error of about 5%. Proceeding in the same way it can be proved that in 
the absence of symmetry too, the method of Ghosh and Mitra is likely to give 
inaccurate results. The only cause of these inaccuracies is tho fact that a difference 
of two large quantities, the maximum susceptibility in a plane and tho average 



A Simple Method of Finding the Principal^ etc. 461 

susoeptibility, has boon usu-d in ualculaiiiig a small quantity, tbo principal ionic 
anisotropy 

The same cause may load to similar large errois in other methods of c.alcula- 
ijons as -well. Thus, following Londsdale and Krishnau (1936), if y,,, arc 

the observed susceptibilities along the a, h and c axes of any orthorhombic (uystal, 

Diuii 


II the quantity (y*— A'«) can be measured directly tlien the percentage orroi- need 
not be largo On the other hand if Xh a-nd Xq measurod independently, then 

assuming the X-ray data to bo correct, the percentage ororr is i 

Xb-Xa 

and IS considerable. As regards the error due to X-ray data, it will be small if 
the dirferenco in the magnitudes of a.^ and is large 

This defect is also common to many methods of determining the magnetic 
.susceptibility tensor for crystals. Ghosc (1964, 1966) has shown that if more than 
one observation of the absolute value of susceptibility liave to bo used for cal- 
culating tlio elements of the tensor matrix, then largo errors are inevitable. Al- 
though the percentage error in the value of any of the calculated principal suscc.p- 
tibilitios is not much larger than those in the observed values of susceptibilities, 
(he perooiitago eiTor in the values of tlio jirinoipal anisotropies is mucli larger and the 
calculated directions of the principal axes are not accurate. Even if tlie principal 
snsceptihilitios can bo directly measured, the error in the calculated principal 
anisotropies will bo largo because each is a small difference of two largo quantities. 
On the other hand, the use of several measurements of anisotropy (and also 
direction cosines of maximum susceptibility in a plane) does not introduce such 
large errors in the result becau.se the absolute values of the errors are small. 

The method of Krishnan and Mookherji (1938) is free of this defect. But the 
trial and error procedure makes exact calculation so Icngtliy as to be almost im- 
possible. Moreover, the directions of the M axes and the principal ani.sotropio,s 
are determined more effectively by those planes for which observed anisotropy 
IS small BO that probable error is comparatively laige. 

Proposed methods 

For the orthogonal coordinate system x, y, if Xua^ observed 

maximum susceptibility and the anisotropy in x-y plane and tfr bo the angle which 
the direction of maximum susceptibility in this plane makes with the x axis, then 
the following equations (Ghose, 1964) relating the elements of \,Xrni^f suscopti- 
iiility tensor matrix can he written down. 


... ( 6 ) 
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j28 = 3^»nax~^cosV (7) 

= A Bim/r oos rjr • • ■ (8) 

Elliminating Xniax between equations (6) and (7), w© got 

(Afii-Afaz) = ^cos2^ ... (9) 

Substituting the values of Xi\ from equation (2) in equations (8) and (9), wu 

iri)Sa 2 /? 2 +(Z 3 — -firi)Sa 3^3 nAj^ . sin 2^ (10) 

(jrj-ir,)S(a 3 “-A»)+{X,-S-,)S(a 3 »-/J 8 “) = nA ■ oos 2f '.... (11) 


The values of /? 2 i known from the X-ray data and either equation 

(J ) or some alternative equation. So if A and ^ arc measured for the piano x—y, 
then the prineipal ionic anisotropies, {K ^ — and — K-^ may lie found by 

solving equations (10) anti (11). In case of axial symmetry of the ion, a siiigh^ 
equation is sufficient. 




sin 2\Jr 
S ag/Jg 


nA . cos 2^ 


( 12 ) 


Thus the principal ionic anisotropies can bo calculated from the X-ray data and 
a single measurement of A and ^ in one plane. If the orthogonal coordinates 
chosen are those corresponding to equation (1), then A is the anisotropy in a plane 
perpendicular to the rrystallograjihic c axis and ifr is the angle which the direc- 
tion of maximum susceptibility in this plane makes with the a—c plane. How- 
ever it is difficult to determine accurately the value of But while measuring 
the anisotropy A, the approximate value of ^ may be easily found for the same 
plane of observation without requiring any special equipment. Hence the approxi- 
mate values of the principal ionic anisotropies may be calculated for elliminating 
ambiguities of results calculated by other methods. 

Elliminating -ijr between equations (10) and (11) wo got 

((Xg-X,)S(aga-/?g2)+(X3-X,)S(a32-^3a))^-^-4{(Xg-Xl)Sag/ffg 

+(Xa-JS:i)Sag;^3}a = n^A^ (13) 

The summations arc for the n ions and A is the anisotropy in x—y plane. For 
the coordinates corresponding to equation (1), the x—y plane is perpendicular to 
the c axis and the x—% plane is identical with the crystallographic a—c piano. 
If A be the anisotropy measured in x—z plane, then 

{(Jl3-X,)S(a3’^--y3>»)+(X3-X,)S(a32-r8’‘)}*+4{(X3--X,)Sa373 


(U) 
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Equations (13) and (14) are simultaneous quadi*atiu oquatioiis in (A’.j— if,) and 
(A"a— ^i). Such equations may bo solved without difficulty and the numerical 
values of the principal ionic anisotropies may be calculated. But in general 
tlioro will be four alternative sots of solutions of which only one is corroi't To 
resolve this ambiguity it will be necessary to note the approximatej value of ijr in 
one of the positions for measuring the anisotropy of the crystal and calculate the 
approximate values of the principal ionic anisotropies by equations (10) and (11). 
Of the four alternative sets of solutions previously obtained, the one wdiich is 
closest to this approximate solution, ^vill be the con-ect one 

Tn case of axial synunetry of the ions, equatitm (13) simplifies tri 


(^ 1 ! 


:^nA 


(15) 


Thus tho principal ionic anisotropy can be calculated from a single nioasuroniont 
of anisotropy A in cc—y plane, which may be cJiosen arbitrarily for experimental 
( onvenionce. To choose the correct sign in eauation (15), we note from equation 
( 1 2) that the positive sign is to bo taken if S is positive and at the same time 
sin 2^ is positive, i.o , if the direction of maximum suscoptibility in this plane lies 
lietweon tho positive directions of x and y axes. 

Some special cases arc worth noticing. In orthorombuj crystals, due to the 
symmetry of orientation of ions in tho unit coll, (Sag. P^) is equal to zero, whil(» 
tho sejuaros of a and /? havo the same value for each ion. So equation (15) 
reducos to tho relation given by Lonsdale and Krishnan (1936) 

On the other hand if all ions aro magnetically equivalent, equation (15) 
simplifies to 




±A _ ±A 


(16) 


Again in many triclinic crystals like CuSOj ■ fiHgO, there are only two mag- 
netically inequivlont ions with axial symmetry. II tho direction cosines of the 
second ion bo distinguished by a dash suffix, then equation (15) reducos to 




-\~2A 


±M (17) 

{(rs'‘*-73”)®+4(cos ^i-7873')"}^ 
whore 0 is the angle between the axes of these two ions. 

The quantities and y'g are the cosines of the angles between tho magnetic 
o-xes of the ions and the z axis or the normal to the plane in which anisotropy 
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has boen inoasurecl. So wlion Tising equations (16) and (17), it will be more oonve- 
veniont t(j tialculate and y \ directly instead of by equation ( 1 ) or its oquivalont 
For this x^urpoae the unit normal may bo expressed as a contravariani vector 
matrix, a,s will bo illustrated in due course. A unit oovariant vector in the direc- 
tion of the axis of an ion may be expressed by the matrix [cos ^ 3 ® tios^,,*' 
cos 0g°], So 73 is the scaler product of these two vectors and is equal to the 
product of the two matrices. 

Probable errors in the proposed methods 

The methods of calculation discussed in the last section, do not involVe small 
differences of large quantities like absolute values of susceptibility. So \[\& per- 
centage errors would be of the same order as in the measurement of anif^otropy 
but for the errors introdu(!od through the X-ray data. The effect of the latter 
can bo reduced by a judicious selection of the plane in which anisotropy is incDsurerl. 

Consider first the simplest case whore all ions in the unit cell are magnetically 
oquivalont, and have axial symnietiy. The principal ionic anisotropy is to be 
calculated by equation (16). K the direction cosine 73 be equal to oos 0, then the 
maximum percentage oiTor in the calculatetl value of the principal ionic anisotrr>py 
will bo 

^AVi/fj.) ^ dA _ 100-1-200 . — ‘dO ... (18) 

(All— Aj.) A sin 0 

The first term on the right hand side of this equation is the percentage error intro- 
duced by magneti(i measurement and is no more than that in the measurement ol 
anisotropy. The percentage error due to an error of half a degree in the X-ray 

data is , or, where A is the observed anisotropy 

360 sin fil 360 VA / 

and A I is the principal ionic anisotropy, which in this case is the maximum ob- 
servable aniBotiH)py. This error is very large when the observed anisotropy is 
nearly zero. On the other hand, when the observed anisotropy is maximuiU) 
the error is negligible compared to oven the 0 . 1 % error due to anisotropy measure- 
ment. When 73 is 0.5, tho error is near about 1%. So for greater accuracy, the 
plane of inoasuremont should be so chosen that the observed anisotropy is large. 

In case (jf two ions in the unit coll, an expression for the maximum error can 
be obtained from equation (17). Putting {y^'^—y^) = cos to; 2 ( 008 ^ 6 — 7373 ) 
= R sin w; 7g =■ cos 6 and 73^= oos^^ w© get tho following expression for frac- 
tional error. 

M (q: gin Wde'+am W.dff) 

+ 2sm_o> ^ 0 sin dW+coa 0' gin 0dff) 
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Supposing the maximum errors dd, dO* and duo to errors in X-ray data, to bo 
each half degree or 7r/360 radian, the maximum porcontago error 

^ ‘ <*i(sin 2^^ sill 2^')-f-28in co(8iii ^+sin ... (IH) 

C ■ |»A I 10()»r2(5){ 

^ '~A' ^ 360ie 


TJio second term represents the niaximum limiting value ol tli<‘ })(»rcentagc‘ ei’rf>r 
duo to X-ray data and is equal to 3.9/i2. The value of H, the denominator in 
equation (17), lies between 0 and 2. If the observed ansotropy A is largo, tJion 
K is also large and the error is small. The anisotrojiy A is maximum wlien the 
normal to the plane of lueaauroment bisects the larger angle between the magnetic 
axes of the two ions. Tlien 6 and O' are equal to {n i 9i)/2 or 1:0/2, according as 
0 is greater than or less than 7r/2. Substituting those values in equation (19), 
tlio maximum error when the observed anisotropy is largest, is fomul to be 

^ %j porvided that only the nuincrieal valm^ ol‘ cos 6 be used in 
obO(l-f‘o cos 0) 

this expression. For OuSO^-fillaO in particular, this error is rather laigo, 
namely about 2.3 %, because cos 0 has the low value of 0. J 033 . On the oilier Jiand . 
if tlie angle between the magnetic axes of Wo ions be small, tlien tlie error 
introduced by X-ray data can be made nogligibl}’- small. 

In ease of more than two ions or in the absence of axial symmetry of the ions, 
it IS not possible to get a concise algebraic! expression for tlu; percentage error. 
However, equation (15) indicates that firstly thc^ percentage i^rror intruducieil liy 
magnetic measurements is equal to that in measuring the anisotropy of the crystal 
ill a plane, Secondly, the error due to X-ray data is minimised if the denominator 
is largo which will bo the case if the measured anisotropy is near about tlie maxi- 
mum observable value. 

ExampU of (MSO^-dH^O 

According to the X-ray data given by Bee vers and Lipson (1934), each unit 
ccdl of copper sulphate crystal contains two copper ions, each of which is at the 
t entre of an octahedron composed of four oxygen atoms in a plane and belonging 
to water molecules, and two other oxygen atoms belonging to sulphate groups 
at tho two vertices. 

Let the matrix [^w*n] = F ^ 7 ^ T 

I oos / 1 cos a I 

cos cos a 1 J 
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wliere a, and y aro the crystallographic triclinic angles, 82°16', 107°26' and 
i02®40' respectively. Hence the reciprocal matrix is 




1.1394 0.2076 0.3136 “ 

0.2076 1.0662 -0.0799 

0.3136 -0.0799 1.1047 


Krishnan and Mookhorji (1938) have taken the lines joining the sulphate 
oxygons at the vortices of the octahedrons, as the magnetic axes of the ions. 
Taking the crystallographic axes a, 6, c, as the coordinate axes, the obhqtijio carti- 
sian coordinate {x, y, z) of any atom i.s found by multiplying the positions given 
by Beovors and Lipson, by a, h, c the dimensions of the unit cell. A lino '.joining 
two atoms in ijositions (xj^, iji, z^) and {x,^, z^) may bo expressed (Ghosd;, 1964) 

as a contravariant vector matrix 


(*2 ^i) 

(Vi-yi) 

(S3-52i) 




r (a^a-a^i) n 

or as a covariant matrix [ f/i “ l^wnl iVz — .Vi) 

.. (Sa-2i) J 

On dividing if 2 , i-f^ hy the length of the vecdor, i 0., the square root of thii 
product of the covariant and contravariant matrices, we get the direction cosines 
of this line The latter form a unit covariant vector matrix [cos 0® cos (f>^ cos 0®J 
The calculated values for and Z 2 , the axes of the two copper ions agree with 
those given by Krishnan and Mookhorji and aro shown in Table 1. 

However, the octahedrons are not regular and the water oxygens are closer 
to the copper ions. So the magnetic axes are likely to be closer to the normals 
to the planes of water oxygons. The lines joining one of these oxygens with ad- 
jacent oxygons may bo expressed as before by two contravariant matrices 



A normal to the plane containing these two lines is given by (Ghose, 1965) by the 
covariant vector matrix 


ITi V, V,]=[{YZ-Zr) (ZX~XZ) {XY-YZ)] 


To got the direction cosines, Fj, Fg, F3 aro divided by the square root of the matrix 
product 





These values for and Tg, the tetragonal axes of the two copper ions are shown 
in Table I. Those for differ considerably from the corresponding values cal- 
culated by Ghosh and Mitra (1964). 
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TABLE I 



00 s 0a 

COB 0^ 

C’OS t*/ 

Zi 

0.2026 

-0 6479 

0.0179 

Zz 

0 3372 

0 7489 

0 3507 

Ti 

0.0616 

—0.6625 

0.6622 

Ta 

0.3664 

0 7104 

0 3823 


To caloulato tho ionic anisotropy, equation (17) may be used. TJi(» angle 
hetwoon the two ionic axes, either and Z^, or and 7’.^, is obtained easily by 
forming the scalar product of tho two unit vectors, and is given by 

(!OS 0 — [cos cos cos r cos 02 “ 

cos 0 ^*' 

L cos 0a® J 


The value of cos0 is thus found to bo —0.1355 for Z-^, Z^ axes, and —0.1633 for 
1\ axes. 


To find the values of and whatever bo the plane in 'which anisotropy 
IS measured, tho unit normal to tho jilane can bo exprexsed a,s a contravaiuant vector 
matrix with respect to the crystallograiihic axes (Ghose, 1955). If tho plane of 

jiioasuroment be ihhl), then the normal is a covariant vector 1.1 or a contra- 

1 Ltt 6 c J 

variant V 0 otor[F^ F^J =f 1^1] dividing each element F^ etc., 

Lobe j 


by the magnitude of the vector, i e., the square root of [F^ V‘^ 


rvn 

yz 

73 


we 


got a unit contravariant vector, say 

Again if the plane of measuromont bo perpendicular to botli the plaiuis (hid) 
ul {h'k'V) then the normal is a contravariant vector 



a{ld' — h'l) ~\ 

h{W—Vh) , which may be changed to 
c{hk'--h'1c) 


a unit vector as before. If during moasuronients, one of tlui crystallographic- 
axes is the normal, then the unit contravariant matrix has a every simple form. 


Thus with the c axis normal, it is euqal to 



4 



46S 


J. S. Oht»6 


Now 7, y', are the matrix produQtp of the contravariant unit matrices in 
the direction of the normal to the piano of measurement and the covariant umt 
matrices in the directions of the magnetic axes of the two ions. 

Krishnan and Mookherji (1938) have given the observed values of anisotropy 
in eight different planes of CuSOi-nHgO crystal. These are shown in Table II. 
Tlio principal ionic anisotropy has been calculated in each case. The values 
obtained by using anrl Tg, the normals to the planes of water oxj^gens, arc 
shown in the last column, while those obtained by using and Z^, the directions 
of octahedron vortices, are shown in the column last but one. \ 

TABLE II 


Observed Calculated 

Mode of susponHion Aiuaotropy loaic anisotropy 

(Z) (T) 


(Til) horiz. 

26 

180 

130 

a axis vert . 

60 

290 

3(^ 

(TlO) horiz. 

117 

403 

412 

(100) horiz. 

146 

436 

513 

C axia vert. 

183 

485 

421 

(110) horiz. 

213 

572 

678 

(TOO) and (Til) vert. 

263 

550 

66.5 

(TlO) and (111) vpit. 

204 

642 

562 


It is found that as observed anisotropy increases, the calculated values of 
ionic anisotropy become more consistant, as was to bo expected from the discus- 
sion of probable error in the last section. The last three sets indicate a value of 
560 with a probablo error of magnitude 20, i.e., about 4%. Actually a much 
higher error should bo expected due to the uncertainty regarding the directions of 
the magnetic axes of the copper ions. From Table I, it is seen that the angle bet- 
ween the direction of the normal to the plane of water oxygens and the direction 
of the line of the sulphate oxygens at the vertices of the octahedron, is nineteen 
degrees for the first copper ion and four degrees for the second. Similar variations 
ill the value of ionic anisotropy calculated with the two sots of axes indicate that 
neither of them may be considered more correct than the other. 

Krishnan and Mookherji (1938) obtained a value of 650 for the ionic ansotropy- 
As a first step they determjned the directions of two magnetic axes by trial and 
error, such tliat the ratio .4 /(sin 0 sin 0') is constant where 0 and 0' are the angles 
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between the normal to tho piano of moaaurcmont and tlie magiiotic; axes. How- 
('ver, with the best fit that they could obtain, tliO ratio varied between 273 and 296 
or by about 4% indi(3atiiig a corresponding maximum error in either tho inoasurcv 
nients of anisotropy or in tho suspensions of the crystal. Consequently, the errors 
in tho last three Sets of values in Table TT are no more than the maxiinuni errors 
duo to anisotropy moasuromont. 

More satisfactory results can not bo expected for the copper sulphate crystal 
Firstly, tho oxygon octahedrons surrounding the two copper ions are not exactly 
similar, so that tho magnetic susceptibilities of the two ions are probably different 
Secondly, tho octahedrons are not regular, so that axial symnietiy of the ions is 
mily approximate And lastly greater accuracy can bo expected in those crystals 
where tho ionic axes are not so nearly perpendicular to each other. 

Principal ionic susceptihiliiies 

To determine tho principal ionic susceptibilities, it is necessary to have one 
raeasuremont of absolute value of suscoptibility, such as the mean suscojitibility 
of the crystal or tho maximum susceptibility in one of tho coordinate planes 
If tho average susceptibility x is accurately known, If, may be calculated by tho 
equation 

f (i£:,-ir,) = n 

Alternatively, the maximum susceptibility in a x)lano of tho crystal may bo 
(Ictormined with sufficient accuracy. Adding equations (6) and (7), we got tho 
c(piation 

Xii-\-X22 =- ^Xmax-^ 

Substituting the value of ;i^ii etc. from equation (2), and using tho orthogonal 
proiiertioB of etc., we get 

2K,+{K^-k,) ( 1 -^) 

Substituting the calculated values of {K^ — Kj) and as w^(dl as tho ob- 

served values of Xmam A, tho maximum susceptibility and anisotropy in x—y 
plane, the value of may be calculated. In case of axial symmetry of the ions, 
the same equation reduces to a simpler form, 

The error in or in JCx should be of the same order as tho error in dotermin- 
*16 Xmax> 0.2% because the other quantities in the equations ate small. Tho 
same error will ooonr in tho values of the other principal ionic susooptibilities 
calculated from tho values of principal ionic anisotropies, because tho latter quan- 
tities being small the absolute magnitudes of their errors will also he small. 
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NON-ANALYTIC SPINOR REPRESENTATION OF 
4-DIMENSIONAL LORENTZ TRANSFORMATION 
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ADSTRAGT. Thia rivob h roproanniatjoji of n I-dittiPiisionul Lorintz tidiinfoviruitjoii 
l»s iitilr/jn(^ tho complox: t,i nnaformnl ion oneKii lonts of a iinniimhilnr unitiny i-.pi]in]' Ininsfor- 
inul ion iloflnfMl in a uon-mialytii- complox space 'fho tionfmont is snniliir ir» tlioL followed 
ill ail oarlior papor whoro tho spinor rojirosonf al.uui ol .■»-tliimMi^ioiinl Ijovojil/ 1 1 tiunfonnalion 
was copsidored. 

1 N T K () ]> LT C T I () M 

In a complox twf) -dimensional non-analytic s-i)aco /S'., a special transfoiiiiation 
scliemo called ‘unimodular unitary non-analytic spinor tranaformaition’ lias boini 
fi'ameil. A mixed .spinor undergoing this transforinatiou is then shown to he 
assoc lated with a real vector undergoing a 4-dinHmHioii:\l Loi cntz transformation 
yielding the counectmg relations between the resiiective transforraation coefficients 
Tn a recent paper (Ghosh 1965) the ‘analytic spinor representation of 4-dimeu- 
sioiial Lorentz transformation has been considered and soini‘ general jiroperticH 
of such spinors studied, 

1. In an oarlior paper (Ghosh, 1962) the goiioral non- analytic s]mior trans- 
fonnation achomo in ha.s been formulated. Referring to § 2 of the next paper 
(Ghosh, 1964) one can define a unitary non-analytic spinor transformation in /Sfg 
by postulating the invariance of an olomontary spinor with component.s 

Vii = V!i = h ’?i2 = %i=0. V.f=0 C'C 

fog - f'O”! = 0 

undergoing the transformation given by (Ghosh, 1962) 

= ... (1.2) 

For the invariance of rj' ^ under unitary non-analytic spinor transformation "w^o 
put in the above and obtain the sot of conditions expressed in the fol- 

lowing matrix form : 


OL P X Jl 


a y —A —V 


10 0 0 

y d a- 


/? 8 -n -(T 


0 10 0 

^ k 'OL 


—A — v, a 7 


0 0 10 

,v <r 7 jy — 


— —fi —ir p 8 — 


_0 0 0 1— 
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(1.3) 
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In the above a,, ft, y.d denote the transformation coefficients 
refpoctively and A, /a, v, (t the transformotion coefficients 
respectively. Interchanging the order of the matrices in (1.3) we get an 
alternative set of conditions for unitary non-analytic spinor transformation 
The associated contravariant spinor will be defined by the nonvanishing 
components 

— 1^22 _ — — ^2S _ I 

so that 

V'‘"V^,=r'‘V.a -V (1.4) 

Baifliiip and loworing of spinor indices will be performed under the achon^o 

Thus 

™ —iif'iy 1^1 = — ^2 == ( 1 - 6 ) 

It may bo noted that tlio contravariant and the covariant transformation coeffi- 
cients are connected by the relations 


r,x« = i^x'^ 


( 1 . 6 ) 


To obtain tho appropriate spinor representation let us impose further restrictions 
on the unitary spinor field by iiostulating fho invariance of an antisymmetric 
elementary spinor d(‘finod by the non- vanishing components 

ri2 ^ -721 == h 712 = -721 = 


This leads to the following sot of conditions expressed in matrix form : 


a 

A 

f ^ 



s 

-/» 

— rr 



”*1 

0 

0 

0 ~~ 

7 

S 

V 

(T 


-7 

a- 

V 

-A 


0 

1 

0 

0 

A 

n 

a 

P 


— cr 


d 



0 

0 

1 

0 

V 

rr 

7 

s_ 


V 

-A 

-7 

oc 


_0 

0 

0 

1 _ 


In view of (1.3) this amounts to the additional conditions 
a = <y, 7, A = O’, fi=—v. 


(1.9) 


Wo shall call the unitary transformation thus modified ‘unimodular unitary non- 
analytic spinor transformation’. Obviously, this set of transfoi^mations will 
possess group property. 

2. Consider now a mixed spinor .ff/ satisfyl^ the struditui'feil ^nation 

= K,’ . ... (2-1) 



Non-Analytic Spinor of i-Dimensicmal, He. 473 

) that 

= k\ , = k\ 



K .1 = 0 , k\ -- 0 , 


(2 2 ) 


K\ =~K\ , k\ ^-k[ . 

Applying tho rule (1.5) of raising and lowering of Hpinor indiiies one (;an scui that 
K,,*" have the above structure if it is taken in the bilinear form 

K/ - . - (:J.3) 

Xi> lieing arbitrary spinors of rank 1. 

Lot us now express the components of the mixed spinor K/ in terms of four real 
quantities kt in conformity with the structural relation (2.2) m the following way : 

— —^3, 

ifj,! = k^-]-ik^, fci- -1*8, . . . (2.4) 

K\ ikg, k\ = -?:*o 
Here the invariant is assumed to be zero. 

Lot undergo a unimodular unitary nou-analytic spinor ti'anslormation in 
given by 

iC'/ = (2.6) 

where the coefficients of transformation satisfy (1.3, 7, 9). It can be verified tliat 
after tho transformation will have the same structure as that of so that 
v'c can express in the same way as (2.4), 

Rewriting (2.5) in a more compact form as a transformation formula involving 
a set of 4 mutually independent components Ki^, K^, of K/ and then 

converting this into one involving k^ expressed in the form 

fc,'=p^lfcj(<,j = 0,l,2,3) - (2'«) 

the real transformation coefficients pi^ are obtained as follows i 


^0 ^ a<J-^y-l-Acr-/iv, 
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= a/?— //A+/7a— A/<, = —iour-\-ijiy—ifi\i-{-iXS, 

— ioLfi—ipA~ificiL-\-iXp, pf^ = a.(T~-py—^\)-\-XS, 

= aa— AA4-///^^ Po^ — — iav+i/jcr+^yA— 

^ (iacr— ia( 7 -~?'/?v 4 ^Av+^A 5 — iA^— ipy+^py)) 

p^ — ^ (a(rH-a(r— /?v— /^?vH-A(y+Ai— py— py), 

Pi^ ^ i (a(y f ai— pv— pv i-y/?-l-y/?— trA— ( tA), 

= \ ( — iaS -\-ioc5-\ ?pv — ipv-hiy/? — iy/ff — icrA4'»crA), 
p^2 -— -iad'— ?pv4 V'^'V-l-i-y/? — ly/J - t<rX-\-itrX), 

p^ = ^ (a<54ai~pv--pv— y/5— y/ff4crA4o'A), 

Pi“ = i (ay4ay— /7<y— Av-“Av4p<^+P^^)> 

I (- ?!ay4^<3ty4'''/^<^— ■'^/?^ 4 ^Av~'tAv— ipcr-l-ipcr), 

Observing now that the invariant corresponding to Kp^, namely, 

(2.7) 

wo remark when Kp^ undergoes a unimodular unitary non-aiialytic spinor traiia- 
fonnation the inducjed real transfonnation on is a 4-dimonsional Lorontz 
transformation. It may bo noted that the conditions (1.3, 9) imposed on the 
transformation coefficients in the representation (2.7) is equivalent to the exact 
number of conditions required. 

On going over to tlie auxiliary real 4-Bpaoo R 4 one can frame (Ghosh, 1964) 
the particular transfonnation which corresponds to the-unimodular unitary non- 
analytic sxhnor transfonnation in S.;,, The mixed tensor which is obtained as 
‘analogue’ of Kp>^ while undergoing this tensor transformation in R 4 will then inducc 
a 4-dimen8ional Lorontz transformation to a vector, yielding the connoctionformulae 
of the rei)resentation expressed in real terms. 

ACKNOWLEDGMENTS 

The author wishes to thank Prof. S N. Bose, F.R.S. for helpful comments. 

BEFEBBNCE S 

Ghosh, N. N., 1962, Proc. nat, InsU Soi^ IinMa, 28 , 695. 

, 1964, Proc. nat, hist. Scu India, 80, 383. 

— , 1966, Proa nat. Lmt.lSti. t^id, 81 , 477 , ' ’ ” ' , ~ 



S3 

A PHOTOCHEMICAL MODEL OF THE MARTIAN 
ATMOSPHERE 

S. N. GHOSH AMD A. SHABMA 
J. K. Institute of Applied Physics, 

Allahabad Univeiisity Allahabad, India 

(Beceived March 17, 1066) 

ABSTRACT. On the basis of investigation, carried ujil-il now, tliu i oiistitupnl/s of the 
Martian ntmosphoro and tlioir relative abiiudanco at the siirhK'o lius bonji i fillr'otecl. Tlio 
altitude distribution of these constituents has been calculated after considorjug the hydro- 
htatio oquilibrium of the atmosphere and assuming the tomperalure distribution with jilLitiido 
m the Martian atmosphere given by Goody (1957). 'J’ho photmiheinical modifications of the 
major constituents (Na and COj) are then separately considororl It has been found that COo 
IS completely dissociated above 130 kra and N.j above 250 km. Considering the chomiluminos- 
(‘ont reaction between photodiasociatod pro^'acts and the main constituents of tho Martian 
atmosphere, it is found that tho flame bauds of 00^ and the red and violet, systems of CN may 
bo present in tho Martian airglow. 

INTRODUCTION 

With the great progress of space research achieved in recent years, the neces- 
sity of having more information of planets and their atmospheres is felt. One of 
tlio methods of investigating tho atmospheres of planets, may he to extrapolate 
the results obtained for the terrestrial atmosphere. For example, on detornun- 
ing the proton flux which is incident on the top of the earth s atmosphere causing 
thereby either directly or indirectly the aurora, the proton flux inoidont on tho 
atmosphere of Mars may be estimated. We have considered hero the atmos- 
phere of the planet Mars. It is expected that this planet will be the first one 
be explored by rockets. 

II variation of composition, tempera TURK 
and PRESSUltE WITH ALTITUDE IN THE 
ATMOSPHERE OF MAKS 

The investigation of the Martian atmosphere which has been earned out uptil 
now, (Kuiper, 1962; Urey, 1969; DoUfus, 1951), reveals tliat N,, CO,, Ar and some 
amount of Og and H 2 O vapour are present in its atmosphere. 

The table below gives the composition and certain characteristics of the 
Martian atmosphere at its surface. 

476 
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TABLE I 


N 3 

219.00 gm cm -2 

0 O 2 

5.98 gm cm“2 

Ar 

1.28 gm om '2 


0.35 gm cm ~-2 

HjO 

0.042 gm cm"!* 


Total mass of the atmosphere 227 00 gm om “2 
Average surface temperature 300®K 
Average pressure at the surface 8 . 87 X 10* dynes cm -2 
g at the surface 391 cm seo~' 


From the variation of temperature with altitude in the Martian atmosphere 
as given by Urey (1959) estimated from Goody’s (1957) calculations, the Martian 
atmosphere can be divided into throe regions as follows : 


Datum Temperature Temperature 
Region Altitude Zq at the Datum Gradient 
(km) (km) Altitude To, (°K. lan~i) 

CK) 


0-30 

0 

300 

-3.76 

30-90 

30 

187.5 

-0 96 

90 and above 

90 

130 

- +1.06 


Assuming complete mixing of the constituents of the Martian atmosphere 
upto 130 km and neglecting the variation of g with ailtitude, the altitude distri- 
bution of the constituents has been calculated after considering the hydrostatic 
equilibrium. The equation is 




-{•rngjlM + l) 


... ( 2 ) 


where a is the rate of increase of T with height. 

The moan molecular mass m has been obtained from the relative abundance given 


A Photochemical Model of the Martian Atmosphere 477 

111 tho Table 1 . The oaloulatod diatributions of COg, H^O and Og upto 130 kiu 
.irc shown in Fig. 1. 

TEMPtRATUHE "k 



Fir. 1. Tho oolculated distributions ol Nj, CO 2 , 11*0 and Oa upto 300 Km. in tho Martian 
atmosphere. 

The distribution of the constituents above 130 km, i o. in tho region of dif- 
fusive separation has been calculated from the following equation . 


n„ 

=f -“-T* 

^ ktJL / 

^i+130 




which is obtained after replacing m by the molecular mass Wi* of the i t ^ 

tuent. Tho distributions of atmospheric constituents of Mari above . m 
and upto 300 km are also shown in Fig. 1- 


MODIFICATION OF ATMOSPHERIC D ^ ® BUTTON 

BY PHOTOCHEMICAL REACTIONS 


In this section, we shall consider the distribution of the two main constituents 
(N, and CO,) of the Martian atmosphere as modified by photochemical reactions. 
Duo to solar ultraviolet radiations, N, is dissociated into two a oms an 2 
into CO and O. As these dissociated products are very reactive, t ey ^o u 
many chemical reactions leading to a complex photochemistry ^ the 
atmosphere. We shall now consider separately the dissociation o , an a* 
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equation 8 and 12 the distributions of COg and N 2 as modihed by photoohemical 
reactions and correct to the first approximation is calculated. 

In order to obtain the distributions of Na and COa correct to the second ap- 
proximation, the transmission (joefficionts are recalculated after assuming the 
above distributions of Ng and COg correct to the first approximation. The modi- 
fied distributions of Ng and 00^ correct to the second approximation are given m 
Table II and in Fig. 3. 



Fig. 3. The distributions of N 3 ttiid in the Martian atmosphero at modihed by photo- 
ohemical reactions. 


DISCUSSION _ 

The greatest source of error in the determination of the altitude distributions 
of the constituents in the Martian atmosphere is the uncertainty in the distri- 
bution of temperature with altitude. In the present calculation, the tempera- 
ture distribution given by Goody (1957) has been adopted. If, however, the 
Martian atmosphere is assumed to be isothermal having the same temperature 
as at the surface, the distribution of the total particle concentration with 
altitude is given by 

[ kT 1 

which gives the distribution as given below. 
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TABLE I 


ns (cia“8) 

ns (cni"8) 

Altitude 

Isothermal 

Goody’s Tomp 



distribution 

0 

2.14.101B 

2 14 lOi!. 

100 

2.53. lOio 

1. 99.1016 

200 

2.98.1014 

9 30.1021 

300 

3.62.1012 

7 22.10B 


li is t(^ bo noted that at 300 km the total particle concentrations obtained 
from the two temperature distributions differ by about two orders At lower 
altitude the differenoo becomes less. 

TABLE II 

Tho distribution of Ng and COg as modified by photochemical 
reactions 


Altitude 

Km 

ii(COa) cm-8 

n(CO) r.rn-3 

11 (^ 2 ) cm"' 

0 

3,64X1010 



2 09X1018 

10 

2.68xl0‘6 

— 

1.49x1018 

20 

1.74X1010 

— 

l.OOxlOiB 

30 

1.09X1010 


6.30X1017 

40 

5.54X lOis 

— 

3.19X1017 

60 

2.71X1010 

1.93X107 

1.56x1017 

60 

1.16x1010 

6.29x1010 

6.67x1010 

70 

6.68x1014 

2 02x1011 

3.27 XlOio 

80 

3,14x1011 

6.74X1011 

1.81X1010 

90 

9.78X1013 

1.34X1012 

5.71x1015 

100 

3.18 X 1015 

2 . 22 x 1012 

1 96x101-5 

110 

9.60x1012 

2 93x1012 

7.23x1014 

120 

9.00x1011 

4.08X1013 

2.87x1014 

130 

3.00x1010 

2.00X1012 

1 .20x1014 

140 

7.60x100 

9.13X1011 

6.30x1010 

160 

2.44x107 

2.86x1011 

2 46x1013 

160 

9.82x105 

9.49X1010 

1 19X1013 

170 

5.39X104 

3 33X1010 

6.92x1012 

180 

3.68x105 

1.23X1010 

3.02x1012 

190 

2.81X103 

4.70X100 

1.56X101= 

200 

2.47 XlOf 

1.89X100 

8 00X1011 

210 


7.91X109 

4 04X1011 

220 



3.42X109 

1.02X1011 

230 



1.62X108 

8.36X1010 

240 



7.00X107 

3 20X1010 

260 



3.43x107 

1.13X1010 

260 



1.62x107 

1.68x100 

270 



8,04X100 

8.59x105 

380 


4,08x100 

2.41X108 

290 

— 

2 . 12 x 100 

6.58X107 

300 



1.13X100 

1. 91X100 


n(N) C!m-> 


3 

.28 

X 

10- 

0 

.44 

X 

100 

4 

33 

X 

100 

1 

24 

X 

1011 

J 

90 

X 

lOii 

2 

.22 

X 

1011 

2 

64 

X 

1011 

2 

64 

X 

1011 

2 . 

65 

X 

1011 

2 ' 

65 

X 

1011 

2 , 

.67 

X 

lOii 

2 

44 

X 

1011 

2 , 

22 

X 

1011 

1 ! 

.91 

X 

1011 

1, 

.62 

X 

1011 

1 

.11 

X 

1011 

7 

.92 

X 

1011 

6 

.06 

X 

lOlo 

3 

.36 

X 

1010 

2 

.17 

X 

lOlO 

1 

.44 

X 

101" 
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TABLE in 

The photon flux at the top of the Martian atmosphere and the absorption 
cross-section of COj, between 1750 A — 1076A. 


KogKm 

A Morption 

Photon flux 

liegiun 

Absorption 

Photon flu 3 

X lOaOm-3 

fU'oss-Beciion 

cm’2 sec-2 

Xl03 cm 1 

croas-SGc*. of 

cm 2 got j 


of CO* cm a 



COg cm 2 


55 — 66 

1 X 10-2i 

0.635x1011 

74 — 76 

9 10 x 10-10 

1.055xi0i( 

55 - 67 

1 Xl0“2i 

4.722x1011 

76 - 76 

9.11 X 10-10 

' 6 . 034 X lOD 
y 760x100 

57 - 58 

8 . 62 x 10-21 

4.671X1011 

76 — 77 

8 63x10-10 

68 - 69 

1 .78 X 10-20 

3 966x1011 

77 — 78 

0 24x10-10 

,^.600 X 10s 

59 - 60 

4.28 X 10-20 

1.946X1011 

78 — 79 

4.57x10-19 

3;491xl0s 

60 - 61 

7,04x1“ 020 

1.889x1011 

79 — 80 

3 OOxlO-io 

1 41SxiOo 

61 - 62 

1.15x10-10 

1 .821 xlOii 

80-81 

1. 70x10-10 

7.029x10'’ 

62 - 63 

J .77 xlO-io 

1.273x1011 

81 - 82 

9.00X10-20 

3 254 x108 

63 — 04 

2 60x10-10 

7 482x1010 

82 - 83 

6 00 X 10-20 

8 620X101' 

64 — 66 

3 56x10-10 

7 241x1010 

83 - 84 

4 00X10- 20 

1 919X100 

65 - 66 

4.69 XlO-io 

7.030X1010 

84 - 85 

5 00x10- 20 

3.017x10!. 

66 - 67 

6.46x10-19 

6.420X1010 

85 - 86 

3.00x10-10 

1.057X100 

67 - 68 

6.63x10-19 

2.464x1010 

86 - 87 

2.71x10-10 

2 .888x100 

68 — 69 

6 87x10-19 

2 386x1010 

87 — 88 

9.00x10-17 

2.801X100 

69 - 70 

6.97 X 10-10 

2.320X1010 

88 — 89 

6 76x10-17 

2.760X100 

70 - 71 

6.17x10-19 

2 308X1010 

89 — 90 

1.03x10-16 

2.694X100 

71 - 72 

6 76x10-10 

1 538x1010 

90 - 91 

1.92x10-17 

2.487x100 

72 - 73 

0.36 X 10-19 

6.617x109 

91 — 92 

3.05 x 10-17 

1.026X100 

73 74 

7.17x10-19 

6 379X109 

92 - 93 

1 02x10-17 

9 621X100 


The distribution of the dissociated products may bo modified by chemical 
reactions between Ng, COg, 00 and N’ It is apparent from Figs. 3 and 1, that 
the effect of the dissociation of Og (which is neglected in tho present calculation) 

on the distributions of COg, CO and O is negligible below 200 km owing to the low 

concentration of Og, but becomes appreciable above this altitude. Although 
the concentrations of OH and H (produced by the photodissociation of HgO hy 
solar ultraviolet radiation below 1800A, (see Watanabe et al., 1953) maybe very 
small below 200 km but because of their reactivity tho photochemistry of the 
Martian atmosphere can bo altered considerably. Furthermore, the reactions 
betw'eon N, Ng, O and Og can produce the oxides of nitrogen, which are recently 
reported to be present in the Martia atmosphere (Kiess et al., 1960) 
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TABLE IV 

Distribution of Ng molecules in the Martian atmosphere. 


Alljindo 

ii(N) 

n(N) 

with n(liv) 
xKv=10“i« 

n(N) 

with n(hv) 
xKv— 10-12 

11(N2) 

n(N2) 
witL n(liv) 
XKt^.IO- 10 

n(N) 

witli n(hv) 
XKv-- 10-13 

0 


_ 


2 OOxlOis 

2 OUxlOis 

2 09X10*8 

10 

— 

— 

— 

1 49X101S 

1 .49X1018 

1,49 X lOio 

30 

— 

— 

— 

1 OOXIOIB 

l.OOxlOiB 

1 .00x1018 

30 


— 

— 

6 30X1017 

6.30x1017 

6..30xl0i7 

40 


— 


3 19x1017 

3 19X1017 

3 19X1017 

TiO 



— 

— 

1 .56X1017 

1 .56x1017 

1 56x1017 

60 



— 

- 

0.67 X 1017 

6.67X1017 

0.07 X 1017 

70 



— 

— 

3.27x1010 

3.27X1010 

3 27x1010 

SO 

__ 

— 


1.81 XlOio 

1 .81 xlOio 

1 81x1018 

90 



— 

5 71x1015 

5.71 X1015 

5.71X1016 

100 

3.28X10? 

1 29X1011 

1.29x1010 

1 OflxlOiB 

1 97X1015 

1 96x1015 

no 

6.44x100 

1 60X1011 

1 60X1010 

7.23xl0n 

7 23x1014 

7.23 X 10*1 

120 

4 33X100 

1 9 XlOii 

1.9 xlOio 

2 87x1014 

2 87x101* 

2 87 x1014 

130 

I .34X1011 

2 OlXlOn 

2 OlXlOio 

1 20x1011 

1 20x1014 

1 20X1014 

140 

1 90X101' 

2.94 XlOii 

2 94x1010 

5 30X1015 

5.30X1018 

5 31 X10I3 

ir.o 

2 22xl0n 

3 26x1011 

3 26X1010 

2 4C)Xl0i;i 

2 46X1013 

2 47X10'3 

160 

2 04X1011 

3 38x1011 

3 38xl()io 

1 19x1013 

1 18x1013 

1 20X1011 

170 

2 64X1011 

3 41 xlOii 

3 46x1010 

5 92x1012 

6 48X1012 

6 84 X1013 

ISO 

2 GGXlOii 

3 40X1011 

3 49X1010 

3 02x1012 

1 99X1012 

3 14X1012 

190 

2 05x1011 

3.36x1011 

.3..52X1010 

1 56X1012 

1 52X1012 

1 07x1012 

200 

2 57 XlO'i 

3.24x1011 

3-54x1010 

8 00 X ion 

7 66x1011 

9. lOxlOir 

210 

2 41 X ion 

1 72x1011 

3.06 xlOio 

4 04X1011 

4 40X1011 

5 08x1011 

220 

2 22x1011 

2 79X1011 

3 67x1010 

1 92X1031 

1 .64x1011 

2 84X1011 

230 

1 91 XlOii 

2.34x1011 

3 76X1010 

8 35x1010 

6.34 XlOio 

1 60X1011 

240 

1.52X1011 

2 09X1011 

3 78x1010 

3 20x1010 

2 56x1010 

9 07 X1010 

2.^0 

1 11 xlOii 

1 16x1011 

3 46X101" 

1 13x1010 

1 0.5X101(1 

5 01 XlOio 

260 

7 92 X lOio 

7 86x1010 

3.21 XlO'o 

1 58X10" 

1 90x10" 

2 64x1010 

270 

G.OOxlOio 

5 18X1010 

2 00 XlOio 

8 59X101 

2 00x108 

1 .12X1010 

2S0 

3 36X1010 

3 33xlOiO 

2 43x1010 

2 41X10R 

1 .50x108 

4.75X102 

290 

2 17x1010 

2.19X1010 

1 84X1010 

6.58X101 

1 80X108 

1 69X10" 

300 

1.44X1010 

] .45 X lOio 

1 32X1010 

1 91 XlOo 

3 30X108 

6 00x10" 


It is to bo noted from Table II that above 30 km. the atmosphere of Mars 
1!^ denser than tho terrestrial atmosphere (Vaucouleurs has also obtained the same 
msult, 1960). The oonoentrations of dissociated species (CO, O, N, OH and ) 
are also much higher. It is known from laboratory experiments that reactions 
biitweon those constituents produce chemiluminescence and hence an airg ow 
in tho Martian atmosphere can be produced. Tho spectrum of tho airg ow is 
expected to contain COg and ON band systems for the following reasons. It 
iB a well known fact that COg bands are emitted from CO— Og flames at ordinary 
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tonjporatuTos. Auoording to Gaydon (1957), such band emission may be oaiised 
by the following reaction ; 

O+CO+Jf-^ COa+J*f 
CO*2 — ► C02~|“/*’V. 

In the martian upper atmosphore where both O and CO are present, COg band 
emission is therefore expected. Again, recently Broida and Heath (1957), observed 
a luminous reaction between CO and N emitting red and violet systems of CK. 
These bands of CN are also expected to be present in the Martian air gloiw. 

In Table II the N-atoni concentration has boon calculated by apj^ying oqu 
(13.). In this calculation, it has been assumed that every absoiption \of photon 
prodissociates Ng molecule This may not hajJiien in reality. In order fo obtain 
the range of concentration of N atom in the Martian atmosphere, two concentra- 
tions have boon calculated for tlie limiting lower dissociation pro>)abilitics (10“’^’ 
scc“^ as given by Bates, 1953) and given in Table IV and from 10“® sec-^ given 
in Table III. 
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NOTES ON HIGH VOLTAGE THYRATRON PULSER AND ON 
FILLING GAS FOR NEON TUBE HODOSCOPE CHAMBER 
B K BANDYOPADHYAY and SUBHRA BHATTACHAHYA 

PHYSK^AL LaBOHATOKY, PaMSIDJtNCY COLLEGTS, 

CAIiCUTTA-12. 

(Received July fi, 1066) 

Tw^'o inportant consiclcrationfl for siiocossfiil operation of neon tube hocloHcoxie 
ciluijubor recently doveloperl by Bandji^opadhyay ct nl (1906) and not reported 
in tlio said jiaxier are pointed in this note in brief. 

Thyrafron Pulsars : In order to iiioroase the time rosr)lution of piilsod neon 
tube Iiodoscopo chamber for iiarticlo selection, it is always desired to have a narrow 
]ni‘lse of short rise time under load and the pulse should 1)0 applied as soon as 
all(^r the passage of an ionising particle through the chamber. The value of the 
applied pulse voltage is denoted by the value of the anode voltage of the thyratron 
divided by the distance between the plates of the chamber. We have used a 
iiC22 hydrogen filled thyi’atron in our experiment. 

The thyratron time delay is composed of two parts, the ionisation time of the 
grid -cathode region and tho breakdown of the grid-anode space. The largoj- 
delay is in the former and may be reduced by tho application of a high input jiulsc. 
Tlie second delay is a function of tho plate voltage. 

Sinco a large grid drive tends to decrease the delay of tho thyratron, a high 
poAS'or EFP60 trigger circuit has been, developed for otir experiment as shown in 
Pig. 1. The tube is normally cut off and uses positive food back from dynodo to 
gnd. The output from the dynode may give a largo power mainly duo to 1600V 
applied to tho plate of the tube and to rather generous cathode omission charac- 
tcM’istio of EFP60. Moreover, the dynode surface is very sensitive and emits a 
f'opious amount of secondary electrons, on tho average about four for each inci- 
dent primary electron. Other methods to reduce the delay time include the in- 
orcase of heater current of the thyratron and the application of a positive bias 
Voltage to the grid. The later is significant nearj^the^firing potential. 
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Letters to the Editor 


Tho simplest sliape of the high voltage pulse is approximately an RC expo- 
nential decay, whore C is the output capacitor and R a resistor across the chambei'. 
For our experiment wo have selected the value of 10“’sec. for the time constant, 
i.e., C — ().001-//-F and R = lOO-ohms, and tho condenser is chargbed to a poten- 
tial of 8KV from a conventional high voltage power supply. 



Fj{;. 1. High Power EFP60 Trigger Oircnii. 

N-~-iiirJicateR tho puMition of tho »*ha.mbor. 

Filling Gas In order to get bettor efficiency the tubes should be filled 
with the mixture in which a small amount of argon is added to tho neon. Tlio 
addition of argon increases the specific ionisation. One can find data about this 
m an article by Bruyvosteyn and Penning (1940). Tho main idea is that if one 
has neon alone, then in course of tho avalanche, the electrons jiroiluce ionisation 
which gives rise to a multiplication of the electrons, but more frequently tho elec- 
trons raise neon to an excited state wliich then does not improve the reproduction 
factor of the electrons In mixture of neon with a small amount of argon the exci- 
tation energy is partly used for the ionisation according to the reaction 
Nc*H-Ar— ► Ar+-|-e“+No. 

Excited neon collides with argon and gives ionised argon plus noon, now de-excitod, 
so one gets in this way a much higher efficiency for reproduction of electrons, 
and the breakdown voltage oc(5urs at much lower values. 

We would like to express our appreciation to Professor R. L, Sen Gupta and 
Dr. M. M. Biswas for their advice and encouragement. 
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ELASTIC SCATTERING OF ELECTRONS BY HELIUM 
ATOM IN OCHKUR APPROXIMATICN 

S. N. BANERJBE, R. JHA and N. C. SIL 

Department of TnEORETiCAX, ViiYaiciH. 

Indian Association fob the Cultivation of Soienoe. 

Jadavpur, Calcut'J’A-32 
{Received June 15, 1960) 

AVe have applied Ochkur (1964, 1905) approximation to tlio elastic scatteiiiig 
of electrons hy helium atom at the energy 100 ov where Born’s aiJiiroxiiiiatioii 
IS expected not to be valid particularly for diflerential cross-sections ]{0) at vi>ry 
small angles of scattering. Wo have eomimted I{0) at 100 t*v for angles ranging 
from 0“ to 180°. Hero we find that the marked disagreement hoLween the experi- 
mental findings of Hughes ei al, (1932) and the results of tbeorctical calculation 
ol Kliare and Moiseiwitsuh (1965) using static? field aiiproximation is remoeod 
considerably particularly at forward scattering angles Moreover, an overall 



„ Differential cross section f(0) for the elastic Hcattoriiig of electrons by helium atoms, 
oirvo A-pMsent ooloalation ; curve B-odculation of ICharc cud Mo.Beiw.tacI, (1B65) ; 0, 
..xperimoatal pointE. of Hughes et ol. (1032) normsliHod to the tbcorotioal curve lo. 700 ev 
obtained by employing the Born approximation- 
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agreement throughout the angular range is obtained, as can be seen from the 
adjoining figure. 

It may bo montionod here that the ground state wavefunction of helium 
atom wo have used is that of Greon et al, (1954), i.e. 

foK ‘^2) = 

where ^(r) = 

with N = 1.48423 

C = .60 

Z = 1.4558 

Furthor calculations arc in progress and will bo published soon. \ 

The authors arc thanltl'ul to Prof. G. Baau for his kind interest and valiialjk 
discussions throughout the progress of the work 
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ELASTIC AND INELASTIC SCATTERING OF ELECTRONS 
BY ATOMIC HYDROGEN IN OCHKUR APPROXIMATION 

R. JHA, S N. BANERJEE N. 0. SIL 

DKrAiiTMigNT OF Theortbtioal Physics, 

Indian Association fob the CuiiTivATioN or Soiknce, 

Jadavfub, Calcutta -32. 

{Received June 9, 1960) 

For tli 0 processes of elastic and inelastic scattering of electrons by atoms, 
recently Ochkur (1961) lias given a formulation wliich differs from the Born- 
Oppenheimer approximation by the neglect of certain higher order terms. By 
fJoing so, Ochkur obtains for the case of exentation of He atom by an incoming olec,- 
tron, results which agree with experimental findings better than tht)se obtained 
witli other methods. Ochkur (1965) has applied the same method to determinti 
ionisation of hydrogen atom by electron impact and ho obtains quite close agree- 
jiiont witli experimental results 

We have applied Ochkur 's formulation to determine the IS- IS elastic; scatter- 
ing of the electron by hydrogen at 13.6 ov and also to find the dc‘grco of IS to 2S 
state exiiitation of the hydrogen atom when the energy of the incoming electron 
is 11.7 ev, which is near the threshold energy. The total elastic cross-section 
(IS-IS) for 13.6 ev turns out to be radius) compared 

with the value 4.748 Trag® obtained by Burke et al, (1963) from close-coupling 
approximation; there is no experimental results for this energy, the noarost 
experimental value is about 4.87rcto’* at 12.3 ev. The total excitation croas-sootion 
(lS-28) is 0.292 obtained by us v'^hereas the corresponding value of Burke 
cl al, (1963) from close- coupling approximation is about 0.26 Tra^^; the experimental 
value of Lichten and Schulz (1959) is (0.35±0 05) Tra^^ Ooiisidering the extreme 
simplicity of calculation with Ochkur method, the agreement with experimental 
results is commendable. 

We may mention here that Born-Oppenhoimer method tends to give mislead- 
ing result near the threshold energy. 

Numerical calculations of elastic scattering for IS-IS process 1S-2S as well 
as 1S--2P excitation processes arc in progress and will bo published soon. 

The authors are thankful to Prof. D. Basil for his kind interest and valuable 
discussions throughout the progress of the work. 
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AN X-RAY STUDY OF GHAKSINE lOPIDE 

S. 0. BISWAS AND S. K. TALAPATRA 

Indian Association for thb Cdi.tivation of Science, 

Caloutta-92. 

[Reaeived June 26, 1900) 

Alkaloid (jliaksine ia not cryatallisablo, but somo of its salts including\ChakBino 
iodide (Cji Hgo Na O 2 NI) can bo easily crystallised from an acquous \ solution 
of the substance An X-ray study to elucidate its crystal and molecular structure 
has boon undertakem. 

The crystals aro very thin, noodle shaped and brownish yellow in colour. 
The unit coll dimensions were obtained from oscillation and Woiasonborg photo- 
graplia along [010] and [001] axes using CuK„ radiation. The crystals were dusted 
with aluuiiiiium powder in order to standardise the radius of the Camera. From 
the photographs the crystal was found to belong to the monoclinic system with 
lUK^dle axis as the symiuotry axis. The dimensions of the unit coll arc given below 

a = 18.36A 
6 = 6.261 
c = 17.321 
P = H7‘'30' 

Zoro, 1st and 2n(l layer Woissonberg photographs along fOlO] and [001] gave 
the following conditions limiting possible reflections : 

hhl ; h~\-k = 2n 
hoi : [h = 2n) 
oko : {k — 2n) 

The space group is, therefore, C 2/w. 

The density, as obtained by dotation method in a mixture of benzene and 
bromofonu, was found to be 1.62 gm cm“®. The calculated density for four mole- 
cules per unit cell is 1.58 gm. cm“®. Further work is in progress. 

Authors express their sincerest gratitude to Dr. R. K. Son, D.Sc. for suggest- 
ing the problem and guidance, and to Prof. K.. Banerjoe, D.Sc., F.N.I. for his keen 
interest in the work. 
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MAGNETIC SUSCEPTIBILITY OF GRAPHITE ALONG 
DIRECTIONS IN THE BASAL PLANE 

Mias D. DAS 

Depahtmbnt of !Magnetism 
I j!fDiAN Association for the CxjuTivATroN of Soienoh, 
nAxcuTTA-32, India, 

{Received July 21, 1966) 

Tlio four electron Brillouiu zone in f?raphilo (Piitta 1969; MoClure 1967) with 
11 small overlap over only the vertical zone boundary ho that the motion of the fro(i 
( lurierH are mostly confined in the hexagonal piano, but Avith a thermal overlajj 
evidently confined in directions perpendicular to the jilane, is capable of ex})lain- 
lug to a largo extent the abnomial anisotropic diamagnetism, tlio electrical 
coiiductivity of the graphite crystals as also the fact observed by Dutta (1963) 
IJbliolohde and others (1967) that along the c-axis electrical conductivity increasos 
with tomporature, arising from the effect of the thermal excitation 

It is then to be expected that the thermally excited electrons responsible for 
tills property, should also contribute towards the magnetic susceptibilities in the 
liasal plane. Krishnan and Ganguli (1939, 1941) gave little importance to the 
accurate measurement of the small values of Xi> susceptibility perpend ioulai' 
to the c-axis, and its temperature dependence compared to that of the largo value 
of y,!, the susceptibility along directions parallel to the c-axis We have therefore 
carried out a series of very accurate and sensitive measurements of Xi 
wide range of temperature and the results are graphically represented in fig. 1 , 
wherefrom it is evident that with the rise of temperature Xi fi^-st slowly decreases 
upto about 550‘'K remains steady and then finally begins to increase from about 
(iOO®K with further rise of temperature. Krishnan and Ganguli ’s (1939) results 
arc also given in the same graph for comparison. 

This increase of Xi with rise of temperature at higher temperatures observed 
by us is evidently to be attributed to the increase in the number of carriers, as 
in case of many other semiconductors, grey tin for example (Busch and Mooser 
^953), by the process of thermal excitation across the Brillouin zone boimdaries 
perpendicular to the c-axis. This excitation may be either intrinsic or extrinsic 
or combination of these. XJbbelohde’s (1960) observation, of a probably positive 
^ign of thermoelectric power along the c-axis in graphite, seems to indicate more in 
favour of the extrinsic process, the carriers being positive holes. But before ao- 
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cepting such a view more accurate investigations on Hall-effect and thermoolocs 
trie effect are necessary. 



ToinporatuvR variation of Xj., tho suRfoptibility of Graphite along tlie basal piano. X\ 
in C.G S. o.in.ii 

The observed decrease of ;\;iWith the rise of temperature at low temperatures 
is to be ascribed according to the suggestion of Bhattaoharya (1965), to tho pro- 
sonco of a component of xw (fhe abnormal part of susceptibility in graphite) (hio 
to crystalline derangements, tlie decrement getting progressively smaller >ritJi 
the rise of temperature. A quantitative estimate of tho observed values of Xi 
according to the above- suggestions is in progi’ess and will he published soon 

In conclusion the author wishes to express her best thanks to Shri A. K 
Dntta for suggesting tlie problem and guidance throughout the course of the work, 
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THE VISIBLE ABSORPTION SPECTRUM OF THE 
SnS MOLECULE 

R. YAMDAGNI and M. M. JOSH! 

Depahtment of Physios, Univebsity of Allahasad, Allahabad, India 
(Received August 20, 1965) 

Plate IV 

ABSTRACT. Tho viaiblo spoctrum of the diatomic tin sulphide inoloculo was known 
tt) conHist of only ono system in tho region x X 4700-4180. However, on the basis of results 
obtained by tho rotational analysis, Douglas, Tlowe and Morton (1961) have oondudod that 
more than ono oxeited oloctronie state should bo present in this region. Tho authors there- 
fore, rojnvostigated the visible absoi’ption spectrum of SnS and in fact two systems 
and C 4 -X, lying in the region X X 5050-4000, have been ronognised. The vibrational analyHOH 
Hoera to bo m conformity with tho rotational work Following exproBsions explain the 
proposed classifications' 

V<-X,v =22756.0 + 825.0(u'+I)-2-50(v'+i)2-487.7(n''+4) + l'J14(u''4 I)a. 

Cl4-X,v =23613.7+324.0(i/+i)-1.00(v'-|-i)2-487 7(n^-|-l)+l'34(v''+4)“ 

Porburbations have boon observed in v'=-^2 level of the B system and in i>'!=l level of 
the 0 system. Fragments of a third system D have also been recorded. 

INTRODUCTION 

The Bpectrura of the diatomic tin Bulphido molecule was for tho first time 
described by Butkow and Tachassoweimy (1934). Tlioy proposed two system 
viz. M3799^3277 and AA3764-2580. Rochester (1935) extended tiiese two systems 
considerably and also recognised tho new visible system A lying in the region 
AA4700-4180. Shawan (1935) working simultaneously but independently proposed 
a different analysis for the above system. The rotational analysis of the (0, 0) 
and tho (1, 0) bands of this system was also performed by Shawhan (1936). Wlnlo 
Sharma (1945) studied the far ultraviolet system, Barrow and coworkors (1963) 
investigated the Schumann region also. Hari Mohan (1957) has reported tho 
existence of a new but weak system in the region ^26900-2490. Roontly 
Bouglas, Howe and Morton (1961) have studied the rotational structure of some 
prominent bands observed in tho visible region. These workers have found 
that out of the four bands, analysed in the region, one did not contain the Q 
branch. This evidently led them to conclude that certainly more than one excited 
olectonic states are involved in these transitions and the various vibrational ana 
lyses proposed by the low resolution work were incorrect. However they did not 
suggest any fresh vibrational analysis for this region. It was with an object to 
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obtaia more information regarding the visible systems and the electronic states 
involved, that the present investigation was undertaken. 

EXPERIMENTAL 

The vacuum graphite furnace, described earlier by H. Mohan and K. Majumdar 
(1961), Was used for obtaining the absorption spectrum. A mixture of pure tin 
and sulphur was placed in a 16 cm. long graphite tube of 1 cm. internal diameter. 
Temperatures of about 1400°C were best suited for the strong development of 
bands. In order to avoid rapid diffusion of the vapours, from the experimental 
graphite tube, nitrogen gas was filled inside the furnace chamber at a pressure of 
56 cm of mercury. A 600 watt ribbon filament lamp served as the source W conti- 
nuum. Jilger E492 large quartz spectrograph was used for photographing the 
spectrum on Ilford R40 rapid process pancliromatic plates. Exposures' ranging 
from two to ton minutes were found enough to record the bands. 

RESULTS 

Wavelengths of the band heads along with the visual estimates of their in- 
tensities, wavenumbers and the vibrational assignments are given in tables I 
and II. Table III includes the bands forming two progression (a) and (b) with 
differences of ground state vibrational frequency. Unassigned' bands have boon 
listed in Table IV. Equations for representing the band heads are : 

B System^ (/IA6060-4270) 

V = 22766.6+325.0(v'+i)-2.50(v'+J)“-“487.7(v"+i)+1.34(w"+t)‘* (1) 

G System^ (AA4660'4000) 

V = 23613.7+324.0(v'+i)-1.00(«;'+i)2-487.7(v"-f i)+1.34(i;"H-i)2 ... (2) 

The v' = 2 level of the B system was found to be perturbed by about 60 om-h 
Perturbations of the order of 40 cm~^ were also observed in the v' = \ level of the 
G system. The spectrum has reproduced in figure 1, 

TABLE I 

V vao in cm~i Analysis 

X air in A Int. Oba. Calc. Authors Rochoater 

6046 0 0 19804 10805 (0,6) 

4969.5 1 20117 20126^ (1,6) X 

4928.3 2 20286 20277 (0,6) 

4879.3 0 20489 20440 (2,6) p X 

4865.0 3 20592 20597 (1,6) X 

4616.8 1 20766 20761 (0,4) 

(2,6) p 


4769.4 


1 


20961 


20912 


X 
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TABLE I {coM.) 


\ air in A 

Int 

V van 

Obe. 

in om~i 
Calc. 

Aindj 

Authors 1 

rsis 

Sioohesfcor 

4746.0 

3 

21069 

21071 

(1.4) 

X 

4708 . 9 

0 

21230 

21228 

(0.3) 

(0.4) 

4663.1 

0 

21439 

21386 

(2.4) p 

X 

4639.6 

1 

21548 

21548 

(1.3) 

X 

4606.5 

3 

21707 

21708 

(0,2) 

(0,3) 

4537.8 

2 

22031 

22028 

(1.2) 

X 

4505 . 3 

6 

22190 

22190 

(0.1) 

(0.2) 

4408 . 9 

4 

22676 

22676 

(0.0)* 

(0.1) 

4369.0 

1 

22882 

22825 

(2.1)P 


4320.3 

0 

23140 

23135 

(3.1) 


4279.7 

1 

23360 

23310 

(2,0)p 



p — Perturbed. 

• — Kotational analysis performed by Douglas and Coworkers and olassifiod 
as (y, o). 

X — Bands also observed by Kochesier and fittod in progrusaioiis. 


TABLE n 


X air in A 

Int. 

r vac 
Obs. 

in cm— t 
Gale. 

Analysis 

Authors Rohhosber 

4660.9 

1 

21495 

21466 

(l,6)p 

(l.B) 

4649.4 

1 

21976 

21930 

(1.4)P 

(1,4) 

4526 . 6 

3 

22086 

22085 

(0,3) 

(0.3) 

4494.0 

0 

22246 

22250 

(2.4) 


4453 . 7 

6 

22447 

22407 

(1.3)P 

(1.3) 

4430.6 

7 

22666 

22666 

(0.2) 

(0,2) 

4398.9 

2 

22727 

22727 

(2,3)U 


4360.6 

2 

22927 

22887 

(1.2)p 

(1.2) 

4337.8 

9 

23047 

23047 

(O.D* 

(0.1) 

4306 . 3 

1 

23215 

23207 

(2,2) 


4248 . 6 

10 

23631 

23532 

(0.0)* 

(0,0) 

4221.3 

2 

23683 

23689 

(2,1)U 


4183.8 

10 

23895 

23854 

(l.O)p* 

(1.0) 

4166.6 

2 

24000 

24007 

(3,1)U 


4136.4 

4 

24176 

24174 

(2,0)U 


4114.8 

1 

24296 

24297 

(7,3)U 


4109.3 

3 

24328 

24323 

(4.1)U 


4082.6 

4 

24487 

24492 

(3,0)U 


4063 . 1 

1 

24605 

24605 

(8.3)U 


4067.8 

3 

24637 

24637 

(6.1) 


4036.2 

0 

24776 

24777 

(7.2) 


4029.9 

2 

24808 

24808 

(4.0)U 


4018.2 

1 

24913 

24911 

(9.3) 



* — Rotational analysis performed by Douglas and ooworkers an o ass 
as (z, 1), (Zp 0) and (w, 0). 

TT — Bands left unolassified by Rooheater. 
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TABLE in 


(485) (486) (461) (980) (463) (943) 

(a) 24230 23746 23260 22799 21819 21366 00423 

(0) (1) (2) (1) (3) (1) (0) (1) (0) 


(500) 

(b) 24538 24033 

( 2 ) ( 1 ) 


(464) 

21644 21180 

(0) (0) 



5038.2 0 19843 

5006.8 0 19967 

4457 . 2 2 22429 

4329.1 4 23093 

4293.2 3 23286 

4218.0 0 23701 


DISCUSSION 

The absorption spectrum lying in the region AA6050— 4000 and attribulod 
to SnS molecule is quite complex and consists of two mutually overlapping systems 
B (AA5050-4270) and C (AA4660-4000) of which the former is somewhat weaker. 
It is interesting to compare the results obtained by the authors with those of ear 
lier workers. The authors have been able to record 57 red degraded bands in 
this region. The systems B and 0 consist of 18 and 23 bands respectively, 11 
appear to fall into progressions showing ground state intervals and the temaining 
five are unclassified. The vibrational scheme for SnS as drawn by Bochestor 
(1035) consisted of only thirteen sharp and intense bands having only throe v 
progressions. Besides reporting some unclassified bands, he also arranged a few 
progressions exhibiting the differences of the ground state vibrational frequency. 
Leaving aside four very faint ones, rest of the above bands have appeared on our 
plates. Shawhan (1935) had, however, classified only nine bands and failed to 
observe any vibrational quanta v' greater than unity. He had mentioned the 
presence of certain unclassified heads most of which" he had found to be due to the 
accidental grouping of rotation lines ocouring in the complex structure resulting 
from overlapping of bands corresponding to the numerous isotopes of tin. It is 
ouriouB to note that the vibrational assignments of these two workers wrer^ mutually 
inconsistent and while Rochester assigns the origin of band system to be at 23211 
cm-i, Shawliau reports the same at 23591 cm"^. Although the simple considera- 
tion of the Franck Condon principle indicate that 81iwhan's analysis is uipre 
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plausible^ it is, however, unable to explain the 4 bands attributed to “ 0 pro- 
gression by Rochester. 

The use of somewhat higlier temperatures m the prestmt investigation has 
resulted in the considerable extension of tho visible region liiihevto known as 
A and it is now possible to explain most of tho principal bands in terius of two 
systems, while fragments of a third one are also present. 

System B (AA5060--4270) 

The 487,7 cm'^ value of the ground state vibrational frequency of the SnS 
molecule is well established. The bands as explained by the equations (1) and (2) 
have therefore, rightly boon attributed to SnS. Leaving aside the ('.i 1) baud, 
all tho bands attributed to tho system B fall into throe progressions viz. w' = 0, 

1 and 2 Transitions involving u' > 3 are, however, found to bo absent. Tho v* — 0 
progression is well developed and self explanatory. Practically similar situation 
occurs for tho w' = 1 progression. The agreement of the observed and tho cal- 
(iulated band head data for those is also satisfactory. Further, thr> intensity 
distribution of tho bands belonging to these progrossionB also appears to be reason- 
able. However, a somewhat different situation arises for tho v' = 2 progression. 
The entire progression is poor in intensity and the observed and tlie calculated 
values exhibit a difference of about 50 cm-^ for each baud This suggests that 
= 2 level might bo perturbed by about 50 cm-h Tliough the (3, 1) baud fits 
in quite well but more information involving higher v' values is required to make 
tho assignments of v' = 2 progression unambigous. Attempts to moludo tho 
progression efeewhere did not sucood and intensity considerations also indicate 
that its present assigmnent is quite plausible. 


System C (AA4660--4000) 

It can be seeu readily that the system C incorporates Blmurhan’s t)' = 0 
and V = 1 progressions as such, but tho level e' = 1 is found to be perturbed. 
The present vibrational assignment extends upto »' = 9 level whio i ms one ) e 
an improved determination of the upper state vibrational constants The genera 
intensity distribution of the bands is found to be satisfactory and “«nse ^^s 
lie on a W1 marked Condon parabola. However, the absence of the (1. 1) band 
requires some consideration and win be discussed a little later. 

Douglas, Howe and Morton (1981) have studied tho absorption and emksion 
spectra of SnS in tho visible region. They have reported 

and designated seven of them as (to, 0), (*, 0), (ir, I), (», 2), (y, ), atl+e 

where the letters to, x and y are the vibrational levels in oerlom e oo 
and tire nombors 0. 1 and 2 are the vibrational levels of the ^ound state (» S ) of 
the molecule. The rotational structure was measured an ana ys ^ ’ 

(*, 0). («. 1) and (y, 0) bands. The (», 0), (*. D and (»■, 0) bands are found to 
arise from a w-S trisition while the (y. 0) band appear^ to Imve ^ 

a S-a transition, This evidently leads to the existence of more than one exerted 
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electric state in the region. It is interesting to note that the (y, 0), (y, 1) and (y, 2) 
bands have been identified as 5(0, 0), 5(0, 1 ) and 5(0, 2) bands and the (x, 0), 
(x, 1), (x, 2) and (w, 0) bands are identical with the 0(0, 0), <7(0, 1) <7(0, 2) and 
<7(1, 0) bands of the present classification. Thus the vibrational schemes proposed 
by the authors are in confirmity with the results of the retotional analysis. 

Douglas and coworkers (1961) have remarked that while the band (w, 1) 
was expected to bo quite strong, actually no trace of such a band was found. 
The absence of the («^, 1) band has been explained by them on the following lines 
The upper state rotational levels are foimd to be strongly perturbed, tlte pertur- 
bation increasing with higher J values. Perturbed strong branches T^ere also 
found to overlap the (w, 0) band. Thus the effect could reasonably bo attributed 
to the rotational peiturbations. It can be seen readily that the C(l, ]() band 
would be identical with the (w, 1) band. The absence of the C(l, 1) band is there- 
fore explained. In view of the above, it appears that the assignments of the pre- 
sent B and C systems are correct and in all probability they arise from the S— S 
and TT— S tmsitions respectively. 

Progressions and unclassified hands 

Table III reveals that 11 bands can be grouped into two progressions a and 
b exhibiting the ground state differences. It can also be noted that the vortical 
differences of the order of 300 cm“^ are present. It is quite likely that these pro- 
gressions may from the part of a third system with at 24230 cm“^ and upper 
state vibrational frequency in the vicinity of 300 cm“^. However, no definite 
scheme can bo suggested with this meagre data. The remaining 6 bands could 
not be classified. 

It is needless to mention that the visible spectra of SnS and PbS molecules 
are quite similar in appearance and are characterised by overlapping progressions. 
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COHERENT RECEPTION USING CARRIER LOCK AND 
SIDEBAND LOCK TECHNIQUES* 

TART 1 

N. B. CHAKRABART1+ atsd A K I)AT'i’A-^ 

iNaTITCTTB OB’ RADIO PhYSIOS AND EiilSCl’llOmCS, UNIVJSBHITV OB’ (Iaj,( L'llA 
(Raoeived January 15, 1966; BesubnttUed May 25, 1066) 

ABSTRACT. In this paper the design, ennstnietion and porhjimnnet's ol a riMicaviiig 
rtyaLoin namg coherent reception techniques, have been doscribiML 'I’hn xJimt ipli'S of (liirncr 
Lock and Sideband Lock teclnuquos have boon discnssod, Tt is iioiutcd out tlml. Ihu mcoji- 
tion, ol different types of modulations (ms., DSB, SSIJ, conventional AM, Narrowband T'M 
oi FM, Binary PSK and VSB) can bo made utilising CPL aiul SBPL tochniqucH. The effindH 
(if noise and interference on the locking eapabdity for the system have been studied. Thu 
loop phase equations are given in both the cases and modificRtions tliat wdl be causod iii 
presence of noise are also pointed out. This is followed by a description of spocifK’ ciiciuts 
iiocossary for implementation of the techniques of reception of diflurcnt modulations moU' 
tioned. Experimental results are given with regard to iiorformancus of the rucuivci in tlie 
piosonoo of noise, inl-erforonco and carrier jitter; the minimum bandwidth nocosBary for the 
controlling loop for successful tracking of the modulation onvoloiio. Suggestions lire given 
to extend this technique further in reception of narrowband FSK signal. 

INTRODUCTION 

The transmission of a message is effected by varying some charaotoriBticfl ol 
radio frequency wave in accordance with the message or the iiitolligeiicc to be 
transmitted. The reception of the signal consists in the reeoveiry ol the trans- 
mitted message from the received modulated signal i.e. Irom the reooivorl carritT 
and sideband components in general. The basic idea in reception is to 
correlate the message or information bearing signal in the received modulated 
signal and to decorrelate the noise and interference present in the recoptjon hand. 

A technique of reception is called ‘coherent’ if specific use is made of the apri- 
ori information of all the characteristics of the signals that are not varied in the 
modulation process for optimum use of the signal energy. In DSB, for example, 
since the ampHtude only of the transmitted signal is modulated, the frequency and 
the phase of the carrier can be assumed to be constant, the infoimatioii about 
these can be stored and used in demodulating (Costas, J. P., 1966). Carrier in the 

^ This work hM been carried out m the Institute of Radio Phyaics and Elootronics, 

University of Calcutta. . 

^ + Now with the Department of Elootronics and Electrical Oommimication Engineering, 
Indian Institute of Teclinology, Kharagpur. 

+ + Department of Physios, University of Burdwan, West Tieiigal. 
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receiver should have the same frequency and phase as those of the transmitted signal. 
Similarly, in reception of ilf-ary binary keyed signals, use can be made of the in- 
formation of the expected keying instants and the specific signalling waveforms. 
Coherent reception is optimum because the fullest possible use is made of the signal 
energy. It will bo realised that coherent reception making use of ‘a priori’ infor- 
mation stored in the receiver is not practical because the propagation medium 
is time varying and consequently the characteristics of the transmitted signal 
even though not modulated, will be subject to unpredictable variations. A 
practical coherent receiver has therefore to gather those informaltion Jrom the 
received signal itself, constantly check the stored values with the curre^it infor- 
mation and utilise these for demodulation. The decision process in the <|omodu- 
lator thus involves two steps the first step consists of the ‘estimation of tl^e para- 
meters’ and the second of ‘actual detection’ It is important to realise that such 
a technique is ustdul only if the time rate of variation of the ‘invariant’ 
parameter is relatively small compared to that of the modulated parameter 
In such a case smoothing and filtering of the data is possible enabling reliable 
extraction of the parameter concerned 

Usefulness of a coherent detection technique arises from the fact that 
explicit use of the knowledge of the parameters enables one to jeject noises and 
interference which do not have the same character as the signal has. 

It would appear that since a coherent receiver is to obtain the estimates of the 
parameters from the received signal itself, such a receiver is essentially a feedback 
device. The error signal in the feedback device is a measure of the difference 
between the present values of the parameters and their past values stored in the 
system. One can classify the devices in respect of their storage times as (i) feed- 
back detectors if the bandwidth of the control loop (B^) is small compared to the 
bandwidth of the message (B,n) and (ii) feedback demodulators if Bo is comparable 
with B^ It should be obvious that feedback demodulators are essentially track- 
ing devic:es incorporating a demodulato-rcmodulate technique and are therefore 
useful if the time bandwidth product of the message space is large. 

The detectoi'S used in coherent receivers are (or^ntended to be) necessarily 
linear. A direct consequence is that there is no threshold effect or suppression 
of the signal by noise or vice-versa; any reduction of interference and noise re.sults 
from linear filtering alone. In fact, the principal virtue of a coherent reception 
technique is that it enables, through exploitation, of the distinct characteristics 
of the signal, reception of relatively weak signals in the presence of strong inter- 
ference. 

The block representation of a Coherent or Homodyne (as it is often called) 
receiver is shown in fig. (1). The ideal reception condition which is necessary 
for the operation of such a receiver cannot bo achieved in practice, because this 
requires the incorporation of an oscillator in the receiver which is to be in exact 
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fl-equenoy and phase synchronism with that in the transmitter aJi the time during 
which communication is being made. Even with the use of a crystal controlled 



Fig. 1 . I31ock diagriini of a.ii ido-al coliorenii rocepiiou HyRtom. 

oscillator with the best engineering attention being given to make their frequencies 
of oscillation identical, it is not possible to keep their drifts identical. Even if the 
frequencies of oscillation can be made identical nothing can be reasoned in sup- 
jiort of the assumption of the identity in phase of the two oscillations Apart 
u’om the question of frequency and phase synchronism, the time varying character 
of the propagation media cause received signals to fade randomly in time, both 
in amplitude and phase and in some cases the received signals undergo largo 
‘Doppler shifts’. These facta introduce further complications and thus increase 
the unpredictability mentioned earlier. 

In a practical version implementing this philosophy of reception, the demo- 
dulating carrier is brought in time cohoronce with the modulated one from the 
icceived signal itself. The phenomenon of establishing coherence of the local 
oscillator is called ‘Locking’ of the demodulating carrier. For satisfactory 
rccejition it is required for the local oscillator to automatically lock in phase with 
the received signal in presence of additive noise, chaimcl perturbation and ‘Doppler 
shifts’. So what is necessary in the receiver is to incorporate specific circuits to 
establish coherence and to maintain the synchronism for the period durmg which 
transmission and reception of the signal are being effected. 

A particularly effective method for doing this is to extract the necessary phase 
information from a pure carrier component and use tliis as the input to a phase 
locked loop of narrow effective bandwidth that controls the local oscillator in 
the receiving system and the mechanism of locking may accordingly be called 
‘Carrier Phase Lock’ technique in coherent reception. 

In the reception of suppressed carrier. Binary PSK, Narrowband PM and 
FM signals, the received sideband components can also be so utihsed as to derive 
the necessary information for establishing and maintenance of the synchronisi*; 
for the demodulating carrier and the mechanism may accordingly bo called Side- 
band Phase Lock’ technique in coherent reception. Section that immediately 
follows deals with the principles of the carrier phase lock (CPL) and sideband phase 
lock (SBPL) techniques, 

2 
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Section 3 is devoted to a discussion on locking techniques in reception 
of different types of modulated signals. 

The deleterious effects of noise and interference on the locking capability 
of the phase looked loop have been dealt with in section 4, which also includes 
a discussion on the deterioration of the SNR due to noise present in the phase 
locking loop and derivations of loop-phase equations in presence of noise for (i) 
carrier phase lock and (ii) sideband phase lock cases. The effect of carrier jitter 
on the demodulated products has also been considered. 

In section 6, the basic circuit necessary and the experimental arrangements 
for studying the applicability of carrier and sideband phase lock techi|.iqueB in 
reception of various types of modulated signals are given. The expeipiinontal 
observations with regard to reception of modulated signals like DSB, Binary 
PSK, Narrowband PM etc. and the results obtained experimentally with DSB 
signal corrupted with noise and interference are presented in this section. Some 
remarks in designing a phase locking loop are also included in this section. 

PKINCITLES OF CAHllIER AND SIDEBAND PHASE 

L O C K I NG 

In this section we shall discuss the carrier-lock and sideband-lock tcchniquos, 
the philosophy underlying them and the method of implementation of these tech- 
niques in practice. The expressions for the controlling d.c. voltage in a system 
using a SBPL technique will be derived in case of (i) single tone and (ii) multitono 
modulations. 

Carrier-Loch : As mentioned earlier a locked receiver may derive the fre- 
quency and phase information from the received modulated wave and make use 
of these information for demodulating it. A modulated wave eonsists generally 
of the carrier and sideband components. The carrier component contains the 
frequency and phase information and so do the sideband components. In a 
carrier-lock device the instantaneous phase difference between the received carrier 
and the local carrier is measured by means of a so-called phase discriminator, 
the output of the phase discriminator is then used ta control the instantaneous 
phase of the local oscillator in such a way as to reduce and, if possible, eliminate 
this difference. A reference to fig. (2) will show that the phase equation of phase 
locking loop is (Chakrabarti, et al.^ 1964) 

= Q-^/(y)sin^ (1) 

at 

whore <j> is the phase difference between the incoming and the local carriers, 
}{p) is the transfer function of the filter following the discriminator and the cons- 
tant K is proportional to the amplitudes of the two carriers and the sensitivities 
of the discriminator and the reactance tube and £2 is the initial difference in fre- 
quency between the two carriers. 
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Fig. 2. Block diagram of a oarru-r phaso locked iwoption ayslom 


It follows from the above equation that if the initial diffoience frequency SI 
is less than /f/(0) where /(O) is the gain of the filter at d.c. a shsady state corres- 

ponding to = 0 will be reached and the phase error at steady state vail bo 

given by 0 = sin-^[SI/-K/(0)]. The other important parameters of a carricj’-lock 
device arc the locking range and the noise bandwidth which arc determined by 
the filter function f(p) and the gain constant K. 

The carrier lock technique is obviously applicable jn reception of only 
such modulated waves as contain a carrier. If, however, the carrier component 
is absent one has to rely on the sideband components for locking the receiver. 
It should be clear that a phase reference is available from the side-band corapononts 
only in DSB (Double sideband) systems. A reh'rencc is abstmt in single sidc^band 
waves. In double sideband systems even if the carrier is supproHsed a phase 
reference can bo obtained from a study ol' the relations between the sideband 
components corresponding to a given modulating signal. 

Sideband Lock : The receiver utilising ‘sideband lock’ technique (Costas, 
J. P., 1966) is based on quite different jirinciples from those usual in practice, 
the frequency and phase synclironisation for the demodulating carricu- being es- 
tablished from the received sideband components only. In the receiver the carrii'.r 
information is ignored even if it is received along witli the sideband. The prin- 
ciples of frequency and phase synchronisni will bo discussed in detail hero. An 
alternative scheme implementing sideband lock technique will also bo suggested 
in this connection. 

Derivation of Phase Information from the Sideband Components ; For the 
moment wo assume that the demodulating carrier frequency is eciual to that 
of the modulated carrier, whether the received signal is a transmitted carrier type 
or not. In the reception of DSB like signals the information required, is the 
arithmetic mean position between the sideband components resulting from modu- 
lation by a particular modulating frequency. The phase of demodulating carrier 
should be aligned in such a way as to have this arithmetic mean position. This 
will ensure coherent addition of the demodulated products of the received side- 
band components, that is, the modulating frequency outputs resulting from the 
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upper and lower sideband components will be in phase with each other and the 
added products will be a maximum. Any departure in phase of the demodulating 
carrier from the value dictated by the arithmetic mean position will reduce the 
output (which is the sum of the contribution due to the two sideband components) 
by a factor cos whore is the phase error mentioned. It is possible to cir- 
cumvent this difficulty if we instead use a voltage controlled oscillator (VCO) 
in the receiver where a voltage sensitive capacitor serves as a tuning parameter 
that controls the oscillation phase of the receiver oscillator. The voltage sensitive 
capacitor can be actuated by a d.c. controlling voltage in proportion to the phase 
error talking about. The problem thus is to derive a d.c. controlling \voltage in 
proportion to the phase error (f>g. 

It can be shown that the demodulated product of the received signall, and the 
demodulating carrier gives the required controlling voltage when multiplied with 
the demodulated product obtained from the same input but the demodulating 
carrier in this case being in phase quadrature with the former. The d.c. voltage 
(slowly varying) thus obtained can bo shown to bo proportional to the products 
of the amplitudes of the two sideband (the upper and lower) components and also 
to sin(20e) where is the phase departure. It is thus seen that the controlling 
voltage is sinusoidally varying with the phase error and is evidently zero when 
there is no phase error i.e. = 0. The magnitude of this controlling voltage 
depends on the amount of phase error and the sense depends on whether 

is positive or negative. It is, therefore, clear that this error voltage may well 
bo used to vary the capacitance value offered by the voltage sensitive capacitor, 
thereby controlling the oscillation phase of the VCO. Of course, it must be ascer- 
tained that the phase change in oscillation of the V CO caused by the capacitance 
change does reduce in fact the discrepancy. This depends on the sense of the change 
of the capacitance values caused by a particular polarity of the controlling voltage 
which in turn depends on the sign of the error It may so happen that to 
obtain the right condition the sense of the controlling voltage is to be reversed 
and in such a case the VCO automatically comes in lock (synchronism) if the 
initial phase discrepancy is not greater than ±7r/4 radians and synchronism 
is established. A change in position of the received sideband components causes 
the arithmetic mean position to have a new value that causes a phase error, 
between the position of the demodulating carrier and the new arithmetic mean 
position which in turn causes the error voltage to have a new value that again 
nullifies or minimises the phase error. A little thought will show that such a system 
in any case cannot be a perfectly coherent device; there will always be a certain 
amount of phase discrepancy, however small. Under perfectly coherent condi- 
tions is equal to zero and the error voltage or the controlling voltage vanishes; 
in other words, there is no controlling voltage to control the phase of the demodu- 
lating carrier under perfectly synchronised condition. Therefore, it seems reason- 
able to call such a system to be a semicoherent device. The block schematic 
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diagram for a phase looking arrangement foUowing a SBPL teolmiquc is shown 
in fig. 3. 



Fig. 3. Block diagram of a Bideband phaso locked rocoptmn syaheni 


Derivation of Frequency Tnfommtion from the sideba'nd compone^its : In 
our previous discussions wc devoted our attention to phase coherenct*. with the 
assumption that frequency coherence already exists. It is of interest to see how 
frequency synchronism can also bo aoliieved from the information derived purely 
from the sideband components. We need some controlling voltage which is pro- 
portio?ial to the initial frequency discrepancy between the modulated carrier and 
the frequency of oscillation of the VCO. It is easy to see that the required 
controlling voltage is obtained from a frequency discriminator, an ideal multi- 
plicative one, if we use the P and Q chamiel outputs and their time derivatives. 

It can be shown that the difference of the products ep{t) ^[e (i)] and eQ{t) ^ [eyi(/:)] 

gives a slowly varying d.c. voltage which is proportional to the frequency dis- 
crepancy Q and may be used to bring down this discrepancy (Refer to fig. A), 


|FRCQUENCv| 

selectorI 



^ 4. Block diagram for establishing frequency synchronism from the sideband components 
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Sidehand-Lock with DSB Signal: Wo shall now derive expressions for the 
controlling d.o. voltage and the inphase and quadrature channel outputs of such 
a receiving system when the input to the receiver is a DSB signal obtained by modu- 
lating a carrier by a single tone modulation. The input to the receiver (refer to 
fig. 2) in such a case may be written as 

e^{t) = A+ cos cos[(coo— co,)f+0_] (2) 

where A.^. and A^ arc the received amplitudes, and co,, — Oj, are the frequen- 

cies, 0+ and are the received phases of the upper and lower sideband compo- 
nents respectively resulting from a carrier a cos(o)oOj and modulating signal 
h cos (tOaO- \ 

The received signal is fed to two product demodulators and gets Multiplied 
by two demodulating carriers B cos (coq^+^q) and == B sin 

derived from the VGO but in phase quadrature with each other, being the static 
phase of the oscillator in the receiver. 

The modulating frequency components from the output of the product de- 
modulators are accepted by means of an a.f. filter and fed to an audio frequency 
phase detector. The inputs ei(^) and 62(0 to the a f. phase detector may be 
written to be • 

ei(0 = D.O, 0_-[-^o)] ••• (3) 

sin(<o,H-95+— ^ 0 )— sin (ost— 0_+^o)] ■■■ (^) 

where C takes account of the constant of the product demodulator and low pass 
filter. D stands for the gain of the a f. amplifier stage. 

The output from the a.f. phase detector, an ideal multiplicative one, may 
be written to be 

e»(«) = ■*! [A+^ sin 2{a.t+^+-ir„)-2A^_ sin 

o 

—A_^ sin 2(ci>,«— ^o)]- 

where k stands for the constant of the a.f. phase detector. 

The filter intervening the a.f. phase detector and VCO attenuates the modu- 
lating frequency components and components haying higher frequencies and allows 
only the d.o. and slowly varying components to pass through it. The filter output 
may be written to be 

Bait) — Kf(p)A^_ sin 2v^ro) 

D^C^B^k 

where /(p) stands for the filter transfer function and K = ^ takes account 

of all the constants including the amplitude of oscillation (B). 
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When synohroniam ia establiahed the error voltage vaniahoa and the condi- 
tion for coherence may be written to be 

= 2V&-0 or. ... (7) 

i e., the phase of the local carrier equals the arithmetic mean of the phase dictated 
by the received sideband components. A departure in phase by an ainount <ff^ 

0 ++ 9 ^- 

1 e, 2 =*= voltage of magnitude ^ 

A^A_ sin 2<j>a to appear. Under perfectl 5 ^ locked condition ^ 0 and — 0 
The outputs ei(i) and Cg (0 change to Cq (^) and ej,{t) and may be given by 


ep{t) == G{A^ +A_) cos 4> i -V^o) («) 

— 0{A^-]~A_) cos (co.^-b (8a) 

tQ^t) = G{A+—AJ) sin (cD,e+fli+-^o) ■ (0) 

= G (Ah,— A_) sin^ca,t+ — W 
where G has been substituted for DCB/2. 


So wo see that under locked condition the output p.p{i) is a maximum and 
is proportional to the sum of the amplitudes of the received sideband tiomi>onents. 
On the other hand, the output eQ{i) is a minimum and is proportional to tlu^ dif- 
ference of the amplitudes of the rccoivcjd sideband components which is evidently 
zero when the reecived amplitudes of the two sideband components are equal. 
It is interesting to see that the demodulating carrier in the product demodulator 
winch ultimately gives the output, is in phase with the modulated earner and the 
demodulated products of this channel may accordingly bo called in phase channel 
or simply P channel output. The demodulating carrier in the othew product demo- 
dulator is in phase quadrature and the demodulated products of this channel may 
accordingly be called quadrature channel or simply Q channel output. 

It has already been pointed out that perfect coherence can never be achieved 
m such a closed loop error actuated system and there will always be a discrepancy 

04.“b0— 

0c in phase, however small. In such a case may bo written to bo = 2 

±06 and the P and Q channel outputs may be written as 

e*p{t) =, G'|^(A++A_) cos cos06 

±(Ah.— A_) sin ] 


( 10 ) 
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OiA+-j-A_) • coa^a • cos ') 

Cq(0 = 0^{A+^A_) sin cos^e 


T(^++^_) cos 


(11) 

■ iA^'\-A_) sin <j>^ ■ cos j 


(11a) 


In the following we shall treat the case considered above when the input to the 
receiver is a DSB signal resulting from multitone modulation. \ 

When the modulating signal is complex, consisting of a largo number of tones, 
the input voltage may be written as 

ei{t) = Re^A^ exp j[(6)o+w)«+?^u] ( 12 ) 

The output of the product detector can then bo represented by 

edit) = S S AuA^ sin [(M+v)<+9i„+0t— 2^o] ' (13) 

where A^^ and A„ arc the amplitudes corresponding to frequency components 
u and V and is the phase of the oscillator voltage. This expression is the same 
as that results from squaring the input and the L.O. voltage and feeding those to 
a phase detector. 

If the oscillator contains phase modulation (which is indeed the case whiiii 
it is tracking), the L.O. voltage can be written as 

ex o(0 = exp j[(coo+«")«+V^w] (^^^ 

The output of the a.f. phase detector in such a case is 

edit) = S S S S ^^.4„B^B„sin[(w+v)e— (ci)-|-a;)e+^u+?i„— (^,p+W] 

u V w St , , ( 15 ) 

Low frequency components of the output in a band correspond to the condition 

I tt+w— (o)+x) I 

It can easily be shown that if the signal input to the receiver and the signal 
from the local oscillator are squared and mixed one gets the same phase equation 
as in DSB phase lock. Recognition of this equivalence enables one to simplify 
the locking procedure in coherent reception of VSB signals. (The normal tech- 
nique is to establish the phase coherence with the second harmonic component 
of the local osciUator). When synchronism is established the P channel in the 
DSB receiver gives the modulating signal output. 
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It ehould be observed that a sideband component say, is effective 

in producing an error voltage mixing with the sideband component coo+w at the 
output of the filter only when m = u. If w ^ u an a-c voltage too appears at, 
the output of the a.f. phase detector of frequency {u-^v) which is however atte- 
nuated by the filter. 

Domination of the stronger components in phase locking : The expression 
for the loop phase equation (Refer eq. 13) shows that the components of signal 
contribute to the locking voltage in proporticjn to their powers. Consequently 
the final equillibrium phases is determined by the stronger components. It follows 
that if the values of the mean carrier phases demanded by the sideband oomponentH 
in the different parts of the band vary between wide limits, it is only the strong 
components for which the phase adjustment is correct 

A problem that arises in the ease of such two loop systems is that of rijlativo 
phasing botwoon the output in the two bands involved. (In speech modulation 
this problem is not important). It is easy to see that for a keyed waveform if 
the relative phases between the different parts of the spectrum are not maintained, 
the waveform may bo distorted without recognition. 

Baindwidth limitation in the locking loop . It is known that the spectral 
distribution of the modulated signal is in general non-uniform and the total power 
in part of the spectrum defined by Bj2 < J/— /o | ia a small fraction of the power 
contained in the region defined by BfZ > |/— /© | , where /„ is the centre frequency 
and 2B is the total r f. bandwidth Use can be made of tliis information for im- 
proving the signal to noise ratio in the locking loop by restricting the bandwidth 
of the video or audio filter. This restriction will cause a reduction of the signal 
power but this is outweighed by the improvement in SNR obtainable, which 
is given by 


^ _ Signal power density in the reduced band 
Signal power density in the original band 

Interference Rejection : The reception technique discussed with reference 
to DSB modulation may well be utilised to have a completely interference free 
demodulated product in case of severe interferences that smudge out the infor- 
mation bearing signal in any one of the two sidebands. The interfering signal 
may be characterised by 

CdO = I cos [(Ofl d= c)i)^+^»] 

according as the interfering signal falls within the upper (ci)o-|-ait) or lower (wq 
sideband. It may easily be seen that the P and Q channel outputs contain the 
contribution from th p* interfering component in addition to the information bear- 
mg components. The interfering component in the demodulated products can 
bo annulled if the outputs ep{t) and eQ{t) are given phase shifts 6p and 6q such that 
3 
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dp Oq is equal to 7r/2 radians and the phase shifted outputs are added or sub- 
tracted according as the interfering signal is in the lower or upper sideband in 
the received modulated signal. 



Fjg 5. Block diagram of an alternative scheme suggested for sideband phase locs^ed reception 


An alternative scheme for sideband phase locking : In this scheme (Refer 
fig. 5) the incoming signal is fed to a product demodulator where it gets multi- 
plied by the coherent demodulating carrier. The modulation component is ac- 
cepted by means of a video filter from the products of the demodulator. The 
filter output gives the modulation or keyed information. 

The locking loop consists of a bandpass filter, a multiplier and a CPL circuit. 
Use is made of a band pass filter to introduce a time delay to the incoming r.f. 
signal, the amount of delay being equal to that suffered by the modulation com- 
ponents in the video filter. The purpose of the CPL circuit followed by the mul- 
tiplier is to derive the necessary demodulating carrier out of the products of the 
multiplier. A little thought will show that the expressions for the controlling 
d.c. voltage in this case are identical with the equations (6) and (13) for 
single tone and multitono DSB modulation. When the received signal 

= ±-2^(0 sin (o)o^^-$io) (i.e. Binary PSK modulation) the controlling voltage is 
given by Crf(^) = KF^t—Tf) sin 2 (^q— ^q), whore is the time delay mentioned, 

RECEPTION OF BINARY PSK, CONVENTIONAL AM, 
SSB AND NARROWBAND PM OR FM SIGNALS 
FOLLOWING A SBPL TE-QHNIQUE; 

Binary PSK : In Binary PSK modulation the phase of the transmitted 
carrier is altered between two states (either 0 or tt) in accordance with the trans- 
mitted message. A binary PSK signal may be generated by modulating the carrier 
in amplitude by a square wave alternating between the amplitudes 
carrier is suppressed as in DSB modulation. 

The received signal in this case may be written to be 

et(0 — cos (<i>o«+^o) 

The demodulating carrier is brought in synchronism with the modulated 
one following a DSB sideband lock technique. When locking is ensured i.e- 
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1^0 = ^0 P channel gives an output in accordance with the state of the modu- 
lating signal i.e. either -{-A or —A. 

Conventional AM ; The received signal in this case may be written to be 

e,(0 = ^0 cos (Wo<+0o)+S^« cos [(cooH-ii)t+0„]+S^„ cos [(wu— (18) 

tSince the carrier component is present, one should make use of the carrier for 
measurement of the frequency. 

The use of an AFC circuit operating on the carrier component would provide 
an additional facility to maintain the required amount of frequency stability to 
the VCO. The P channel in this case gives the modulation frequency input. 

SSB Modulation : The received sideband in this case may be characterised 
by either 

ei(t) = COB [( J . . . (19) 

or, ec(0 == SAy COB [(cOo— ?j)f4-^w] ...(19a) 

The reception of this t 5 rpe of signal may be effected using a crystal controlled 
oscillator to ensure good frequency stability. In this case both P and Q ohamiols 
contain the modulating signal components and are in phase quadrature. The 
outputs of both the channels are to be added up after appropriate phasing. The 
outputs ep(t) and eQ(<) are given phase shifts Op and Oq such that Op Bq — 7r/2 
over the audio band and the phase shifted products are added or subtracted to 
give the modulation output. It should be pointed out in this case that reception 
can only be effected for signals resulting from speech like modulation. In the 
case of speech it has been found that intelligibility is not seriously impaired, 
as long as the local oscillator is within 10 cycles of the correct frequency, oven 
though there may be some loss in naturalness. 

Narrowband PM or FM : The received signal in this case may be written to 
be 

ei(f ) = A cos cos <i»,f ) ■ ■ ■ (20) 

eas A cos in^—mA sin ci>oi ■ cos cj, t. (20a) 

for small values of m. 

We thus have, to a first approximation, a carrier A cos and two sideband 
components, from a quadrature carrier, mA sin fo^t ' cos Ugt. 

The demodulating carrier in the P channel in this case is aligned with the 
arithmetic mean position dictated by the sideband components. The demodu- 
lated output is obtained from this channel. If the device bo a purely sideband 
locked type, the Q channel output wiU be a minimum. In fact the demodulating 
carrier in the P channel is in phase quadrature with the incoming carrier and that 
of the Q channel is in phase with it. 
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V.S.B. Modulation ; The spectrum of VSB is asymmetric and ordinarily 
the transmission at carrier frequency is a fraction of the maximum. A VSB 
wave /Sf(0 can therefore be resolved into two components, an inphase component 
P{t) and a quadrature component Q{t). Thus 

S{t) = P{t) cos (6)o#+^o)+C(0 sin (Oo^+^^o) (21) 

= E(t) cob[ciJo^+^o+^^(0] (21a) 

where E{t) — \/P^{t)-\~Q^{t) is the envelope, 0(i) = tan“^ is the phase and 

E\t) 

ci)y is the angular frequency of the carrier. \ 

In receiving a VSB modulation one has to find the average inph^so compo- 
nent in the received signal. For the puipose the input is multiplied by itself 
and the second harmonic component is selected. This output is given' by 

S^{t) = \P\t)—Q\t)'\ cos ^o)+-P(0 ■ Q(0 sin 2(coo«— 0o) (22) 

A locally generated carrier B cos (<0o#-|-^o) is locked inphase with the second 
harmonic component by shifting the voltage by 7r/4 radians, squaring it and 
mixing the doubled output with The phase of the oscillator is controlled by 

means of an average value of the voltage derived out of mixing. The centrolling 
voltage can be written as 

eS) = sin 2(9io-«+P(0 ' Q{i) ■ cos (23) 

Now the average value of the product P{t) • Q{t) is zero and the average value 
of Q^{t) is small compared to that of P^{t), The average value of the voltage 
ed(0 is then approximately equal to 

ea — KP^{t) • sin 2(^0— vJ^o). ... (23 b) 

which is identical with that obtained in eq. (6). 



Fig. 6. Block diagram for the reception of Narrowband FSK signals 


Narrowband FSK : Coherent reception of narrowband FSK signals is 
possible following SBPL technique. In this case two low frequency disoriminators 
are to be incorporated in the upper sideband and lower sideband channels. The 
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ontputs of these disoriminotors may bo used to maintain the frequency coherence 
of the local oscillator (Refer fig. 6). 

EFFECTS OF NOISE ANI> INTEUFERENCE ON THE 
CAPTURE CAPABILITY OF THE PHASE LOCKED 
LOOP fPLL): 

The input signal to a receiver in the presence of an additive noise may be 
written as 

e,{t) = Re exp(jo>uO[^o exp(jf\6o)+X^ifcexp ... (24) 

wliere Re stands for the real part of, Aq, coq and (j^Q denote the ampJitudf*, frequency 
and phase for the carrier component respectively, Aj^. and are the amplitude 
and phase of the sideband component at an angular frequency and ni, 

Oil and are the values of the corresponding quantities for the narrowband noise 
process. 

With reference to DSB modulation reception (Ref. fig. 3) the injected demo- 
dulating carriers may be represented by 

ep(i) = JRe [exp j(ciiof-f-V^(,)+exi)— j(coo<-bW] in the channel ... (26) 

eq{t) = /w [exp j(coo«+^o)~<^^P Q channel ... (26) 

The low frequency outputs of the P and Q channel demodulators may be 
written to be 

ep(t) = Pe[^o expj(^o— W+2^*®3cp;(wft«+0*-\^o) 

+2niexpj(cOit+/?/-V/o)l ■■■ (27) 

eoit) = Zm[^o expj(^o— W+2^ife®xpjf(cOft«+95ft— ^o) 

-\-j:niexpj{fMiit+j5i—}^o)] ... (28) 

The phase detector output e^it) = ep{t) • egit) is given by 

ea{t) = k[AQ^I2 sin 2(^o— v!^o)+^oS-^fc 2W 

+S S^„.4psin( H —2fa) 

+S SiltTO|Sin(ci)i,-|-toi<H-0i 

-\-A^ni sin (coif+z^^+^o— 2\irQ) +2 ^ ■ ■ * (29) 

Phase Equations : Let us now examine the phase equations in presence of 
an additive noise in CPL and SBPL coses. 

Case 7. Carrier Phase lock : 

Let the received signal be given by 

Ci(f) == 4o cos (a»of+^o) + ^c (c6„t+^o)+’^ (“o<+^o) 


(30) 
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where and ng are the noise components in phase and in quadrature with the 
carrier Aq oos(ci)o<+^^o)» white gaussian, independent variables with the highest 

frequency A/. Further"w7 = V ^ 2VA/ ... ( 3 i) 

where is the input noise power density expressed in watts per cycle. The output 
of the product detector will be (see eq. 29) 

ei(i) — jfc[.4o8in^+?igSin^64-%co3 0] ... (32) 

If the phase error ^ is small, j 

MO = *[(^o+^c)^+"ff] \- (33) 

If this output be used to control the phase of the oscillator, then \ 

<P{t) = -Ai/i(p)>d(0. (34) 

one derives that <p{t) = __ ... (36) 

If is small compared to Aq, ^ ess i ... (36) 

Aq 

If, on the other hand, the phase detector output controls the frequency of the 
oscillator, then 

^ = £2 -kj,{p)ei{t) 

= —JcJiip) • [{AQ-\-n^) sin 0+Wff cos <j>\ 

Q -*i/i(i?)[(^o+^c)0+%] 

If is small, 

,_ Q -kJi{p)ng 
p+kiAofjjip) 

Case II. Sidebarid phase lock : 

Let us consider single tone modulation and restrict attention to noise compO' 
nents around the sidebands. The received signal in this case may be given by 

Ci(0 = [^+COB {(cOo+0>a)«4-^+} + .4_ COS {(Wq— CO-,) e+^_} 

+W(, cos {(coo+oi,)e+0 J+Wc COS{(ciJq— 

+ ” 

Bin{(tOo+cD,)«+^+}+7fcg Bin{(coo— co,)^+0-}] ■■■ (39) 

+ - 

where all the noise voltages are white, gaussian, independent and with the highest 
frequency A/ cycles. Further n\+ = ~ = 2n%^f ... (40) 


(37) 

(38) 
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If the phase detector output given by ©q. (29) is used to control the frequency of 
the oscillator, the loop phase equation can be written as 

1 d0 
’ * 

= sin (^ 4 ,+^-— '2v5fg)-l-(^+%_-|“^-'«(i+)oo8 20 


+ (7le + 20H-(?lc+na_ — »*'e-'Wff+) COS 20J 

+ 


(41) 


If 0 is small one may write to a hrst order, assuming =- =-- A say, 

e^(t) == /c 0+^ ] ■■■ 

The first term is the desired phase control voltage and the remainmg terms 
are the undesired noise voltages. The noise power appearing at the output of the 
filter can be found thus 

(42) 


= k\A^l4. ■ 

Noise and iiderfereme : It ia clear from the expression for the phase lookinB 
voltage that in CPL teehniquo the noise and intorforenee 

round the carrier only are responsible in producing the control vollago m the 

loop Tho effects of these component. wiU be to increase the 

errm between the incoming carrier and tho demodulatmg carrier m tho locuvor. 

When SBPL only is used tho components of tho noise and interferonco locate^ 

Zl „ .d.^ sw - — "«j;2 TdSSi 

UK* .tkoiv u» i»v m «» i. lu, 

components arising from tho modulation. between tho noise 

a part of the output will be P^^sl^tl^opre error voltage 
components in tho audio band. It w for CPL can bo 

(proportional to the P''“® TcPL alone is desired this 

obtained from the quadrature output. Therelore ^ ^ 

component after appropriate atermgAould oriy ^se o . ^ carrier may 

It should be mentioned that sometunes P*«“® Since the modu- 

depart substantially from the position micated by 

lation is present essenti^y in the n^t is obUX by 

received carrier as the reference is ^ ^eciroble to use the CPL voltage 

using the sideband reference. In such c voltage for adjusting 

for adjusting the frequency of the local came 
its phase. 
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The loop phase equation for a loop employing both CPL and SBPL can be 
written as 

^ sin 2(9^0- sin KH-?5fc+^5o-2v5^o) 

•f sin (m<+«;«+^u+0i»— 2 ^ 0 )] 

-ya(7>)[^o sin (^q— sin ■■■ (43) 

whore k^^i{p) and k^f^ip) aie the gains associated with the control loops. 

Deterioration of the SNR due to noise present in the PLL ; Any noise 'present 
in the input will cause a perturbation of the phase of the VCO. The effoci of the 
phase noise will cause a reduction of the SKB at the output from the corresppnding 
value at the input due to the intermodulation. 

Assuming that the phase perturbation caused by the noise is given by 
it is easy to see that the outputs of the P and Q channels are respectively 
ep{t) = [(^++A_) cos {^c+<Pon) cos 
+(A+-A_) sin ((l)e+(I>on) sin 

Hh'rtfi sin (^e+0 COS (0eH“0on) J • • * (44) 

and 

eo(«) = L(^+— A_) cos {^e-\-4>on) sm {i^,t-\-\lf) 
sin {4>e-t<^on) cos {o>,i-\-ilr) 

H-Wc cos (0e+i^(»n)-hw« sin(0e+0„„)J ... (46) 

This shows that tlie modulation output in the P chamiel decreases whereas 
the noise output remains constant, that is to say that the output SNR is smaller 
than that could have been for perfect locking. 

EXPERIMENTAL SET-UP. RESULTS AND DISCUSSIONS 

A transistorized version of a laboratory model of a receiving system imple- 
menting SBPL technique has been constructed and tested. The objective of 



Fig. 7. Block diagrajxx for tho experimental arrangements to study the applioability of CPL 
and SBPL techniques m DSB modulation reception. 
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the experimental work was to provide experimental verification of some of the 
conclusions arrived at the previous sections and also to demonstrate the basic 
principle of operation of the system. 

We shall describe here the experimental arrangomonts for studying CPL 
and SBPL techniques in reception of different modulations and diversity combi- 
nation and the results obtained experimentally. A discussion of the experimental 
results, and some remarks on the design fabrications and performances of such 
a receiving system, are also given. Studies have been made of the characteristics 
of the receivers employing sideband phase lock technique in regard to reception 
of DSB. AM, NBPM and also Binary PSK signals. For those studios complete 
receivers embodying the techniques mentioned have been construoi-ed. The 
teat equipment constructed include DSB generator, NBPM generator and random 
fading generator. 

Circuit and Experimental Arrangements : We shall first describe the auxi- 
liary circuits necessary in the experimental arrangements for studying the ajipli- 
cability of CPL and SBPL techniques in reception of different types of modulated 
signal and diversity combination. The most important components of any locked 
receiver are evidently the phase and frequency control circuit incorporating the 
phase and frequency detector, voltage controlled phase shifters and voltage con- 
trolled oscillators. In what follows (tho descriptions, performances, circuit 
diagrams of the units actually used together with typical charaotoristics obtained 
experimentally of) some of the circuits will bo briefly discussed. 



Fig. 8. Circuit diagram of a voltage con- 
trolled phase sbifber. 



Fig. 9- Figure shows a typical phase voltage 
characteristic of the voltage controlled 
phoso sliifter. 


VdUage OoiardOed Phase Shifter— In a voltage oontroUed phase shifter 
the amount of phase shifts obtainable is a function of some d.c volta.gc. A 
voltage sensitive diode is nsed in the phase shifter. The magnitude of tho cups 
citanoe thrown by such a diode depends on tho mngmtudo of the d.c. potential 
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across its terminals, fig. (8) shows the circuit diagram for such a phase shifter 
and fig. (9) is a typical plot showing the variation of phase shifts with d.c. voltage 
using a diode type V No. 33 in the phase shift network. 



nator in the roceivoruFied to dorivo the nocoesory the d.c. output voltage with phaRo dil’. 
oontroUmg voltago for the VOO’s. fernco between ^he two inputs of tlio 

audio frequency phaso 'discriminator 

A.F. Phase Discriminator — The circuit diagram for an audio frequency phase 
discriminator is shown in fig. (10). When the two inputs and Cg of the 
same frequency the output for such a system can be shown to be very nearly 
equal to cos where E 2 amplitude of 62, 0 stands for the difference in 



Fig. 12. Circuit diagram of an audio frequency wideband 90** phase shifter, 
-bV 





Fig. 13. Circuit diagram of a radio frequency 90** phase shifter. 
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phase between e, and e, and Kiea. constant for the disoriminotov under condition 
that E, « E,. the amplitude of fig. (11) chows a set of typical oharaeteris- 
tics obtained m an actual experiment which depict the variations of output voltavo 
(d 0 ) with difference of phase (^), for different amplitude ratios (i o. E.jE,). 

Experimental reauUa and diecuseUme , For any measurement on rLeiviug 
devices mokmg use of phase look techniques it must first bo ensured that the system 
has adequate dynamic range both in tho locking and demodulating circuits and 
also satisfactory locking capabilities both in respect of locking range and locking 
time. One has hero to take into consideration tho extent and rate of variation! 
of tiro received input signal and design the control loop accordingly. This aspect 
of the problem will be discussed later. 


Assuming that tlie loop has been properly designed, one has to teat whether 
tlie reception technique emiiloyed is capable in practioe of giving a satisfactory 
quality of the output signal. 

In the receiver employing SBPL technique, measurements liavo been made 
with regard to characteristics of reception for DSBAM, NBPM and Binary P 8 K 
signals. 



14 . 


o 1-0 iv 30 , qo 5 0 

PREauBNCY IN kc^ ► 

Figure shows the variation of P channel output with modulating frequency and 
levels of tho modulated input to the receiver for a single tone DSB modulated signal. 


Experimental results with single tone modulating signal are presented in 
^ 6 - ( 14 ) where the variations of the output in tho P channel with frequency are 
shown for different levels pf the input signal. 
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Mcasurementa of the output signal i*nd noise oomponents have also been 
taken in presence of an additive noise at the input to the receiver. Fig 16 shows 
the variation of the output signal and noise components with different levels of 
the input noise. 



Fig. 15 Figure showH the variations of the output signal and noise levels with input noiso 
level while tho input signal level is hold constant and that due to a single tone DHU 
modulation. 

The effect of phase jitter caused by the transmission media to the input 
carrier was also studied in the experimental scheme. The phase jittering was 
simulated by phase modulating a r.f. carrier (amplitude modulation was balanced 
out) at a slow rate (of the order of a few tens of cycles), and using this phase modu- 
lated signal as the modulated carrier in DSB signal generation. Tho effect ob- 
served in tho demodulated product was an amplitude modulation at a rate equal 
to the frequency of the carrier jitter. ~ 

The effect of a CW interfering carrier was also studied. In the experimental 
scheme using a 1.0 Kc/s modulating signal in DSB modulation, a sudden increase 
in the channel output was observed when the interfering signal was detuned 
from the incoming carrier by 1.0 Kc/s on eithet side of the latter. Tho fact is 
in agreement with the analysis in section 4.2. 

In receiving Binary PSK signal it was observed that the P channel output 
gives the keyed information and the Q channel output remains substantially low 
BO long the system is ih lock. From the studies of additive noise in this case it 
has been confirmod that the reception of a binary PSK signal can be successfully 
parried out with tho DSB receiver if the'ini^ut SNK is adoq:uate, 
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In reooption of NBPM or NBFM signal it is experienced that the incoming 
carrier is partly being injected into the demodulating carriei- and tiicH to get it 
locked with the latter even if the sideband lock voltage is reduci^d to zero, which 
causes the ratio of the outputs in the P and Q channels to bo not as good as in 
DSB modulation reception. It seems advisable to use APC techniques for recep- 
tion of such signals. 

DISCUSSIONS 

The following observations with regard to DSB signal reception may be 
made from the above measurements ; 

(i) Input r.f. amplitude must lie between certain limits for proper operation. 
If the input amplitude is too low the system does not lock If, on the other hand, 
the input is too high the system also loses lock. This is possibly duo to the fact 
that (since the closed loop bandwidth is larger for larger input amplitude) loop 
bandwidth at large value of the input amplitude is such as to permit second 
harmonic of the input modulation to circulate within loop and cause disruption. 

(ii) Adequate looking is established if the modulating frequency for the DSB 
signal lies between 100 cps to 10 Keps. Both the limits can be extended by con- 
trolling the loop parameters (gain etc.). 

(iii) When the system is in lock, the output of the inphase channel will be 
a maximum and that of the quadrature channel will be a minimimi. The actual 
ratio of these two outputs depends on the following : 

(a) Stability of the local oscillator frequency. 

(b) Phasing in the demodulating carriers. 

(c) Phase shift characteristics of the P and Q channels. 

(d) Initial difference frequency between the incoming carrier and the local 

carrier. 

(e) Phase and amplitude relationship between the two sidebands. 

Under conditions of correct adjustment and if (.4+ = ^_), ( = 0), 

= 7r[2, = 0) this ratio is found experimentally to be about 0.06. 

It is extremely important to ensure a fair amount of stability of the oscillator 
frequency when pseudo-static locking as necessajy in DSB is to be oatabhshed, 
and to have a better stability in the feedback loop. Por DSB reception purposes 
it is expected that a crystal oscillator with frequency controllable within 400 c/s 
from its centre frequency will serve to remove the instability experienced in the 

system. 

OonaidemHtms in design of the phase locking loop : In all coherent 
reception techniques* 'Uie gre$itest single requireinent is that the system remains 
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in lock in proaenoc of noises and interferences with the carrier and modulation 
power available. The effective input power contributed by the carrier and 
modulation components will in general vary between fairly wide limits. One 
cause of this variation is the phenomenon of fading in r.f. circuits. Further, 
the modulation process may bo such that the input power varies considerably. 
For example in linear systems like DSB and SSB the total power is obviously a 
function of the strength of instantaneous modulation, which for speech-like signals 
fluctuates by amounts exceeding 30 to 40 dbs. In amplitude keyed signals or 
phase or frequency keyed signals also the instantaneous amplitude of th©: received 
carrier varies with time. 

Considering now the noise and interference powers one notes that tli^se have 
fairly high peak factors (pcak/rms). In the case of fluctuation noise, for example, 
the peak factor is as high as 4. It is clear then that the r.m.s. values of these 
interferences do not give an useful and correct estimate of their ability to disturb 
the circuit. 

The choice of the system bandwidth is obviously a matter of compromise. 
Any design of locked receiver must take these factors into consideration to ensure 
that the circuit remains usable under the wide range of operating condition likely 
to prevail at one time or another. There will be two main effects of the noises 
and interferences present in the system. The first is that the system may lose lock 
and the second is that although the system remains in lock the SNR at the output 
is so very low that the system is useless. If the bandwidth of the looking system 
is small compared with the bandwidth of the modulating frequencies the second 
phenomenon may occur earlier as the input noise to the system increases. If 
the badwidths are of the same order both may occur simultaneously. 

It is certainly desirable to keep the noise bandwidth of the control loop as 
small as possible in order that the noises and interferences present along with the 
signal do not cause system to lose lock with the desired signal phase. Further 
large loop bandwidth will increase the probability of faulty locking of the local 
carrier with the incoming carrier and one sideband component when a fraction 
of the carrier is also present along with the sidebands. The demodulating carrier 
frequency may also vary as the modulation varies. A narrower system bandwidth 
reduces the ability of the receiver to follow such changes. It must however 
be ensured that the system is able to follow the perturbations of the signal phase 
caused by the fluctuations of the medium. Thesd two requirements define the 
upper and lower limits of the closed loop noise bandwidth of the control circuit. 
As mentioned earlier a further complication arises out of the fact that the signal 
amplitude varies with time and the closed loop noise bandwidth being dependent 
on loop gain also varies with this amplitude. It is, therefore, preferable to select 
only such lowpass filters as do not condition a large change in noise-bandwidth for 
changes in loop gain and also to incorporate appropriate automatic gain control 
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circuita. Besides low audio frequency components below 300 c/s should suffer very 
large attenuation in the AF circuit feeding the phase diacj'imiiiator in the 
sideband look circuit. For otherwise these may circulate in the loop and cause 
disruption of the control loop. 

CONCLUDINa REMARICS 

The results of this paper show that a coherent receiver utilising the inionnation 
contained in the carrier and sideband components of the transmitted signal 
for locking the demodulating wave in the receiver is realisable in i)ractic(5 without 
undue complications provided the signal to noise ratio is adequate. The locking 
techniques studied have been classihed as (a) carrier lock, (b) sideband lock tech- 
niques; the former is apj)ropriate for demodulation of CW type signals and the 
latter for AJ\I like signals. It should bo observed that in the carrier lock case 
initial phase discrej)ancy between the incoming carrier and the demodulating 
one should not bo greater than 7r/2 rad. i.e., \4>Q~i^o \ ^ ?r/2 whereas in the side- 
band lock case this disoropanoy is to bo witliin 7r/4 rad. i.e,, | (^^-i i/aq | 
< 7r/4. 

It should be cmiihasised that an efficient and satisfactory locking system 
should take note of all the apriori information (viz., freciucncy, phase and time 
of occurrence) available for the received signal. The nature of medium variations 
and the knowledge of the waveform of the transmitted message (in rcccjition 
of keyed signals) should also bo utilised to have a satisfactory coherent reception 

It should be obvious that techniques of locking can be utilised only if the aver- 
age perturbation of the parameters over the modulation period arc small. How- 
ever if the power capacity of the transmitter bo small and hence the SNR is low, 
message intervals will have to be made long in order that energy per symbol may 
exceed a minimum permissible value necessary for satisfactory reception, It 
may so happen in such a situation that information about frequency and phase 
desired to bo estimated and stored may undergo large fluctuations over the message 
period. It is clear that any attempt at coherence worth the name is foredoomed 
if the correlation time of fluctuation is comparable with the individual message 
period. In such a case it is advisable to adopt what is called dilferentially coherent 
reception, where information embedded in the signal in the immediate past 
interval only are used as the reference for detection of a currently received signal. 
The reference is obviously a non-ideal one but that is possibly the best available 
in the oircumstancos. 
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ABSTRACT. Tompumturo variation of magnotio suscoptibility of cuppor moiiil and 
i-oppor motal wifcli trano of nickel impuril.y have boon luoaHurod An afciirn,tc» Hiiscopl.ibilily 
balaiico with an elootronio dofcoctioii system has btum doscribod. The inuas suHcioptibility 
of ptiro copper JS inrlopondont of temperature and oopijor contaminatod wdb nicltol shows 
fiuninidous temperature variation. A tho-notinal o.stimate of the suscopiibdity of copper 
lins Ijeen made. 

INTKODITCTION 

Tho magnetic susceptibility of high purity copper has boon the subject of 
investigation in a number of papei’s. do Haas and van Alphoii (1933) observed 
a monotonic increase of susceptibility with decreasing teinijoratiire. Bitter 
(if al (194-1) found that the susceptibility first increased by 3% as the temperature 
was lowered from 300°K to 63^K, but subsequently decreased by about 36% 
betAveeii 63'’K and 14°K. Bowers (1966) reexamined the magnetic susceptibility 
of high purity copper between 300“K and and reported a temperature inde- 

jicndent susceptibility. Bower’s result confirms the predictions ot tho free (ileotron 
model, wherein one would expect the magnetic susceptibility of coppei* metal to 
be substantially independent of temperature. Recently van Itterbeek ami Du 
Chateau (1967) have observed that the susceptibility of copper metal decreased 
by 1 8 % between IT^’K and 1 .62‘’K. This decrease has been ascribed to the presence 
of trace impurities of Ni and Fe. Kaufmaim and Starr’s (1943) earlier measure- 
ment on moderately pure copper metal and dilute Cu-Ni alloys also indicate an 
anomalous temperature variation of susceptibility both for the pure metal and t 
alloy. We suspect that the anomalous variation of magnetic susceptibility re- 
ported by different workers, is due to the contamination of coppei 'mth ma^e 
impurities. With this in view the measurement of magnetic susceptibility o very 
pure copper and copper with trace nickel impurity has been undertaken. 

EXP K BIMENTAL 

Tho measurements undertaken in this work require very accurate de * 
tion of mass susceptibilities of tho order of 10"'^ C.G.S. 
balance with a cryostat suitable for the purpose was designed 
laboratory following the basic design of quartz fibre miorobalance o 
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The apparatus of Bose was very convenient for accurate single crystal work. 
But the whole arrangement was very delicate and difficult to handle and becauso 
of the manual control it was not free from persona] errors and often external 
disturbing factors and zero shifts made it difficult to have reproducible value. 
Therefore several modihcations were incorporated to increase the sensitivity, 
stability and robustness of the balance. 



The balance beam was made from quartz rod and (fig. 1) suspended at the 
middle with horizontally stretched phosphor bronze strips (30 mm x 0.287 mm 
X 0.022 mm) cemented to the beam. The other ends of these strips weres oldered 
to the ends of two torsion pins passing horizontally through two upright rectangular 
brass pieces. The specimen to bo studied was suspended to one end of the balance 
beam with a fine tungsten fibre. In order to protect the balance from spurious 
vibrations a mica damping vane, dipping in silicone oil, was attached to the other 
end of the balance beam . The whole assembly was enclosed in a brass case provided 
with a glass window. Provisions were made to create a vacuum of the order of 
10“*' mm of Hg in the experimental chamber. This was necessary to avoid con- 
vection disturbance and also for excluding the contamination of the sample due to 
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oxidation. A photoeleotrio differenoo amplifier waB employed for observiiiLr the 
magnetic force. A spot of light from a stabilised 12 r olt lamp was fomssi d by a 
lens system and after reflection from the mirror attaelied to the balance beam was 
again focussed by another lens system and was allowed to illuminate the cathodes 
of two photoelectric tubes mounted horizontally one over another. The output 
from the phototubes was fed to a difference amplifier as shown in Kg 2 The 



Fig. 2. Schematic diagram of the detecting Circuit 


Rj 20 M tt 
Ra—iaKn 
B 3 -47 1C 0 
R 4 - 180 KO 
Rb-10KO 
(Varinblo) 
Vi— C SJ7 
Vs - RCA 930 


difference current was amplified and fed to a shunted galvanometer, and the de- 
flection in the output galvanometer was always made full scales (100 divisions) 
by adjusting the shunt to the proper value. This was done to maintain a constant 
deflection sensitivity. The zero drift in the amplifier was appreciable for the first 
ten minutes, but no further zero drift was observed even when the amxjlifior was 
used foi 4 to 5 hours. 

The restoration of the balance beam to the original position was effected with 
a compensating coil of 1 cm diameter and 260 turns of insulated copper wire (47 
SWG) fixed horizontally to the beam of the balance with its axis jjassing through 
the centre of the beam. This follows the method of Neogy and Lai (1962). The 
current through the coil was regulated by means of five variable resistances in 
series with the coil. The coil being placed in the stray field H of the magnet 
experienced a couple (NHIA/10)g.-cm where N, the number of turns of the coil 
and A, the area of cross section of the coil and I, the current through the coil in 
amperes. If I was the current required to compensate the torque on the sample 
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of mass m and mass susceptibility x and for the standard sample of mass 
mass Bucoptibility ;v's» (Bose et al., 1963) then x is given by ; 


X 




- a:«- 


Pa 


ka 

P 


where Ka the volume susceptibility of air at a temperature T°K; pg and p the 
densities of standard sample and the sample under study, respectively. The 
current in each case was estimated by measuring the potential drop, across a 
standard resistance of 10 ohms with a microvolt Kayoee potentiometer’. Each 
measurement was repeated five times and error was found to bo loss thah 0.1%. 
An air cooled electromagnet of field 10000 gauss with a gap of 6 cm was used. 

The temperature of the sample was varied from 1000“K to 90“K. \Liquicl 
oxygen cryostat was constructed following the design of Bose et al. (1963). In 
this arrangement any temperature between 300°K to 90‘’K was kept constant for 
a long time within 0.5°iC. The control was made automatic with the help of a 
gas-thermometer relay system, which operated a non-inductive electric heater 
in the experimental chamber. The temperature was road with a calibrated 
copper constantan thermocouple. 

The calibration of the balance was done with conductivity water whose mass 
susceptibility was taken to bo —7.214 x 10“’ emu/gm at 300°K. Mass suscepti- 
bility of five crystals of potassium chloride supplied by Harshaw and Co., U.S A., 
was compared with the conductivity water and the mean value was found to be 
— 6.179 X lO"-’ emu/gm at SOO^K which was in agreement with the previously 
reported values to within 0.2%. This crystal was used as a secondary standard 
in subsequent measurements. For a further cheek live crystals of sodium cliloride 
were grown in this laboratory and the mass susceptibility was compared with the 
KCl crystal. The observed mean value was found to be —4.996 X 10“’ omu/gin 
at 300°K which agreed with the earlier values (Chowdliury, 1969) to within 0.5% 


RESULTS AND DlSOUSSJON 

The pure copper specimen (A) was supplied by Johnson and Mathey and had 
the following impurity contents : 

Approx, estimate 


Element 

of quantity 


present 

Silver 

0.0002% 

Lead 

0.0004% 

Nickel 

0.0003% 


The mass susceptibility was found to be —0.91 X 10“’ emu/gm which is higher 
than the value observed by van Ttterbeek and W. Du Chateau (1957) by about 
6%. The specimen showed no field dependence oven at lower fields. In table I 
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Jiave ooUeoted the theoretical values M'liich may be compared with our expori, 
mental value, x. ia the free electron value lor the spin eoutribuUoii (Korriiij?, 
1950). The value of core susceptibility Xo ia derived from direct calculations bom 
the electronic wave functions. The orbital contribntiou used iy tlu‘ Laiidau- 
Pcierls free electron value. Xn is the nuclear suscoidibility which is about l/5th 
of the value of xs (Bowers, 1950). It can be seen that ihcre is no sci ions disparity 
botwoon calculated and the experimental value {xtu the xe,v) 'J'h (3 value obliiiiu d 
by van Ttterbeek and the present result are in Rood aRremnent amongst themse]\'CH 
and closer to the theoretically estimated value 

TABLE 1 

Tlmoretical estimate of the mass susceptibility of copper in ( Miii/Rm, Cfiiujiari'd 
to the Gxxierimontal 



XTh 

XEi 


xc 

-1 91 xlO-7 

—0 8.3x10-7 

(Uowoih) 

xs 

+ 1 lOXlO-B 

-0 87x10-7 

(Van Ittorbook) 

XN 

H-0 22x10 

-0.80x10-7 

(Kaufmarm & Starr) 

XO 

-0.37x10-7 



Total 

XTh 

— 0.90 xlO-7 

-0.91 XlO-7 

(■Presont Work) 


The temperature dependence of the susceptibility observed by us docs not 
agree with that found by oaiHer workers. Fig. 3 shows that sample A has tera- 
]Joratiire independent suscexitibility between C00“IC to lOO^K. This is in good 
agreement with Bowers’ result on copper metal (99.999% purity). A small 
temperature dependent term observed by Bowers has been a, scribed by him to the 
presence of residual paramagnetic impurity as well as nuclear susceptibility. 
In the temperature range we have worked the nuclear susceptibility should contri- 
bute a temperature dependent term '-^.3% which is just outside our cxtierinuMiial 
accuracy. Thus it seems likely that the susceptibility of pure copiior is substan- 
tially independent of temperature. 

The mass susceptibility of specimen B (deliberately contaminated sjiecimon 
A with nickel)w as found to be — 0 92 X omu/gm at 295“K. This specimen 
showed temperature independent susceptibility in the high temperature range 
(296°IC to GOO^lC) but in the low temperature range (295“K to 100”K) it showed 
ttu increase of diamagnetic susceptibility by about 7.5%. This temperature 
Variation is similar to that observed by Bitter et al. (1941) on moderately pure 
copper specimen. 

The specimen C was prepared in an induction furnace by melting appropriate 
quantity of copper and nickel in recrystallized alumina crucible using helium 
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atmosphere. The (Ictajls of the method of preparation have already been des- 
cribed by Diitta Roy (1961). The alloy contained 99.9 weight percent of copper 
and 0,1 weight percent of nickel. The sample was annealed for 24 hours in a 
vacuum annealing furnace at 600®C. The mass susceptibility of this specimen 
was found out to be —0.768 X 10“’ erau/gm at 296“K and was field independent 
at lower fields The diamagnetic susceptibility decreased monotonically with the 
lowering of temperature (600“K to lOO^K). This variation (fig. 3) is somewhat 

TEMPEhATURE IN DEGRtEE KELVIN 



O— PURE COPPER (A) 

A — IMPURE COPPER (R) 
0— IMPURE COPPER CC) 


expected because nickel, if present as trace impurity in copper, contributes a 
paramagnetic term due to the presence of 3d holes in the alloy. But Cui'io-Weiss 
law does not account for this observed temperature variation and only a three 
constant formula of the type AT-fB+C/T suggested by Kaufmann and Starr 
(1943) for copper-nickel alloys gives an approximate fit to the experimental tem- 
perature susceptibility curve (fig. 3). We have not attempted a rigorous analysis 
of the experimental results on the basis of the above throe constant formula since 
the origin of the AT term is obscure and no theory of magnetism Suggests such a 
term. Also the observed temperature variation in specimen B and C can not bo 
connected to the thermal expansion (or contraction), otherwise similar temperature 
variation of mass susceptibility would have been observed in the case of pure copper 
(specimen A). 

In conclusion the present experimental result on pure copper suggests that the 
susceptibility is substantially independent of temperature but in impure copper 
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with nickel as trace impurity susceptibility shows an anomalous temperature 
variation. 
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ABSTRACT. A irfimiHtoriRed digital froqueacy metor capable of operating up to 
2 Mc/s lio.« boon do-jc:ribod. Tiio docado circuit uhos 1— 2-4~S weighted working'codo <ui(l 
nor-traiifuiHtnv j-oiiHlor logic sy'^tem liaH boon used for the decimal display. 

The counter is the most reliable instrument for an accurate measurej^ent ol 
frequency, period, time interval, frequency ratio of the two appliijd signals and 
for the counting of regular or random electrical pulses. It could also be used loi- 
the measurement of non-electrical parameters by the use of suitable transducers 

The counter consists of four main units. 

(1) Input circuit which amplifies and shapes the incoming signal in order 
to present pulses of uniform amplitude and rise time to the succeeding 
circuit. 

(2) The decades with displa^'^ units which totalize the incoming counts and 
transform those into numerical display. 

(3) The time base which consists of the crystal oscillator and decades, 
supplies the precisely known increment of time during which pulses arc 
counted. 

(4) Gate control which stai-ts and stops the counting. 

Fig. 1 shows the block diagram for frequency measurement. For other 
measurements mentioned above the same blocks are used but connected in a 
slightly different way. 
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Fig. 1 
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An aooUTBte meBsurement of frequency is made by counting the number of 
pulses for a precisely controlled time interval. The measurement of time or period 
is made by counting time base puUcs for a period coutroUed by the 
whereas frequency ratio is determined by counting the number of pulses of one 
signal for a period controlled by the other signal. 

Technically, the most important section of a frequency meter is the decade 
and its associated display unit and these will be described hero. 

DECADE DNIT 

Basically, the decade circuit consists of four identical binary stages cascaded 
in series such that there would be one pulse in the output for every sixteen input 
pulses. However, the circuit has to be modified suitably in order that the scale 
of sixteen is reduced to a decade or scale of ten. Broadly speaking, this could be 
achieved by using either the feedback or the reset technique. 

The feedback technique of modifying binary counts, although simple and 
economical, is not very satisfactory when operating at high frequencies. One 
reason is that the delay around the feedback loop and its associated decade must be 
less than the periodic time of the input signal. Secondly, any stage being supplied 
with feedback pulse in addition to some external input must be capable of resolving 
the two, in order that it shall not ignore the feedback pulse. These factors limit 
the operation of the circuit at high frequencies. These disadvantages are over- 
come by using the ‘reset’ technique. 



Fig. 2 
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The reset technique described here employs two Gate circuits such that the 
code of the resulting decade remains as for the pure binary 1 -2-4-8 weighted 
working. 


GATE ClRCtTfT 

The technique used to modify the normal four-binary count of sixteen to ten 
is simply to allow the oircut to count up to 9 in the normal fashion and make the 
10th count reset the binaries into their starting condition. The count of 9 leaves 
the counter in the binary code condition 1001 and input pulse 10 would riormally 
alter this to 1010. However, the change of state of the fourth binary on the eighth 
count closes gate and ox)eiis the gate (?2 that when 10th pulse come^ in, it 
changes over the condition of the fourth binary instead of the second, thus reijetting 
the counter to 0000 condition. 

These two gates and G^ have been so arranged that when transistor Tg 
is in saturation, gate G^ is open and closed and vice versa when goes into cut 
cut off. 


TO olcimal display 



Fig. 3 


DECADE OPERATION 

Consider Fig. 3. Initially the transistors Tg ^4 saturation 

and with each successive incoming pulse, the condition of these transistors is 
as shoAvn in Table I. 

Table 1 shows that all binaries behave conventionally up to 9 input pulses 
i.e. the incoming pulses at A pass through gate Gi to the second binary and do not 
pass through gate G^ as it is closed, transistor being in cut-off condition. How- 
ever, eighth input pulse changes the condition of binary 4, bringing transistor 
Ty into saturation and Tg into cut-off with the result that gate Gi is closed and 
O 2 is open. Thus subsequent pulses at A i.e. input pulse 10, will not affect the 
condition of binary 2 and instead directly changes the condition of the fourth 
binary, thus bringing transistors Tg Tg and Tg in saturation, which is the 
condition for zero input. Hence zero condition appears once for every ten input 
pulses i.e. the system is a decade or scale of ton. 







Counter I Frequency Meter 
• TABLE I 



Binary I 

Binary 1 1 

ijiiiftrv ni 

Jiiiiiu’v 1 V 

Transisior No. 





7'r. 

Y’n 

'^’7 7'r 

Pulso No 

4r 








0 

1 

0 

1 

0 

I 

0 

1 0 

1 

0 

J 

1 

0 

i 

(» 

1 u 

2 

1 

0 

0 

1 

1 

0 

1 0 

3 

0 

J 

0 


1 

0 

1 0 

4 

1 

0 

1 

0 

0 

1 

1 0 

5 

0 

1 

1 

0 

0 

1 

1 0 

(5 

1 

0 

0 

I 

0 

1 

1 0 

7 

0 

1 

0 

1 

0 

1 

1 0 

8 

1 

0 

1 

0 

1 

0 

0 1 

9 

0 

1 

1 

0 

1 

0 

0 1 

10 

1 

0 

1 

0 

1 

0 

1 0 

Weights 


1 

2 



4 

B 


0 — Condaotion (Saturation) 

1 = Non Conducting (out off) 


The reset count switch enables the counter to be restored to its zero condition 
manually from any random setting When the switch is in tlio rescit position, 
transistors Tq and are brought into saturation by the application of ex- 

ternal negative pulses to their bases thereby compelling the counter to adopt its 
zero condition. 


BINARY 

Fig. 2 shows a conventional binary circuit capable of operating up to a counting 
speed of 2Mc/s reliably. The trigger differentiating circuit uses a diode instead 
of the conventional resistive load and diodes Dj and IJ^ serve the purpose of sioer- 
ing the trigger pulses to the appropriate points in the circuit 

DECIMAL DISPLAY 

The infnrmet.mTi contained in a decade circuit can bo transformed into a 
-decimal display by Tarioua methods, tUe more popular being the use of meters 
responding to weighted currents and the use of diodes matrix system with Nixie 
tubes (for in-line readout) or with Neon indicators. In the circuit described 
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here, NOB transistor resistor logic system has been used with Neon indicators. 
This logic system by making use of resistors instead of diodes as in the diode matrix 




system, makes it more economical and reliable, too, if the resistors are suitably 
chosen. This logic system can be used with Nixie tubes also. 

Fig. 5 shows the circuit for the numerical display; complete circuit has, how> 
ever, been shown for digits 0, 1 and 9. It uses ten NPN transistors for driving 
the ten Neon indicators.— one for each digit. The bases of these transistors are 
coupled to the collectors of the decade circuit through resistors in such a manner 
that only one transistor is turned on at a time which instantaneously corresponds 

To tho bases of the driving transistors 
01234607 8 9 


■Td 




R 

H 

R 

H 

R 

R 

R 

R 

R 


■ 

R 

■ 

R 

R 

R 

R 

R 



■ 

R 

R 

■ 

R 

R 

R 

R 



R 

■ 

■ 

R 

R 

R 

R 

H 



■ 

H 

R 

R 

R 

R 

R 

R 



R 

R 

R 

R 

R 

R 

R 

R 























Fifp, 6 


Counter I Frequency Meter 639 

to the number of counts stored in the decade. In normal fashion 40 coupling 
resistors have to be used i,e. four resistors for each digit. A few resistors have, 
however, been eliminated without in any way impairing the working of the 
circuit. This is shown in Fig. 6. 

Let us now consider the operation of the circuit shown in Fig. 4 which is only 
for one digit. When the inputs of all the resistors arc at '0* potential, corresponding 
transistors in the decade circuit are in saturation indicating the condition for the 
said digit. The driving transistor will then be turned on and the collector potential 
will fall towards zero so that the voltage applied across the Neon indicator will 
be E volts which is sufficient to strike the neon indicators and the corresponding 
digit will light up. Now, if the input of even one of the resistors is at a negative 
potential, not all the corresponding transistors in the decade circuit arc in satura- 
tion indicating that this is not the condition for the said digit. The driving 
transistor will therefore be cut off and the collector jiotential will rise towards 
supply voltage V so that the voltage applied across the n(3on indicator will bo E-V 
volts which is not sufficient to strike the neon indicator and therefore the noon 
will not glow. In short, the circuit discussed can be considered as a gating circuit 
formed by four resistors followed by a transistor inverting amplifier. 

DESIGN CONSIDEB ATIONB 

To ensure a satisfactory working of the circuit (Fig. 4) two conditions must 
be fulfilled. 

1. When the inputs of all the resistors are at zero potential i.e. no input signal 
is applied, the transistor should be in saturation. To ensure this, the 
emitter is kept slightly negative. 

2. When there is an input signal on any one of the resistors, the transistor 
should be in cut-off condition i.e. the amplitude of the input signal should 
be sufficient to bring the transistor into the said condition. 


CONCLUSION 

The decimal display circuits described earlier (Scollar, 1965; Young, 1966) 
have used the conventional diode matrix system. T. I). Towers (1964) in his dis- 
cussion has mentioned that there is hardly any standard cheap and reliable read- 
out device. The present discussion makes use of only thirty resistors logic system 
and as such it can be considered to be more economical and reliable. This system 
could also be used with decades having 1-2 — 2 — 4 and 1-2-4-2 code system. 
In addition, the circuit employed for the decade uses minimum number of com- 
ponents and operates satisfactorily up to 2 Mo/s with a minimum input signal of 
100 mV peak. 
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FLUCTUATIONS AND THERMAL CONDUCTIVITY OF 
CO 2 IN THE CRITICAL REGION 

A. K. BARUA T. K. RAJ DASTIDAR 

IjNiJiAN Association roii this 1.-ul.tivatiojs ot? Sciionck, (ULCUTTA-Hii 
{Meceived A ugust 1 0, ] OOG) 

The measurement, of the thermal conductivity of OOj, in the ciitioal region 
has recently been receiving considerable attention (Guilduer 1958; Micliols at al., 
1962b) The most interesting feature of these mcasuremonts is the apjjoai anco 
of a sharp maximum in the thermal conductivity vs. density curve near the critical 
density Tt has been observed (Michels and Strijland 1952) tliai. the Hp(3cifio 
licai of CO 2 also shows a similar behaviour in the critical region This lias hid 
Michels et al (1962c) to suggest that the variation of the.rmal conductivity hi the 
(jiiiical region is in some way connoctod to the variation of specific heat in iliat 
region. They have also suggested timt due to the formation and the breaking up 
of the clu.sters in the critical region additional heat may be transferred as observed 
in dissociating systems (Hirschfoldor 1957, Butler and Brokaw, 1957) The prob- 
lem of heat transfer in the critical region has been treated along ilicso lines by 
Barua and Das Gupta (1966) without much success. It,, however, appears that 
a factor which has not yet been considered for explaining the thermal conducti- 
vity is the fluctuations in the critical region. Recently, Fixman (1965) has ex- 
plained the heat oapacity of OO 2 in the critical region fairly well by considering 
density fluctuations given by 

< {8n) >2 = J < wjfcWfc > exp [i{k-\-k') ■ R]dk dk' (1) 

where the symbols have their usual meanings. 

Michels and Sengers (1962a) made several tests to And whether there was 
^ny significant convection effect in their measurement ol the thermal conductivity 
^f COg in the critical region. The most important of these tests is the variation 
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of the temperature difference AT between the hot and the cold plates of conducti- 
vity cell. From the lack of variation of the measured thermal conductivity with 
AT, they eoncluded that their measurements were convection-free. However, 
density fluctuations in the critical region are not dependent on AT. Consequently 
the convection due to this factor will not change effectively with AT. This means 
that convection due to density fluctuations is an inherent property of the critical 
region which cannot be avoided by any modification of the apparatus for thermal 
conductivity measurement. This effect will be maximum at the critical point 
as the density fluctuation is also maximum at that point. Very rebently an 
experiment on convection near the critical region has been performed lj*y Hahne 
(1965). He has observed a very largo increase of heat transfer at th^ critical 
region which may at least be partially due to density fluctuations. 

At present we have no theoretical treatment to calculate the effect of convec- 
tion due to density fluctuations on the thermal conductivity measurement near 
the critical region. It is quite possible when this convection effect is accounted 
for the observed maximum in the thermal conductivity vs. density curve for CO 2 
may disappear. 
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ABSTRACT. The S-wave phaso-ahifta (»?o) m the ola&tiu c-Ho scaitoi'iug have 
boon caloulftt-ed by lIulthon’H (1944) varmiional moihod ialtuig inin .acoouui polarisation 
effects due to the viHual excitation, to 2^8 state, but neglecting exchange. Tlio calculated 
pha.so-Bhil’t values compare favourably with those of Westin as quoted by Mott and Massey 
(1966). 


INTRODUCTION 


In problems of elastic scattering of electrons by atoms, the inclusion of the 
influence of exchange and polarisation effects brings in additional complications. 
Both the effects, duo to exchange and polarisation, decrease, though differently, 
with increasing energy. The exchange issue arises out of the indistinguishability 
of the incoming and bound electrons and the polarisation effect is due to the dis- 
tortion of the atomic cloud by the influence of the incoming electron. 

The first theoretical attempt to investigate the c-Ho clastic scattering consi- 
dering exchange effect has been made by Massey and Mohr (19J1). They have 
concluded that the inclusion of the exchange effect modifies appreciably the phase- 
shift below 16 ev. McDougall (1932) has computed the ^f-wave phase-Bhifts 
of elastic scattering of electron by helium atom neglecting exchange and polari- 
sation effects. Using the simple Hylleraas wavefunction for the ground state of 
the helium atom, Morse and Allis (1933) have taken into account the exchange 
effect in their calculation of the same problem and have solved the resulting mte- 
gro-differential equation numerically. Recently LaBahn and Callaway (1964, 1966) 
have carried out phase-shift computation on elastic e-Ho collision taking into ao 
count both the exchange possibility and the polarisation effect. Williamson 
and McDowell (1966) also have solved the same problem but with an oyens e 
wave function. The present authors (1966) have applied the variational method 
to the same problem. In all these attempts, polarisation effect has been oonsi ere 
by properly modifying the atomio static potential part. This modi oa ion ma 
fests itself by the presence of extra polarisation terms in addition to t e a y 


existing static potential part. 

Here, however, inete^l of modifying the etetio potenti^ to 
sation effect, we have-taken into account the distortion of the ongina gr 


643 



544 


B, Jha, S. N. Banerjee and N. G. Sil 

wave function of the atom in the presence of the incoming electron, in analogy with 
our previous work (1966) on e-H scattering to explain the resonance phenomena 
in the clastic electron scattering e^qjeriments of Schulz (1964). We assume that 
the distortion of the initial l^S state is in the form of a superposition of higher 
excited states induced temporarily when the incident electron is near the atom 
but when the electron is far away, the atom comes back to its original IS-state. 
For simplicity of calculation we have considered the virtual excitation to the next 
higher possible state only with the same symmetry (i.o. state), a^ such the 
exchange effect has not been considered in our formulation. '' 

THEORY \ 

The wave-function f{ri, r^, J'a) of the system of three electrons moving in 
the field of a proton satisfies the wave equation rg) = 0 

with // =: — V 1 — Vj ^ -j- -L ^ + i in atomic units (i.e. 

e =z 771 = h — 1— »(,); here r^, r^, rg are the co-ordinates of the three electrons 
referred to the helium nucleus, rjg, ^23* distances between the two of 

them, E is the total energy of the system (in a.u.) 

The total wave-function ^(r^, r^, rg) is approximated as 


r^, rg) = xin. 


( 1 ) 


with xiri, rg, rg) = ra)(l-ae“>^»'a)+v!^g(ri, r^Pe.-\P'^ 

and X satisfies the normalisation condition (irg = 1; hence 2a = /?“ 

and X — 2fi (neglecting higher powers of 

For convenience of calculation, we have taken X = Z (i.e. 27/16), the effective 
charge. _ 

The trial function ^(rg) is chosen in the form 

jP(r,) +(a+6e.r,)(l_e«-,)_2^} 

a and h are adjustable variational parameters and k is the Wave-number of the 
incoming electron. 

The trial wave function has the asymptotic form — ^7-^® and 

ffT g A/fg 

is finite at the origin. The /S-wave phase-shift is given by i/o — tan"^ a. 
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Calculation of 'Tj 

The variational integral L now stands as 

L = ^2. »-8)(Vi^+V2®+V3®) Hu, u, u)du dr. dr^ 

\ i ll Vg 

J 'U2 ^13 ^23 ' 

the trial wave function ^ is as given by the expression (1). 

Using the eigen-value equations 

(vi*+V 2 ®+ “+ ^ ^ +2ei)fi(»-i. »'t) = 0 

and ( Vi*+V2*+ ^ + T “ ^ ® 

' ^1 ^12 ’ 

where U H, ®8 wavefunctions and eigen-energies of the atom in 

the ground state (IS) and excited 2^8 state (singlet) respectivly, we get 

-2L = f (l - ^ e-l‘'>'jF{r,)dr, 

+fi, j v»*+ ^+2^?-2ejje-i‘’'“J'(»-3)dr3 

f (^1*— W)(— *2 '*'■» 

-8/J f i'®(r,)dridrj<fr, 

J ^12 

-if fi«-L J’«(r,)ir,dr,.(Jr, 

J ^18 

To evaluate the above expUoitly. properly orthogonal analytic (approximate) 
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functions for the ground state and excited state have been used (Harriott, 1957), 
They are as follows : 

^'2) =— c --ZCri+rj) 

TT 




where 0= 2V«x.478 , ^.^ugg j, = .317 and ft = .464. ; 

\ 

The variational method duo to Hulth6n starts from the \ integral 
L = l\lr*{H—E)\Jrdr-^ dr^ dr^. The value of the phase-parameter a is obtained 
from the following set of equations 


L{^\ 6, a) = 0 


d& 


= 0 
= 0 


It is to be noted that cubes and higher powers of in L have been neglected. 
The evaluation of L is now straight forward, though extremely tedious, the 
numerous integrals occurring therein can finally be reduced to the following three 
types : 


Ax =/(»■)’' 

0 


-BtfX = /(♦■)'' cos 2hr dr 

0 

— / (r)*' e-^*’ sin 2&r dr 
0 

In the low energy region wo first find the solutions of the quadratic equation 
L = Q obtained by putting — 0. One of the splutions agrees with the results 
of McDougaU (1932). Now to find tho required solution of the fourth degree 
equation at low energy we search for the root in the neighbourhood of the particular 
solution mentioned above; a root is obtained differing only slightly from the parti- 
cular solution chosen of the quadratic equation. Once the root has been fixed 
for a particular low energy, the phase-shifts for higher energies have been obtained 
by solving tho fourth degree equation and using the continuity property of the 
phase -shift. 
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RKSTJLTR \ND DISOTJBSTONS 


trial^oZn ™>“«= f™ the oa«e J = 0 in the 

function F[r,) for encrgiec ranging from 13.0 cv to 100.6 er by using only 

the coupling of IS and the virtually excited 2‘S state. 


We have given a plot of % against K in the figure. Wo find that present 
values of agree favourably with the experimental values. Eeoently Schulx 
(1966) and Kuyatt et at. (1966) have observed resonances in the dastie electron 
scattering by hehum at energy 19.3±.l ev. Duo to the close coupling of 2'S 
and 2 S states, it is quite likely that resonance effect cannot be reproduced in this 
formalism, where we have neglected the contribution due to the exchange effect 
thus excluding the possibility of virtual excitation to the 2^S state (cl' Mott and 
Massey, 1966). 



The S-wavQ phase-shift Vo for elastic scattering of electron by helium atom plotted 
against K. 

derived from observed data by "Westin as quoted by Mott and Massey (1906); 

I — ^Present Calculation. 

n — Calculation from the Hartree field without allowance for exchange as quoted by 
Mott and Massoy (1966). 


It may be of interest to compare the present values of % with those of LaBahn 
and Callaway (1964), who toolc into account the polarisation effect by modifying 
the static atomic potential. At the energy 64.4 ev, calculated by the present 
authors is 1.16 radians, whereas the corresponding value of LaBahn and Callaway 
(1964) is 1.36 radians whereas the experimental value is about 1.24 radians. 
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ABSTRACT. MaaaaromontH of iho m'lgaotu* BUbCtpiilulily and am hid ropy on Hinglo 
uydtals of NiSiFo.OiJ2t) loid NiSntJlg.flHaO have Iieoii made m tlio lompnmturo r.mgo 
jOD” 9l)°K and the rosnlta are cimpared with tlionotioal ex[jre>.aioiif,. Tu hotli Hioso cryatulh 
(which belong to the trigonal wystum with one lon in the iiiiil rell) the uaiioLi ijmi ligaiul held 
jinTiimotorB us well aa the /loro hold aplittiiig are i-een to bo temporal iiro dependi-iii, the cliingoH 
being more pronounced in the fluoaiheate TJie effect of oovaloney apjieare io ho liigh in 
the chlorostannate. 


T N T n, O D IJ C T 1 () N 


The hexahydrated fluosilicaie and chlorostannate oi belong to an interest- 
ing series of crystals for magnetic, optical, e.s.r. and other studios. The unit cell 
of the trigonal (rhombohedral) crystals contains only one inoleoulo, the Ni(H 30 )o’’'® 
octahedra being trigonally distorted along the 3-fold axis of the crystals, as 
evident from the je-ray analysis of the chlorostannate by Pauling (1930) and 
the recent neutron diffraction studies on the isomorphous ierrous fluosilicaie 
by Hamilton (1962). The Ni2+ ion is thus under a predominantly octahedral 
field with a small supc'rposed trigonal component The giouiul level of the ion 
under a cubic field is an orbital singlet “Ag^y, which is split up to a small extent 
by the combined action of the spin orbit coupling and the non-cubic coiniionont 
of the field into a doublet and a singlet. The magnitude of the separation between 
these levels, the zero field splitting I), has been measured from the resonance spectra 
(Holden, Kittel and Yager, 1949; Pem-ose and Stevens, lOriO). However, the 
sign of D cannot be determined from these data and has to be deduced from 
magnetic susceptibility measurements, as discussed later. 

Only the mean susceptibihty data for the fluosilicato in the t(miporature 
range 290'*-! .54°iiL have so far been reported (Haseda and Date, 1958) which are 
not enough for evaluating all the theoretical parameters uniquely. 1^ the piosent 
paper we have measured the magnetic anisotropy as well a.s the principal suscop 
tibmties in the range 300'’-90°A:. The study of magnetic anisotropy is of specia 
advantage here, as it is a sensitive function of D (vide infra). Results on t e iso 
morphous salt, NiSnae, 6HaO, have also bee n discus sed. 


* Present address Department of Physics, 
** Present address : Department of Physics, 


St. TCavior’s f^^lloge, Calcutta, 
Jogaraaya Devi College, Calcutta. 
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E3CPERIMENTAL 

Niokel Huosilioate was prepared from nickel carbonate (Schering’s Co-freo 
quality) and neutralized with hydrofluoric acid. Zinc fluosilioate (which was 
required for the diamagnetic correction of the susceptibilities) was prepared 
in a similar manner. Nickel chlorostannate was prepared from NiClabHaO 
and SnCl 4 in moderately concentrated hydrochloric acid solution. The fairly 
large single crystals obtained on crystallization from slightly acid solutions were 
chocked under the polarising microscope. NiSiF^-GHaO crystals were ground 
into cylinders about the axis of suspension to eliminate shape effects \ on the 
magnetic anisotropy. NiSnClg-GHaO is very deliquescent and had to be\ coated 
with coUodion after mounting in the sample holder. Grinding of these (i^ystals 
was avoided by choosing only those that had as nearly a regular polygonal, cross- 
section as possible about the axis of suspension, so that the shape effects were 
minimized (Majumdar, 1962). 

The magnetic anisotropy was measured in a torsion balance with quartz 
fibre suspension described in detail by Majumdar and Datta (1965), from which the 
values of the anisotropy Ax in the horizontal plane could be directly obtained. 
For the measurement of the principal anisotropy (;vil— AJi) susceptibility 

along the trigonal axis, X\U found to be greater than that normal to this axis, 
Xl, for both the salts studied here) the crystal was oriented with a {ITO} face 
horizontal. In order to check if any anisotropy appeared in the plane of trigonal 
symmetry at low temperatures, the crytals was mounted with the [111] axis 
vertical. There was no measurable anisotropy down to 90°K, showing that 
the imlike cobalt (Majumdar and Datta, 1965), manganese (Tsujikawa, and 
Couture, 1956) and copper (Majumdar, unpublished) hexa-aquo fluosilicates, the 
uniaxial symmetry of the crystal is retained in both the salts in the range of 
temperature studied. 

A sensitive Curie type of torsion balance was used for the measurement of 
susceptibility (Bose et al., 1963) and one of the principal susceptibilities of the crys- 
tal, e.g., X-i. or lihe mean susceptibility of the powdered crystal was measured from 
300® to 90®K with its help Measurement of the mean susceptibility was not 
possible for the chlorostannate because of the obvious difl&oulty of powdering 
and packing the highly deliquescent crystals in an ampoule. The susceptibility 
values for NiSiFfl-GHaO were corrected for diamagnetism from the measurements 
on the isomorphous zinc fluosilioate for which K\\ and were found to be —136.4 
and —135.6 in the usual 10“® e.m. units per mole, respectively. For the ohloro- 
stannate no isomorphous diamagnetic salt containing SnClQ’‘~ could be prepared, 
and the necessary corrections were applied using standard tables*, X being cal- 
culated to be —262. 

"'Tables de constantes et dondaes nmn6riqueB, 1957, Edited 
by G. Foex et al, , Yol. 7 **Diamagaetisin6 et Faramagoetiemd”. 
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From the corrected susceptibility values the principal and mean effective 
moments {i = || or X to the trigonal axis) and ja, respectively, were calculated 

P* = itpii’+W) 



Fig. 1, NiSiFo.aHaO. Lower curve — ^magnetic anisotropy, (X||— Xx )» plotted as T(x\\~-Xi )i 
Upper curve — squares of the principal moniontH, Mx ® (off-) 



Fig. 2. 


NiSiiClB-6HaO Lower curve — ^magnetic anisotropy, (X|| 

Upper curve — squares of the principal moment s, ( ■} 


2'(X||-Xi ), 


2 
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using the relationship {Xi being identical with the ionic susceptibility Ki in the 
present case) The experimental data for the anisotropy and the susceptibility 
(or the squares of the principal effective moment /i^) are shown in figure 1 for the 
fluosilicatc and in figure 2 for the chlorostannate. Graphically interpolated values 
at regular intervals of temperature are shown in Tables I and II for convomence 
of comparison with the calculated values. The accuracy of the results is 
estimated to be ±0-6%- 

TABLE I { 

Magnetic anisotropy and susceptibility of NiSiFfl • OHjjO \ 

(interpolated values) \ 


Temp. “K 

l0«JrCi 

i06(2s:„~is:j.) 

lOo/C 

300 

4,630 

14.82 

4,630 

2 BO 

4,830 

16.00 

4,840 

260 

5,190 

15 21 

5,200 

240 

6,610 

15.46 

6,610 

220 

6,090 

15.80 

6,100 , 

200 

6,680 

16.23 

6,680 

180 

7,400 

16 70 

7,420 

160 

8,300 

17 40 

8,310 

J40 

9,450 

18 67 

9,460 

120 

9,990 

20.64 

10,100 

100 

13,170 

23 63 

13,180 

90 

14,610 

25.62 

14,610 


TABLE II 

Magnetic anisotropy and susceptibility of NiSnCle'dHaO 
(interpolated values) 


Temp. “K| 

10«A^A 

100(A,|-Kx) 

100£: 

300 

3,963 

18 63 

3,970 

280 

4,240 

20.20 

4,260 

260 

4,560 

22.21 

4,670 

240 

4,930 

24.62 . 

4,940 

220 

6,370 

27.71 

6,380 

200 

5,890 

31 .40 

5,910 

180 

6,540 

36.12 

6,550 

160 

7,340 

41.90 

7,360 

140 

8,360 

49.24 

8,380 

120 

9,730 

67 . 80 

9,760 

100 

1 1 ,650 

69.21 

11,690 

90 

12,012 

76.60 

12,960 
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TTIEOKY OF TRIGONALLY DT S T O 1! T li n O f T M K 0 R A , 

Nis-* SALTS ■ ' 

Under an octahedral field of symmetry Oj the 3d» »F ground state of Die 
Ni“+ ion splits up into two triplets, >T,, and »T,„ and a singlet »A. whieli lies 
lowest. The appropriate wave functions using the threefold axistif the octa- 
hedron as the axis of quantization are (Bleaney and Stevens, 1963) 

Wave functions 

KoprcBentation 

^ ^ li-o 

■^2(/ 






^-2g (1) 


T\g 


T+, 

Vt 

Iff 


The potential for the cubio and trigonal fields may bo written an 


i 

On applying the corresponding perturbations we arrive at the following wave 
functions : 

00 ~ ®o I “l"^o 1 

01 — I T+gjr> I 

0i' = I ^~Z0> I 

02= \T%g> 

08 — flti I T+ig> — 6i I T+ig> 

. 0^3 = 1 I 

08 ~ ttg I — ^0 I 


... ( 3 ) 
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with the corresponding energies (with appropriate subscripts) obtained by solving 
the secular determinant, given by 

El., = i )T{(8Dff+|^,-8^,)”+±(3^,-404^ )’}*] 

E,= -2Dg+^A^+lAt \... (4) 

where the first and the second subscripts on E refer to the —ve or -j-ve sign 
appearing within the square brackets in (4-). The coefficients in (3) are given by 


^j.A,-V5A, 

~ ^o+12Dj-7^* 


Oo*+6o*=l; 


Wo , 


... (5) 


= 1; 


where the ligand field coefficients are given by 


j g =2 


= -eA\f^ 


2lVw 


... ( 6 ) 


Dg = 


28\/7r 


The trigonal field thus splits up the excited orbital triplets into a doublet and a 
singlet each, the ground level remaining orbitally non-degenerate. Since the 
excited orbital levels lie ~ 10* cm"'^ higher up we can apply the spin Hamiltonian 
technique (Pryce, 1960) where we include the effect of spin-orbit interaction and 
the external magnetic field, 
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For Hljz, axis of trigonal symmetry of the Ni(H20)tt-+ complex, the; spin 
Hamiltonian for the system is given by 

IL = ... (7) 


and for 1 z 


H, - ... (8) 


where 


0\\ = 2(1— i:|| an C\\) 
j7x = 2(1— fcA ax ^x) 


and 


«„^,,(2aa+V5V ... (9) 

" " E^-Eq 

2 ^ V2aoai — ^ ¥ V 2 2V2^®^^) 

ax= JE7j_^7„ Vi’a- A\, 

Here we have introduced the orbital reduction factors fc* and the spin orbit coupling 
coefficients = il or JL to the trigonal axis of the complex) reduced from the free 
ion value and rendered anisotropic due to covalency. 

Operating with the spin Hamiltonian B. (7) and (8) respectively upon the 
spin states |1>,|0>. 1-1> we derive the energy expressions as follows ; 

(a) H\\z 

JTo 

If-i = iX»-pi|^fl,-/8>fc|i»a||f/." . 

(b) frj.* 

If, = 

TFo = iD-fi^ki*axH> 

1f„, = 
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The expression for the principal gm ionic magnetic susceptibihty is given as usual by 


... (11) 

= lb ±) 

On substituting the values of obtained from (10) in the above exproision one 
gets 

\ 

r<7..® —DiakT -DmT 2DI3kT^ \ 

22Sr/?a[|Le +2a,|*;,|«e c 1 

^11 “ ~-D]3icT 2D[^ 

2e 4-e 

and . . . (12a) 

~ 2e^S73S5’+e2B7®r ’ 

On the assumption that D <,<, kT the exponentials can bo expanded when (12a) 
reduces to (ignoring terms involving higher powers of D and l/T**; see also Prycic, 
1967) 


^i=- 

1 LtH^O 


ST ^ ' 

Z- dH~ 


/_ ZiLli \ 
I kT I 






9*T* J 


(12b) 


ifc L ^ 3T 


For the fluosilicate, since D is ^0.6 cm“^ at room temperature and <-^0.1 cm“^ 
at 14°K (Penrose and Stevens, 1960), it is permissible to use eq. (12b); however, 
at temperatures of about l^K, D kT, and eq. (12a) is more proper to use. For 
the chlorostannate low temperature data are unavailable and (12b) is adequate 
for the present purposes. 

Since these crystals have an anisotropy of less than 0.6% throughout the 
temperature range studied and since it has been directly measured in these ex- 
periments, it is more convenient to use the expression for the anisotropy 

AK^Kw^Kj. 

and the mean susceptibility 



Ligand Field Theory of Trigonally Distorted, etc 

£= i(K,|+2Kj. ). For D « kT these reduce to 
K («nfcll‘+2ar k. ^)+ W-g, 

and 

= [2fc(»;ifcn^-«. ifc. “)-|- ((,„»-», ») 

(!()MPARl«ON AVI Til KXPEUIMEMT 

The ihooretical parameters involved in the above expressiojis are the cubic 
field coefficient Dq, the second and fourth order trigonal field paraineteis yla and 
^[4, respectively, the orbital j'eduction factors Ic^ and the spin orbit coupling coi'fii- 
cients, (i = ||, i). Recent experiments on the optical spectra of NiSiFg-bHoO 
(in 10% concentration in ZuSiF^-eHoO) by Pryce ct ah (1964) show a fairly broad 
band centered around 9,100 cm~^, assigned to tlie transition in the 

cubic field approximation, which is thus equal to lODq, We have consequently 
accepted the values of Dq as 910 cra~^, since the mean centre of t-lic levels is (ex- 
pected to remain practically unaltered when a small trigonal comiDonont is super- 
posed on the cubic levels. 

E.s.r. data for NiSiFfl-GHaO are reported by Holden, ICittel and Yager (J949) 
who find j7|| = 2,36 and g ~ 2.29 at the room temperature with 1) ~ 0.60 cm~i, 
wliile Penrose and Stevens (1950) obtained, within exp(5rimcntal ej i or, an isotropic 
(7- value with D varying with tomperature from 0.32 cin-^ at 200‘’K to 0.12 cin ^ 
at ]4.6°K. Holden et ah ascribed the anisotropy in r/- value's to experimental en cji s. 

in correlating the theory Avitli experiment wo have found by trial and error 
a set of values of af, and (i = ||, i) withZ)g — 910 cm“i winch v ould giv(3 tlu' 
best fit with the resonance D and gr-values, as avcU as our sucoptibility and aniso- 
tropy data. It was found that a much better agreement with oxiieriment was 
obtained by taking D as — ve. In fitting the results for different temperatures 
and Dq wore assumed to remain constant with tomperature, as those para- 
metei'B are associated with strong bindings and hence are expected to change 
less with temperature. On the other hand, we have assumed that (which is 
a function of Dg, and . cf eq. 6 and 9) varies with tomperature because of 

a greater likelihood of thermal changes in the anisotropic part of the ligand field, 
as also observed by earlier workers of this laboratory on many salts of the iron 
group (Bose et ah, 1957, 1968, 1961 et seq ). The results arc shoim in Tables 
Hi and IV for the Huosilicate and the chlorostannate, respe(3tivcly. 

(a) mSiF^’QH^O. 

It is seen from table III that the agreement between the calculated and ob- 
served values of D, h\\ and Jfcx with a suitable and reasonable choicer of the para- 
meters Dq, hi and Oi (t — //, i) is very satisfactory particularly in view of the fact 
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TABLE m 

Calculated ligand field parameters for NiSiFj’GHaO 


Dq^ 

910 cm-^: 

h 

= 0.786; 

= —296 cm“^; 

kx = 0.826 

^x = -309.6 cm-i 


Temp. °I£. 

lO-i tti 


9i 

—D cm“i 

100. aK 

looii: 

300 

Bji = 6 . 222 


gil = 2.289 
(2.36) 

0.60 

(0.60)* 

16.10 

(14.82) 

4666 
; (4634) 


ax = 5 . 600 


gi = 2.286* 
(2.29) 



\ 

200 

ail = 6 . 159 


^11 =2.286 
(2.29)t 

0 29 
(0 32)t 

16.00 

(16.23) 

\C720 

(6084) 


ax - 5.56.5 


^x -- 2 284 
(2.29) 




J40 

a|| = 6.025 

ax - 5.451 


1711 ^ 2.279 

I7x = 2.278 

0.214 

18.69 
(18.. 57) 

9466 

(9466) 

90 

an =6.982 


(711 - 2 277 
(2.20) 

0 168 
(0 17)t 

25 90 
(2.5.62) 

14597 

(14610) 


a 5 41 H 


yx = 2.277 
(2.276)t 




14. G 

an = 4 705 


yjl = 2.218 

0.034 

(0.12)t 

136 
( ) 

84,250 

(8.3,500)§ 


oj. = 4.271 


yx - 2 218 




1.54 

an ™ .3 . 460 

ax = 3 133 


(7|i = 2 . 160 

gx = 2.160 

0.014 

148 
(— ) 

799,880 

(800,000)§ 


E.s.t. data of ITolden et al., (1949). 
t E.s.r. data of Penrose and Stevens (1950). 

§ Moan susceptibility data of Haseda and Date (1958). 

Figures within parentheses indicate experimental values. 

that the anisotropy is very feeble. The change in D with temperature as observed 
by the resonance workers is also substantiated by these results, the calculated 
values being very close to the experimental ones obtained by e.s.r. We note 
here that the values of D calculated by Becquerel and Opechowsky (1939) based 
on the paramagnetic rotation data of Becquerel and van den Handel (1939) at 
2°K is numerically higher {D — — 0.30 cm"^) than the reasonanco value 
(D = —0.12 cm“^) reported by Penrose and Stevens (1950), as well as that obtained 
by Benzie and Cooke (1950) from specific heat measurements at 0.9d°K 
(D=— 0.16 om-^). This has been ascribed by Ollom and Van Vleok(1961) to the fact 
that the zero field splitting contains in it an appreciable contribution from exchange 
interaction between neighbouring paramagnetic ions while the calculations of 
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Beoquerel and Opeohowsky include only the crystal field contribution. Since 
wo have chosen the value of D by trial so as to give the best fit with the exporimontal 
susceptibility and anisotropy data it should include both the above effects. The 
discrepancy between our calculated values and the e.s.r data below 14°K may 
arise from the fact that our value is not based on actual measui*cment of anisotropy 
at these temperatures but are the extrapolated ones to give close fit with the moan 
susceptibility data of Haseda and Date (1958). It has also been rocimlly pointed 
out by Ohtsubo (1966) that exchange effects are small in NiSiFo ■ OHjjO which 
becomes weakly ferromagnetic only below 0.15°K. 

TABLE IV 

Calculated ligand field parameters for NiSnClu G/IaO. 

— 910 cm~^ 

jfc„ = 0.760 = 0.767 

^11 = -260.3 cm-i = -249.6 cm-i 


Temp. “K 

1040!^ 

fJi 

— D om"i 

100 K 

106 K 

300 

a\\ — 4,01 

^11 - ii.l63 

0 63 

18 78 

3!)73 




(18 57) 

(3970) 


ai =■ 3.9.'i 

17i =2 H9 




- 200 

= 4.03 

fifll — 2 . 163 

0 52 

31 01 

5904 




(31 .40) 

(5005) 


ax = 3.97 

px =~ 2.160 




140 

ail 4.03 

g\\ = 2.163 

0 62 

.'50.52 

8377 



(49 24) 

(8378) 


ai - 3.97 

^ 2.160 




90 

all = 4.00 

911 = 2 162 

0.40 

76 69 

12066 


(76.00) 

( 1 2950) 


ax “ 3,90 

J7X = 2.160 





Figures within parentheses are experimental values. 


It may be noted here that the contribution of D to the moan susceptibility, 

K, (cf. eq. 13) is very small even at helium temperatures, while its effects on the 
anisotropy AA, becomes large at low temperatures. Hence anisotropy measure- 
ments are desirable at such temperatures for a more leliablo estima o 


In iB seen from eq. (4), (6) and (9) that a, is a function of D„ ^ and .4.; 
hence it is possible to find the values of .1, and A, (D, bemg assumed to be eons- 
tant) by trial to obtain agreement with Ihe chosen value of oq. ns a o 
cnlaU and 4* for aU the different sets of a’s (i = l|a)--h.eh wo^d^ ve^ 
laber^. and wo^a.not yield any new information we have esfrmated only 
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the order of magnitude of these parameters : ^2 om~^ and 160 om”^ 

in the range 300“— 90°K. 

(b) NiSnCl^-^H^O. 

As mentioned earlier, the detailed a:-ray structure of this crystal was per- 
formed by Pauling (1930). However, no magnetic susceptibility, e.s.r. or optical 
absorption data have yet been reported. Since the Ni(H20)g^+ ootahedra in the 
fluosilicate and this salt arc likely to be under very similar octahedral h^elds, we 
have assumed to be the same in both. As before, we have found by trial a 
sot of values of and which would give the best fit with tlie expornmental 
susceptibility and anisotropy data wliile giving reasonable D and gr-values ' (Table 
IV). We have also assumed, as before, Dq, and to bo independent of tempera- 
ture T, while cti is assumed to vary with T. 

As in the fluosilicate, it was found impossible to fit the experimental data 
with fixed values of an and aj^ over the whole range of temperatures; however, 
the variation in those parameters, and consequently that of D and is markedly 
less than those m the former salts. This points to a smaller change in the ligand 
field with temperature in the chlorostannate which may be due to greater strength 
of binding in this complex. It may bo noted that both ki and have found to be 
smaller in this crystal than in the fluosilicate. This moans a higher degree of 
oovalency in the Ni(H 30 )(,^+ complex, presumably arising from the influence of 
the Cl~ ions, the next nearest neighbours of Ni*+ ; because of its larger size and 
hence a smaller charge density than in the F“ ions, it is expected to change in- 
ductively (Van Vlcck, 1939) the metal-ligand charge overlap in the chlorostannate 
more than in the fluosilicate. Unfortunately, there are no resonance data to 
compare the calculated D and g'-values in tliis case directly. 

In the chlorostannate the value of j 42 was found to remain about the same 
as in the fluosilicate, while that of A ^ changed to 90 cm“^. 
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ABSTRACT A Generalized Tlouiprocity Equation expressing an nlgebraiu relationship 
between the parameters of an Optical system and its rocirpocal system, was formulated by 
the authop and was verified with i/ho help of data reported by various warkors for plane- 
polarizod liglit beams. This paper establishes within experimental error-limits, the validity 
of the equation in ease of circularly-polarized beams also for light scattoring by a set of orient- 
ed nylon fibroa. Since tlio Generalized Reciprocity Equation follows from Mueller’s Pk,et‘i- 
pruciLy Law, this study coraplof ea the experimental verification of Mueller’s theorem also. 

INTRODUCTION 

0 

Ej. S. Krishnan (1935) clorivod a reciprocity theorem in the form of an algeb- 
raic relation between the depolarization factors for unpolarizcd, horizontally- 
polarized and vertically-polarized incident beams of light. It has been experi- 
mentally verified by a large number of workers for random aggregation of coUoidal 
particles. In case of oriented particles, it was found by Krishnan (1938) as well 
as Rao (1945), Subramanya and Rao (1949) and others, that the relation was true 
only for vertically oriented rod-like particles and failed for orientations in the hori- 
zontal plane along and perpendicular to the direction of the incident beams. 
Krishnan (1939) proposed another reciprocity relation where the electric vectoi 
of the incident beam of plane polarized light can assume any angle between the 
vertical and the horizontal axes. The relation however was found to lack generality 
because of phase relationship involved therein. Perrin (1942) extended Krishnan’s 
work and proposed six reciprocity relations, which also included Krishnan’s theo- 
rem. One of these relations involving circularly polarized beams was investigated 
by Ramanathan (1953) who established a phase reciprocity relation and verified 
it experimentally for circularly polarized light. Further study of reciprocity 
relations was undertaken by Krishnan, Narayanan and Sivarajan (1954), and 
Krishnan and Sivarajan (1956), for various cases. Subramanian (1963) proposed 
a reciprocity relation existing between the intensities of the scattered beams and 
verified it experimentally in the case of plane-polarized beams and the scatterers 
oriented along and perpendicular to the incident beams. Mueller (Parke-1949) 
trying to explain the cause of non-generality of the reciprocity relations of Krish- 
nan and Perrin, found that the these reciprocity relations wore in fact reversibility 
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relations, and as such were valid for only revcrsiblo optical systcnis, He proposed 
a generalized reciprocity theorem of the form 

M = ... ( 1 ) 

where M and are the 4x4 Mueller matrices (Sehiicrliif 1962) of an optical 
system and its corresponding reciprocal system respceliv(>ly. I’lio reciprocal 
system being one in which the incident beam is replaced by the emergeni; heain 
and vico-versa, the beams being fairly parallel and the entrance and exit apertures 
being equal in area. The elements of the Mueller mntrice.s are- same as the, .sixteen 
scattering coefficients of Perrin. The present author (1005) derived a generalized 
rccciprocity equation based on Mueller’s theorem (1) and of the form 

which is an algebraic relation between the parameters of a natural optical system 
and its reciprocal system, whore — cos 20 and Oj^ is the angle between the 
vertical comiionent of the electric vector of the scatterefl beam and tlio transmis- 
sion axis of the Analyzer for equal intensity of the resolved components of // 
and V along it. Tho subscripts j, k refer to the types of analyzing and polarizing 
systems respectively, which are specified as follows . 


Analyzer {j) 


Polarizer (Ifc) 


1 = Plane horizontal; 

2 -- Plane at 45"; 

3 ™ Right- circular; 

r/- = Symbol superscripted on 

parameters of the Recijirocal 
systems. 


0 — llnpolarized ; 

1 ^ Plain' lioj'izontal; 

1 — Plane vertical; 

2 — Plane at 45“; 

2 — Plane at —45“ 

3 = Kight-oircular; 

5 = Left- circular; 


The experimental validity of (2) was tested by the author (1965) with the 
help of data reported by various workers, for all possibki eases involving plane 
polarized beams. This paper provides a test of the generalized equation (2) in case 
of circularly polarized beams, through a set of data obtained from a liglit scatter- 
ing experiment using oriented nylon fibres as scattcrers. Mueller s reciprocity 
theorem is therefore completely verified through this study in conjunction with 
the previous one (Tewarson 1906), for a set of oriented particles. 


experimental 

The apparatus consisted of a 600 watt projection lamp with a yellow Wratten 
filter as the source. A sot of condensing lenses was used for obtaining a fine parallel 
beam. The specimen consisted of a set of fine parallel nylon fibres stretched tightly 
and mounted at the centre of a specially designed holder capable of rotation 
through known angles in a vertical or horizontal plane. The holder was tt 
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into the prism-table shaft of a spectrometer. The collimator arm had a polaroid 
holder wherein the transmission axis of the polaroid could be set at any desired 
angle. The telescope arm carried an analyzing polaroid of the same typo as the 
polarizer, having been cut from the same HN-38 sheet polaroid. A lens condensed 
the scattered beam on a photoelectric cell which was connected to a Leeds and 
Northrop mirror galvanometer having a sensitivity of 2.4x X0~® amp/mm. Ade- 
quate protection from stray light was ensured by enclosing the two arms of the 
spectrometer in blackened tubes, and a small shutter window helped in setting 
the photocell which was capable of being raised or lowered and also being moved 
back and forth. Cell biasing and a photomultiplier were not needed, sinco\thc cell 
was of photovoltaic type and provided a maximum deflection of about I20cin8. 
on the scale. A priliminary check showed a linear response of the photocell to 
intensity variations within the range of the scale. A constant voltage stabilizer 
with ±1% stability for 230 volts, 60 cycles A.O. and of 600 watts capacity was 
used with the lamp. The photocell arm could be set at any desired angle of scat- 
tering. Care was taken in cutting down reflected light from entering the photocell 
arm. The sample holder was enclosed m a blackened cylindrical chamber which 
had two holes for entrance and exit of the incident beam directly, and another hole 
for the scattered beam along 30°. All components including thef specimen-holder 
where blackened and all experiments were performed in a dark room. 

For the natural optical system the face of the sample was kept normal to the 
indicent beam, while for the reciprocal system, measurements were made after 
giving a rotation of 180° in the horizontal plane to the sample face and then setting 
it normally to the direction of the scattered beam. Quarter wave-plates used 
were also cut out from a single sheet. To avoid errors of centering and slight 
non -parallelism of the fibres, as well as slight cllipticity of the beams, readings of 
II and V of the scattered beam were taken for fibre orientations on both sides of 
the vertical, and only moan values were used in calculating the Ciu values by the 
relation 




Vjk 


( 3 ) 


BESULTS 

The following five equations are obtained frpm (2) for all cases involving cir- 
cularly polarized beams : 


(l + C ' 3o*^) C'i3 — (1 — C73o)Oi-ff , . . 




... ( 4 ) 




1; (j = 3, fc = l) 


... ( 8 ) 
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^20)^32^ — ( 14 “^ 2 o )^ 3 ?.^ 


— 15 (j — 2, fc = 3) 


(l+C3jC,3^-(l-(73„)6\,^- 


-l;(j^3,fc = 2) 


(L±^a/)_?air (1 ” 

a+C3o)C'33'‘-(l-C?3o)C'»3-^ 


--= 1; (y - 4* =■ 3) 


... ( 6 ) 

... (7) 

... ( 8 ) 


The following Tables show the results of enunioral.ions of the above i (iiiatious 
Tlie angle a® indicates the orientation of thi‘. fibres witli respect to veriii'al, while 
LHS- implies loft hand side of an equation : 


TABLE 1 



-C7P-30 

—C'lB 

— CiT 

-Gut 


-6V3, 

LUS 

('ll 

0 

.504 

.620 

623 

512 

514 

555 

1 065 

30 

505 

597 

605 

515 

516 

557 

1 019 

60 

.513 

000 

594 

.510 

555 

.590 

0 985 

90 

527 

609 

585 

.525 

586 

580 

1 005 

120 

513 

.695 

586 

600 

53*1 

608 

0 915 


TABLE II 


a° 

— (7^10 

-aai 

— Gst 

““C/jn 


-G^n 

LHti 

(6) 

0 

30 

60 

90 

120 

.517 

.524 

.500 

608 

.516 

.543 

.627 

464 

.610 

631 

511 

.548 

661 

580 

513 

602 

620 

605 

610 

496 

033 

600 

656 

013 

050 

627 

613 

on 

613 

(100 

0 965 

0 980 

1 021 

0 998 

0 920 




TABLE III 


a“ 


-C/as 


-G 20 

— eVaa 


LHS 








(6) 









0 

.604 

.791 

.806 

829 

.600 

622 

-0 993 

30 

.506 

.772 

,lTi9 

779 

505 

48 1 

— 0 902 

60 

.513 

.714 

.765 

.778 

489 

.407 

—1 .056 

90 

.627 

.706 

785 

855 

.485 

.630 

— 1.018 

120 

.513 

.760 

769 

.772 

489 

, 4()7 

- 1 . 030 

TABLE TV 

” 0 



r?-. 

- 



LHS 


— C'aa — (/sj 


0 

30 

60 

90 

120 


.816 .513 
.810 .400 
.784 .500 
.796 .474 
813 .620 


.528 

482 

.474 

.478 

.460 


.602 

620 

.600 

610 

495 


802 

807 

744 

833 

.734 


780 -1.070 

781 -1.000 

742 -1.060 

.760 -1.040 

.818 -1.008 
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TABLE V 


a“ 


~Gh3 



— eVgj 


LHS 

(8) 

0 

..504 

.610 

.510 

.502 

.514 

..500 

1.040 

30 

..505 

506 

.483 

.620 

.600 

.500 

0 935 

60 

.513 

610 

.488 

505 

515 

482 

i 021 

90 

.,527 

.422 

406 

510 

495 

.484 

1 018 

120 

.513 

610 

.488 

.495 

. .500 

482 

|1 .052 


DISCUSSIOM 

A glance at the last column of Table I through V reveals that the generalized 
reciprocity equation (2) is valid within about 5% experimental error limits for tlu' 
cases in which circular polarization is involved, for the various angles of orienta- 
tion between the vortical and the horizontal planes. Mean deviations of the last 
columns were also estimated and were found insignificant. Tlie eases for linearly 
polarized beams having been already verified by the author in the previous pa]3or, 
Mueller’s reciprocity theorem stands completely verified for a set of oriented nylon 
fibres as the scattering medium. Considering the largo volume jof the data and 
the intcrinvolvement of the C- values, whereby errors would bo propagated, thci 
verifications appear fairly reliable. In Table V the C- values appear nearly equal, 
this being expected when both the analyzing and polarizing systems are alike, 
the polarizer and analyzer both being circular. 
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SIMPLE PROPERTIES OF CRYSTALS AND 
RESTSTRAHLEN FREQUENCY 
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PllY^SICH DlCrARTMLENT, R.AJASTI1 \N TJ_Nl\ RKRITY, .IaH’I'I! 

{R^ltie^ve.d January 22, ll)(i(i, l{e.!iuhmiti{.d Jtmc 2, 

ABSTRACT. Bni'ii-M.t.ycr liiLtico thwovy lui-, lun'ji usiul Ui foiujiiil.Ci tlir himpR' LiilK 
proporLitis of alkali halidi'P b'oi dotormuiing tla* rmihUintH ol llin liiiii luui (lie 

KdftiHLralilojii froquoiif-y mKload of fomjjiosfjibility ov itinb-i ului dalu liiif-' bi (Oi uhciI I ii'h 

M'hich havo lifiou computod arc (‘idit\>Jivo oiiergy, comprobi-ibility, IhoimiiUxpHiiKJcjii, (b uucim'o 
cousliiiif and olaaiic coustaubs In all iho huccohs lurordinR io tlic piopoBt-d iiuacduic 

iH oithoi of Ihy samo order oi ifi bottei than I hat olitaiuod by 1 bo ronv(>utJ(jiml ]>viifL>fhii’'’s 


I N T 1! O D U V. T I () N 

Born-Mayer theory (1932) has been widely aiiplied and is now I’aiily well 
established for disctissiiig the various bulk pr()i)erLie 3 ol ionuj crystals 1 Ik? general 
appi'oaoh is to assume an analytical totui for the intc^ratTimio potiMitial 1 unction 
and then exploit the two familiar Born-Mayei conditions (1932) to (!valuat(^ thr; 
potential parameters. So far, in such aiipioachos, information regarding tluMiniil 
expansion a, compressibility /?, pressure and temperature derivatives of // are 
used. Ill the simplified approach based on this imdliud often only ji is used 
The purpose of this article is to suggest the use of Bt^ststrahlen fri'-qiieney in ils 
place. Once the potential energy function is thus completely deterinnujd, various 
hulk properties can be computed according to known procedures. Adopting 
this procedure we have computed the different properties of tlu^ alkali halide ci>h- 
tals. The properties tiiscussed and conipaied with the experimental pi^dietions 
are the cohesive energy W, compressibility thermal expansion a, (juuneison 
constant 7 , and the different clastic constants We considrT also tlie simple 
Born-Mayer potential in which only the coulomb and overlap t* ims are con. i 
The reasons for ohoosinf; this simplified potential arc many. Firstly, the cc.ntri- 
bui.ion of all of the other types ol forces to mtcractioii potential is small and the 
effect on the calculation of most of the above mcntionod proportj.* is mvana y 
negligible. Secondly, the comparison of the projiertics so compute a 1 ' 

Values obtained w^hen compressibility data are used instead oi Bislstia - 
quency is possible in a straightway manner Ihc former type o ca ■ 
has been reported earlier by the authors (1904). Thirdly, 
computational labour is worth for the underlying idea is to ilhis ra .c ^ 1 ^ - 

ment of /S by even in a sophisticated calculation without any a g 
pairing the accuracy. 
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JNT 15 RATO MIC POTENTIAL 
The simplified Born-Mayer potential (1932) which is used in this article ik 


ri>{r) = — - -\-A exp {—rip), 

r 


... ( 1 ) 


H(jre (l>{r) is the inteiviction energy per atom, a the Madclung constant, e the elec- 
tronic charge, r the inloratomic distance, A and p the two potential parametfys 
which in the conventional jirocedure are determined Irom the Born-Mayer condi- 
tions (1932)' \ 


L dr Jr=ro 


V (2) 


and 


1 1 == ^ 

L Jr=r„' fir^ ' 


... (3) 


Here is the volume of the unit cell, the equilibrium interatomic distance. 


Kellermann (1940), and Sharan and Tnvari (19(54) have deduced expressions 
for W(, for NaOl and CsCl-type structures respectively on the assumption that 
the overlap extends only uji to the nearest neighbours. The two relations can bo 
conveniently combined into a single expression viz.. 


WOa L (j 3 J 


(4) 


Here p is the reduced mass appropriate to the two kinds of ions in the crystal, 
M the coordination number, and A' and B! are defined as follows : 


2^ r dv{r)^ _ _ 2ava 

L dr J r=:ro 


(5) 


and 


Here 


2va r dH{r) 1 ^ 9t^ , 2ae2 I 

e“ L dr^ Jr=ro L/ffro* J ’ 


( 6 ) 


«(>■) = ^ “p (-»•//>)• 


... (7) 


Substitution of A' and B' from Eqs. (5) and (6) respectively in Eq. (4) leads 
to the following relation for : 


^Vg 

[3/4Va‘“o®+47rc2]roa 


... ( 8 ) 
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When /tf from Eq (8) is substituted in Eq (;j) (,nc oblaius, 


f 

L 


Va 


(!)) 


Ill the present work wo suggest to evaluate the constants A and p of hk] (1 ) lioni 
Eqs. (2) and (9). Wo shall refer this as the “proposed procedure” and the on<> in 
which use is made of Eqs. (2) and (.‘1) as the “conventional proced ure”. 'rhe prvfieiit 
endeavour aims at examimng how far a single characlenstic hecpKaioy is cnpalilc' 
of explaining crystal properties. The two paranicierK A and p of liq (I ) ean thus 
bo calculated from the following explicit (ixpressions obtained by applying condn 
tions given by Eqs. (2) and (9) to Eq. (3) ■ 


and 



exp (-r», 


■■ ( 10 ) 


p 




ae*® 



... ( 11 ) 


In this calculation the experimental values of and r,, are needed c>„ vahu's 
used here are those recorded in Table I, column 2, while y,, valines are those coinplierl 
by us earlier (1963) Thus, having determined the potential coinxdcl ( Jy we proceed 
to calculate the various properties. 


C O 3 r lil S I V 13 13 N 13 R G y 

Cohesive energy per mole, W, is rather simfily related with 0(r,,) such that 

TE -W(ro)+Co]. ... (12) 

Here N is the Avogadro number and Cq the zcro-jioint energy per mole Values 
Tq have also been compiled by us (1963) carher. Jn.serting Eq (1) into Eq (12) 
leads to the following working relation for W in terms of A and p ' 


JT = - [ZV{- -M exp (-<■»//))} +«o] • ••• (1®) 

Computed values of the cohesive energy according to Eqs (10), (II) and (13) 
arc recorded in Table I, column 4. 

Experimental values arc shown in column 3 of this very Table Ihe 
agreement is satisfactory. The average absolute dcjviatioii is 3 3 percent. 
According to the conventional procedure used by us (1964) carliei, the average 
absolute deviation is -2.9. This should be regarded as the first encouraging 
confirmation for tho use of tOy data as an alte native to fi suggesting by it the 
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validity of single frequency model for purposes of computing cohesive energy. 
A more* erucial check is presented in the next section by calculating compressibility 
itself from 


TABLE I 

Calculated and experimental values of W, /?, a and y. 


<3)0 TT (K Cnl/nir>l(>) p(l0“i2(iyi\o->cm'q a(l Y 


firyriful 

(lot-hS-i; 

(‘0 

ExjjtJ 

(b) 

( tiled. 

FiXptl 

(l>) 

Gah-d 

Exptl 

(0 

Gahd. 

Exptl\ 
hi) \ 

Cfdf'H, 

JnF 

.1 73 

242 2 

245.3 

1 4.3 

1.39 

34 0 

27 9 

1.99 

. 1 48 

LiGl 

3 

201 5 

193 0 

3 17 

3 00 

14 0 

42.2 

1 51 

1 60 

Li Hr 

3 26 

191 5 

180.2 

3 90 

4.78 

50 0 

4.1 3 


1 49 

Lil 

2 71 

180 0 

104 7 

5 30 

0 93 

59.0 

01.0 


1 . 70 

Nal'^ 

4 63 

211 4 

220 7 

2 00 

1 83 

30 0 

31 .7 

1 .17 

1 79 

NaCl 

3 09 

181 7 

182 2 

3 97 

3 87 

40 0 

41 1 

1.43 

] 83 

NaBr 

2 .14 

175 9 

172 3 

4 76 

4 81 

43 0 

44 ,5 

1 6.1 

] SO 

Nal 

2 20 

JOG 3 

119 5 

6 21 

6 47 

48 3 

10 0 

1 19 

1 SR 

KF 

3 02 

190 9 

193 3 

3 14 

3 02 

30 7 

38 2 

1 48 

1 88 

KGl 

2.71 

107 8 

100 5 

5 50 

4 94 

38 3 

45 0 

1 34 

2 12 

KBr 

2 18 

101 2 

159 0 

0.45 

5 77 

40.0 

49 1 

1 43 

2 il 

KT 

1 94 

152 8 

149 4 

8 07 

7 21 

45.0 

.12 1 

1 58 

2 26 

RbF 

3 01 

185 0 

182.8 

3 60 

1 01 

33.33 

42 0 

1 28 

1 81 

RbOl 

2,24 

103 0 

1,19.4 

0 10 

.1.73 

36 0 

40 9 

1 25 

2 10 

RbBr 

1 09 

158 0 

153.3 

7 38 

0 5.1 

38.0 

49 9 

1 27 

2 23 

Rbl 

1 41 

149 7 

142 5 

9 00 

H 25 

43 0 

41 0 

1 60 

1 77 

GsF 

2 39 

170 0 

170 0 

4 25 

3 92 



1 49 

1 76 

CsCl 

1 so 

157 8 

149 8 

5 .15 

1.10 

56 0 

46 8 

1 97 

2 20 

CsBr 

1.39 

152 3 

144 6 

0 28 

0 06 



1 93 

2 43 

CbI 

1 17 

14.1 4 

130.0 

7 83 

7 31 



2.00 

2 53 

(a) Gompilod by Martin, D. H., 

1905, 

Advances in Phys , 

. 14. 39. 





(b) Compilod by Kat'hbava, G M. and Raxonfi, S G , 1964, Indian J. Phys , 88, 3H8. 

(o) Gompiloci by Kachhava, G. M and SuXHiia, S G , 1966, Indian J. Phys . 39, 146. 

(d) Gompilod by Born, M. and Huang, K., 19.16, Dynaimical Theory of Crystal Lititioe'', 
Claroudon Vi-ohh, Oxford, 8.1 


GOMPKUSSIBILITY 

Compressibility, /?, i.s related with Reststrahlen frequency, Wo, through tin"- 
relation of Eq. (8) We employ this relation to compute from the known values 
of the other quantities iiivaluod. The values so obtained are reproduced in 
column 0 of Table T in which arc also listed in column 5 the experimental j3 values 
for a direct comparison. It is encouraging to note that the agreement between 
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iho experimental and calculated values is (piite satisfactory. Tlie avoroL^e abso- 
lute deviation is 10.4 percent Tt is inten^Ktiiig to compare tliis figure wifli 15.4 
obtained in an earlier effort by u.s (1964) when molecular data ami the rdafiou of 
Eq. (2) were used to determine the potential paramct-ci s Thin coiiqiari.son in 
fact suggests a relative preference for the proceduio suggested in 11ns paper and 
thei eby emphasizes the importance of the Reststrahhm frnqiuMicy and its capa- 
bility to predict the various crystal properties. 


T H E R M A L IQ X I’ A N S 1 () IST 

We have (lOOfia 1960) recently derived an expressioii for the eoellicitait ol 
thermal expansion, a, in terms of the derivatives ol i;6(r) and other qiiantitii's 
Foi- the sake of brevity only the final result is ipioted here It is 


a — — — - 


(14) 


111 which is the siiccific heat per mole at constant volimii', 0"'(r„) and f//'(»’o) 


the third and second dejivativos of </>{r) at / — 'r„, lespictively . 
lias been derived by Kumar (1959) adopting a different apjnoach. 
lias been derivtid by Kumar (1959) adopting a different azpproach. 
ol Eq. (1 ) this gets simplified to the lollowng expression . 


(?-)• 


2Na,e^ 


Equation (14) 
For the form 
For the form 


(15) 


The values of a arc then readily calculated from Eip (1 5) as all the other quan- 
tities are known and these a values are lecordcd in column 8 of Table 1, while iho 
experimental values are given in column 7 In the earlier calculation of a by us, 
(1966) based on Eq (14) but where wa.s used to determine tlu^ unknown para- 
meters of 0(7‘) almost similar agreement between theory and experiment was 
achieved inspite of the fact that the dispersion terms in ^{r) were also considered. 
Oy values used in the present calculations arc the same as compiled in that paper 
(1966) The average absolute deviations m tho present and previous calculations 
Iroin the oxjierimental data are 13.4 and 14 3 percent respectively. This is again 
an evidence for the suitability of the proposed method of fixing the interaction 
potential. 

GRUKEISEN OONTSTANI’ 

Recently we (1965a) have suggested a method for cominiting Griineisen 
constant, y, based on a single frequency model. Again we do not reproduce here 
the details of the derivation but quote only the final result which is, 

^ 6 riro)' 


( 16 ) 
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For the form of of Eq. (1), Eq. (7) reduces to 



In the calculation of y therefore only p and values are required. When,/) values 
obtained from Eq. (11) arc employed we get the vahies of y recorded in Table I, 
column 10, The agreement between theory and experiment is not vcy ifatisfae- 
tory and is also somewhat inferior to that obtained earlier by the authors (l 965a) 
The reason for this lies partly in the use of a simplified potential (the di8^)er,sioii 
terms have been neglected) which will affect the computation of y and a more than 
the other properties such as W, etc. As our idea is more to demonstrate the suc- 
cess of the outlined procedure rather than computing the various properties 
accurately, we refrain from repeating calculations of a and y on a more detailed 
sophisticated potential. 

ELASTIC CONSTANTS 

The elastic constants can also be computed from the knowledge of the inter- 
atomic potential, Kachhava and Saxena (1965b). These calculations are confined 
to the Kcllorinann (1940), and Krishnan and Roy (1952) models Paramoicra 
were determined either using the compressibility or molecular data. Wo re- 
produce here in brief only the important aspects of the calculation. 

Thus, for NaCl-type crystals on the Kollermann potential (1940), 

-\~Gv{r), (18) 

r 


the clastic constant is given by 

0 „= [- 2 . 66 + 1 ’] 


where B' is defined by Eq. (6) and is given by 

R = -6.5169. ... (19) 


According to Sharan and Tiwari (1964) the three elastic constants for the 
CsCl-type crystals on the Kellermann model are given by the following expressions 






... ( 20 ) 
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and 




96" 

•32r„* 


[- 6 . 518 + 

L 


I (B'-2A') ] , 


( 21 ) 




... ( 22 ) 


111 which again the defining relations for A ' and B' are tlie aaiiiu as giv i n Uy Eijs (5) 
and (6) rcsj)entively. These lead to finally 


and 



1 




J5' = 

V3e2 


+ 4-.4985 


(2:t) 


TABLE 11 

The calculated and experimental values of in imils of 10^^ dyne cm-'" 

(lair'd 

Crystal Exptl. ' • Kellormann KTislmaii 





lUOtlul 

anti Hoy 
xnodol 

JaF 

11 36 

(u) 

11 74 

11.82 

LiCl 

4 04 

(a) 

4 61 

4 04 

LiBr 

3 94 

(a) 

3 46 

6.64 

Lil 

2 85 

(a) 

2 37 

2 36 

NaF 

9 71 

(a) 

10 66 

10 83 

NuCl 

4 93 

(“) 

6 19 

6 21 

NaBr 

4.02 

(a) 

4.22 

4.23 

ISlal 

3.036 

(a) 

3 10 

3.17 

KF 

6.58 

(a) 

6.77 

6.93 

KCl 

4.08 

(a) 

4 48 

4 19 

KBr 

3.49 

(a) 

3.69 

3 71 

K1 

2.776 

(a) 

3 16 

3.17 

RbF 

5.7 

(a) 

6 . 36 

6 37 

RbCl 

3.646 


3.90 

3 01 

RbBr 

3.185 

(a) 

3.43 

3 44 

Rbl 

2.685 

(n) 

2.74 

2.76 

CsF 



3 62 

3 63 

CbCI 

3 64 

(l») 

4.06 

4.10 

CsBr 

3.10 

(b) 

3.66 

3.67 

Cal 

2.45 

(b) 

2.74 

2 90 


(a) Spangenboi'g, K. and Hauasuhl, S , 1967, Z. Kriftt., 109, 4-2. 

(b) HausBuhl, S., 1960, Acta Cryst,, 13, 687. 
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The computed values of C'li on the Kellermann model for all the all{:ali hahdea 
are listed in Tabic II column 3 alongwith the experimental values in column 2. 
The average absolute deviation is 8 6%. This figure competes well with the one 
of 8.2 obtained when compressibility data are used in place of Wq. 

In Table HI, column 3, are shown the computed values of obtained from 
the use of Eq (21) togetJier with the experimental data in column 2. The avera^i' 
absolute percentage deviation is 18.1 whicli is a marked imiirovemcnt over the 
figure of 25.1 corresponding to the use of i e., the conventional procediiiri' 

Thevalucs of 6^44 for the three CsCl-type crystals obtained according to\Eq. (22) 
arc recorded in Table III, column 6, along with the expcTimcmtal data in cdjlumn 5. 
Here the average absolute deviation of theory from experiment is only 7 G ika- cent 
compared to 14 7 obtained from the use of /J. 

TABLE ill 

Calculated and exiiei iniental values of elastic constants 111 units of 10^^ dyne cm' -* 
Cryst-ul (ha 


Calod 



Expil (ii) 

J<.cillc)iirmnii 

modol 

Krialmaii 
and ltt»y 
mod<d 

Bxptl (h) 

Kollo nil rum 
model 

KcjkIjiihii 
Hjul llf'V 
mode'] 

(3bC1 

0 92 

0 69 

0 71 

0 80 

0 690 

0 71 

CaBr 

0 84 

0 70 

0.70 

0 75 

0 694 

0 75 

ChI 

0 71 

0 02 

0 04 

0 02 

0 61 

0 64 


(a) Ha\iH9uhl, S., 19(10, Acta Ctyst , 13, 087. 

On the model of Krishnan and Roy (1952) for NaCl-type crystals the working 


Eqs. are 

[2a(l + «)-6xJ , - 

... (24) 

and 


... (25) 

while for 

Os Cl- type these are 



= r2a'(l+3)-18x’] 

... (20) 

and 

Cl. = C„ = [a'(24-7)+9y] . 

... (27) 




Simple Properties of Crystals and Bcststrahlen Frequmcp 575 

Hor« S = rjp, a' = 1.018. X == 3 14 and X' = 1 08. Tho values of (7,, umufr 
Kqs. (24) and (26) are shown in Table 11, column 4 The average absolute per- 
centage deviation is 10.8 compared to 8.5 for tho convcntiojuil approach The 
values of obtained form Eq. (27) arc reproduced in columns 1 and 6 

of Table 111. Eor the average absolute pei cent age deviation is 14 5 

which IS to be compared with the figure of 23 3 found from tho conviait-ionnl 
procedure. Again for O44 tho average absolute deviation is 4 7 only wliich indi- 
cates great improvement over the figure 12.7 obtained previously. Thus wc 
infer that the elastic constants aj*o in general bettor roi>roduced tluough tiu; iiwi* 
of cjq compared to /? data ox* in other words, the proposed procedure is better 
than tho conventional procedure. 

CONCLUSIONS 

We noAV sum up the results obtained on the computation of diffiTont bulk 
crystal properties obtained on the proposed and conventional jirocedini'S in parti- 
cular reference to theii- success in reproducing thc'^ exiienmental data. Tho valutis 
of cohesive energy of alkali hahdes arc reproduced with almost (iipial success. 
In compressibility the proposed method leads to appreciably better results than 
tho conventional procedure. Thermal expansion coeffioientM are also biiiter le- 
producod on the basis of proposed method than the conventional apiiroach The 
Griinciseii constants on the other hand are well reproduced by tho conventional 
method m comiiarison to the j)ropo.s('d one. On tho other hand, the (dastic constants 
UT’ti better reproduced by the proposed than the conventional rnetliod Tlit*. only 
exception is where the conventional approach commands a rclativi' superi- 
ority over the proposed ono 

Thus on tho whole wc find that the use of Reststrahlcii frequency msteaxl ol 
p in determining the potential parameters and then m predicting the propei’tics, 
is preferable. It leads to a happy conclusion viz the use of Reslstrahlen frequency 
m interpreting tho bulk behaviour of crystals as encomjiassed in the rliffiii'cnt 
properties considered in this paper, incidently, this work also brings to light a 
Imk between lattice vibrations and tho fundamental simple crystal propci’tics 
through interatomic forceps and that too m a very simido way. 
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CRYSTALLOGRAPHIC DATA FOR COMPLEX COPPER 
LUTIDINE CHLORIDE 

T. RATHO Airn Mrs. M. KRISHNASWAMY 

Keqionaii KMGrmfiinima CoiiLegu, lloDitxEjjA 
{lictewcd A 2 >ril II, ]9(J6; licsuhmitted June 1, 19G0) ^ 

ABSTRACT. Doliyo iSdierrer piiiiftm of Ouppoi Liiluliuo Chloride hns beljjr photo- 
giiiphod wil-li l-ho holp of Jlig.iku Comoiti at lOom tomporaiiirori I’lie 3'owdor J'jftiuoimu 
daba , showodthut. the complex heloiigod to thomotK>clinio.My.stL*m with o -- 13 7.T A, b -- 1 1 .70 A, 
c - 10 !JI A and fi — 1 Oil'll 1' 1’ho numbor of molooulo.s jjor unit coll is 4. TJie systomatic 
oxbnicbions observed are oenHistoiit with the spaoo grou]) P^jlm—G^2h 

INTRODUCTION 

Copper Lntitline Clvloridc [Cu(C 7 //nAr) 2 Cl 2 ] ia obtainable in the microcryfllal- 
lino form, pinl< in colour, and the diamagnetic propertic-s of such complexes iiHing 
Lutidinc as ligand is of some interest. As it is not possible to grow large crystal 
powder method has boon resorted to, to investigate some of its crystalhigraphic 
properties. 


10 X P H IM E N T A L 

When Cupric Chloride dissolved in Ethanol is treated with ethanolic solulion 
of Lutidinc, a shinning pink crystalline substance seperatos out. This is the micro- 
crystalline complex comijound of Copper Lutidinc Chloride. 

Filtered CuA„radiation was obtained from a Machlett A-2 X-ray diffraction 
tube running at 16 in^ , 30 K.V. and the sijccimen was contained in a Lindmann 
glass capillary tube of 0.6 mm. diameter, wall thiclmes.s 0.01 mm. The Debye 
Scherrer pattern of the substance was obtained on a photographic film using the 
Kigaku Camera of 9 cm. diameter. The time of exposure was about 12 hours. 

The intcrplanar distances were calculated from the measurements on tho dif- 
fraction pattern with great accuracy. Attempts were made to index the x^o^der 
lines in terms of cubic, tetragonal and hexagonal" systems. 

Since the observed data did not fit into any one of these systems of higher 
symmetry, the Lipson’s mi'.thod (Lipsoii, 1949) was tried and this also did not give 
Bufiicicnt numbor of constant differences. This evidently shows that the crystal 
perhaxDS belongs to the lower symmetry group of moiioclinic or triclinic systems 
Therefore it became necessary to apply either De Wolffe’s method (De Wolffe, 
1957) or Ito’s method (Ito, 1950). 
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experimental data 

The x-ray data oUaiiiecl are given in Table 11 Since all tlie six ullUru)^^n 
parameters are to bo determined, the most general method of ito (Ito, lOod) 
iraa applied. 

The powder pattern was indexed by Jto’s method (Tto’s, 11)50, A/o. avoir and 
Buerger, 1958). The mtorplanar spacings and tJie eori-espondmo Q vaUi(>s 
— a-ro listed in Table II 

In Ito’s method the expression relating fiin2(9(Q) to the cell constantH of a 
tri clinic cell is 

Qhkl = h^a*^-{-k^b*^-{-l^c*--\-27clb*c* cos a*+27*?c ’^a*coB /}*-\ 2hJcaV)* cosy* 

where a*, /?*, y* and a*, b* and c* arc tlie reciprocal angles and axes 
resiiectivcly. 

The first throe lines in Table 11 were first taken as and 

Attempts were made to index the otlii*r lines Avith the above assuiniition Since 
it Avas not possible, the first three lines wore takim again as and (^7,,,,^ 

It can be seen from Table I that the observed Q'b arc m good agroemout with the 
calculated Q values for the other higlier orders of reflection. 

TABLE I 

Selection of Qqqqi Qo 2 o» Qouz 


Qhkl 

Computed 

Ohsoived 

Eiftu in Q 


Q, (ViriTicl-vd 

Q-200 

^400 

CflOO 

0 0908 

0.2043 

0 0227 

0 0891 

-0 0017 _ _ 
4 

0 0004 

0 0223 

Qo :!0 

Qo^o 

0 . 1 1 08 

0 . 0292 

0 1196 

0 0028 
+ 4 

+ 0 0007 

0 020'.) 

Qoao 

0.2628 





Qooi 

Qooi 

0.1380 

0.03465 

0.1418 

1 0 0032 „ 

+ 0.0008 

0 03545 


Qooa 0.3118 0 3190 + = 1 0 0008 


iVom Table I one gets the reciprocal cell dimensions as 
a* ^ 0,0747 
6* == 0.08648 
c* = 0.09412 
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Now considering the Q values for planes hoi and hd with /?* ^ 90°, we have 

Qhoi = a* cos /?* 

2Mc*a*cos fi*. 

It is seen that these quantities are symmetrical with respect to the quantity 
Uy giving proper values to h and I, the two symmetrically placed linos 
hoi and hoi were found out. Then /?* was calculated from 

Cos p* = \ 

4:C'^a*hl \ 

This /i* was found out to be 76° 49'. The other two angles a* and y* wero 
derived in the same way and they wei-ti found to be a* = 90°, and y* — 90° 

Therefore the six parameters of the reciprocal cells arc 
a* = 0.0747 a* = 90° 

6* 0.08648 /3* = 76° 49' 

c* := 0.09412 y* = 90° 

The direct cell dimensions are therefore 
a 13.75i a 90° 

b = 11.561 = 103° 11' 

0 = 10 911 7 = 90°. 

The B\ierger’a tost for reduced cell dimensions has been applied and the 
dimensions are found to be the reduced ones. 

TABLE II 


No. nC 
liiiey 

latonsily 

dl 

Qm ^ i/da 

obsorvod 

QhH 

compuied 

Indices 

1. 

VH 

6 G36 

0.0227 

0 0223 

200 

2. 

W 

5.B52 

0 0292 

0.0299 

020 





0 0298 

210 

n. 

vw 

5 371 

0 03465 

0 0354S 

022 





0 0355 

120 





0.0340 

102 

4. 

vvw 

4 . 504 

0.04799 

0 0476 

121 





0.0474 

102 

5. 

w 

4 222 

0 0561 

0.0569 

3ir 

6. 

ms 

3 773 

0.0703 

0 0706 

202 

7. 

w 

3 538 

0.0799 

/0.0797 

f 003 





{ 0,0794 

1 321 





'0 0801 

V32O 

8. 

H 

3 . 350 

0 0891 

0.0892 

400 





0.0896 

230 

9, 

w 

3 181 

0.0988 

0.0991 

402 





0.0986 

321 
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TABLE II {contd ) 


No. of 

Tnlionml'y 

ii A 

QhiJ - 1AZ2 

QhJfl 

lTldl0l>K, 

linen 



obHervecl 

oomjnilf'd 


10. 

w 

2 892 

0 1196 

0 1 1 06 

040 





0 1 1 02 

420 

11 . 

ms 

2 766 

0.1316 

0 1311 

32 :r 





0 1300 
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The crystal therefore belongs to the monoclinic system. 

Finally all the Qj^i^i values were computed using the above general formula. 
The powder pattern so indexed showed the following conditions. 
hU — ^no condition ; 
oko — odd absent. 

This obviously leads to the probable space group or P\~^G^. 

The observed density of 1.412 gms./cc. indicates 4 molecules per unit cell; 
calculated density is 1.372 gms./cc. 

Tt is however not possible to throw light on the complete structure of this 
substance. Further work on these lines is in progi'ess. 
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RELAXATION METHOD OF SOLVING THE CIRCUIT 
OF AN INDUCTION MOTOR WITH 
A PHASE ADVANCER 

S N. Dum 

DupAimiBNT OF Applikd J’uvsk's, Calcutta Umvpuisity 
(iJctJpiwrf May I H, 1 9GG) 

ABSTRACT. In. this paper it hus been discus, siod Jiow Iho loliixalmn juoiliofl cim 1 m» 
suitably applied to solve tlio eireuit problem of iiu inductiou molor witli a, plmso lulvimcer 
b’ar tins purpose the relaxational toclinique of .solution of A C. iietwoiks willi complex ciri'inl. 
ODU.stiints 18 used It also diaouH.soR a motliod .slightly dilfoiont iroin IJio e\i,sliiig ones for 
obtaining operation groups to liquidate tlio ro-oduals of liiiour siinultaiionus oiiuiitjoiiH in ii 
dofiuile numbor of steps. TJie results obtaiued thereby ure eorupared with Uioho louiicl out 
by uoiiveutioiial mollmcl of solution of A C. networks whicli i.s illustratotl wiIIj ini eMim|ilo 

INTRODUCTION 

The basic idea of having a phase advancer consists in so adding to the I’otor 
induced o m.f. that there is a jiliasc advancement in the rotor current witJi a ooiise- 
(lucnt reaction on the stator to advance the phase of the stator current also (iSay, 
1962). The equivalent circuit of an induction motor with a phase advanci*!' is 
shown in Fig. 1 (Mem. Staff. DepL. Elect. Engg., M 1 T., 1953), which can bo traris- 
lormed into a suitable form shown in Fig. 2a Relaxation method can be con- 
veniently applied to solve this network yielding the values of many desired quan- 
tities simultaneously. Southwell 'and Black (1938) have used the relaxation 
method to solve the problem of A C networks and have shown that the presence 
of complex circuit constants does not add much difficulty m getting its relaxational 
solution The advantages of the method will be indicated by solving the problem 
re]Drescnted in the Fig. 2a. 

To liquidate the residuals in the solution oi linear simultaneous (equations a 
method with some difference from those suggested by Bandyopadhyay and Nai - 
shiinhan (1966), and Basu (1958) has been developed. In this method the difference 
lies in the fact that operation groups (Allen, 1954), arc found out Avliich will keep 
only one residual at a time i.c. 1st, 2nd, 3rd etc , successively, uncliangcd Irom 
this sot of group other set of operation groups can be obtained to keep a number of 
residuals, viz., Ist and 2nd; 1st, 2nd and 3rd and so on, unchaiigiMl simultaneously. 
With the choice of suitable multiples for these groups all the residuals can be liqui- 
dated in succession, the maximum numbor of steps being equal to tht. num er o 
Wie residuals. 
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THE METHOD 

Lot Zftp...etc., be tho impedances and Ya.f„ Ybc'” > be the corros- 
ponding admittances of the respective branches of tho network shown in Fig. 2b. 
Considering the admittance of a branch such as he it may be written as : 

^ be ~ ^6c+i^6c (1) 

and if the potentials at tho nodal points h and c be : 

\ ( 2 ) 

Vc = ^ 

then a current that flows from h to c through the branch he may be given by ; 
he-yUVu-Vo) 

= {9he -\-jhc)K{b) +>y (b) - V®U) -K(r)} 

~ [9^ftc{^e(lj) ^»(c)} ^bc{py{b) ^j/(c)}] 

+j[9b0{^V^b) - Vv(c)}+6b«,K(6) - V„rc)}] 

Let the total current flowing into h from all the branches connected to it be 

— S I be = I bi — 

^*(6)1 ~ ^be{^y(6i *^y(o)}] ®'^^d 

* ... i^) 
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Again if = ^x{b) 2 ~^Py{b)i stands for the current supplied to b frum outsido 
then by Kirchoff’s law, 

^x{b} ~ *a:(b)l4"*'ir(b)2 — 0 i 
and . . . J 

hib) — ^i/(6)l + hy(b)2 — 0 

Assuming the vector potential of c to bo unity and the points a, b, and c 
to be at zero potential, the currents flowing from e to 6 and c to r. along tlio hrunohos 
eb and ec can bo written as ■ 


~ ^ be — 

and (^) 

len ~ ^ce ~ 9ce~\'jt^ce 

and no current will flow in any other branch of the circuit. To have the assinnod 
potentials correct, a current, —/ca — supplied to 

e from outside Then the currents and will leave the networlc jit b and c 
respectively But actually no current flows to or from tlits netwoik at h and c. 
Hence on the assumed potentials those are to be supeTpose.d, winch would lesult 
if the currents /b( 2 )(^ ^ob) and lazA-hc) wcJv supplied at h anti c and allowed 
to leave the network at e and a, the latter points being kept at zero potenlials. 
Then it is obtained initially as follows : 


V(b) “ ^a.(b)3 ~ 9b(i 5 V(c) — ^iB(r)2 ” !7cfl » 

^1/(6) = ^i/(6)2 — Ke f ^v(e) ~ “ ^^8 ’ 

't'ala) — ^«(6)2 ~ {gbe~^ffce) J 

iyie) — ^i/(«)2 — i 

ivith = iyia) = 0- 

To liquidate the residuals i.e these initial values i^ib), h(b)> ’*(8) ''(/ici 

giving suitable vector potentials at & and c only, a standard oiicratiou table can 
be written by the use of the following expression which may be readily obtaino 
from relations (3). 


^Vg,^b) 

— 9be " 

^iylc) 

Pjxle) 

— bh. — 

^hje) 

^^1/(8) 

— "be 

^Vx(b) 


_ 



SVyib) 



_ ^iyib) 


SVyit,) 

SVgiib) 
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After liquidation of the residuals the vector currents at a and e, and the vector 
potentials at h and c are obtained, which corresponds to unit potential diflbreneo 
between e and a. In liquidating tlio residuals first of all a set of oxJoration groups 
can be found out by coiisideiing the operation stops of unit oj)oration table in 
successive pair,s to kocji only one residual i c 1st, 2nd etc., unchanged eonsi'- 
cutively. From tlicse gi‘oux)s a second set of operation groups are obtained to 
kticp first two residuals i c. 1st and 2nd, unchanged at a time. Lastly, another 
oxicration group can be written from the second set of groujis which will pot liave 
any effect on the values of the first three residuals simultaneously. Using these 
group oxiorations a definite number of liquidation steps can be obtained pot ex- 
ceeding the number of residuals. Although by this method a quick and' syste- 
matic liquidation is achieved, it imposiis no r<;striction in finding out suitable 
oxjeratioii blocks and other groups if required in any jiarticular problem. Hcncc 
its lltJxibility is not affected. 


ILLUSTRATION 

An example (Fig. 1) worked out by different inothod (Mem. Stall .Dept 
Elect Engg. M.l.T , 1953), has been taken as an jllustratmg one in which 
= 15 0 A 0 volts, frequency — 200 cycles jicr second, — 12.00 ohms, -- 
0 300 henry, ~ 19.20 ohms, Lg = 0.1802 henry, = 250 0 ohma, = 0.50 
heiities, — 200.0 ohms, Si = 0 20x lO*'’ darafs 

The effective value oi' the current delivered by the source, effective value of 
the voltage across cd and its jihaso relative to that of the source are to bo calculated. 

Considering the diffei’ont branches of the uetwoik shown in Fig. 2b, tlioir 
corresponding admittances can be calculated from the supx)lied data as follows : 

Yab = (0.8G82--j27.2)10-^mho 
Fje = (0.030-jl,224)10-4 ” 

= (3.482-j42 44)10'* 

Y,o = (6.897 -fjl7.24)10-* ” 

In order to simplify the calculation and to have higher accuracy of results 
the above admittances are multiplied by 10*, keeping in mind that in finding 
out the currents, the required quantities are to bo fiaultiplied by 10”* and also by 
the cffcctivii value of Rrnax of the example. 

Hence the currents flowing in the branches cc and eh can bo written as : 

I,, = 6.897 H-jl7 .24 
/eb = O.O30-J1.224 

Then the current of — I^j^ that is to be flown to e from outside comes out to be. 
-7«sj = 6.9334'il6.016 
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So initially it may lie obtained ub followH : 

i^^b) ^ 0.036; == 6.897; -6 933; 

= -1.224; = 17 24: f^) - -- ^<5 

and i^ia) = iyia) = 0. 

Then tlio nint operation table (Table T) can be written with tlu* help of rela- 
tions (6) and by multiplying the g and b values by 10^ for the’ reastni alreatl^ slaicMl, 
The required groiij) oijcrations (Dnttn, 1966) can be peiToiiiKal to have no chnng(' 
i'trU))^ '*J-(C)' iy(h)^ ^/(C) successively by using unit ojieration steps 1 and 2. 

2 and 3, 3 and 4, and 4, and 1 ol Tabhi I, in pairs shown in grouj) fjjK'ratjon steps 
5, 6, 7 and 8 in Table IT ITrom these stofis (oiieiation steps 5 to 8 in 4’.ihle 11) 
two other operation groups (operation steps 9 and 10 in 4’able II) aie found out- 
to keep both and unchanged snniiltaneonsly Pnially, anotluM' gn)U]i 

operation step (operation step 11 in Table Tl) is develo])ed from those steps (opeia- 
tion steps 9 and 10 in Tabic II) in which i,(i,) and arc seen to remain iin- 
changed at a time. The residuals can now be liquidat-cd very (‘asily and syste- 
inatically in four steps (liquidation stiqis 12, 13, 14 and 15 in Table HI) using the 
unit and group operation steps (operation stiqi 1 in Table 1 and 5, 10 and 11 in 
Table IT) without spending much time for finding out other suitabh' block or 
group operation by inspecting the unit operation table. The oper ation and hqu ida- 
lion steps are shown within the brackots( ) and the act-ual opr^ration and li(|ni- 
dation are shown within the brackets [ ]. 

Considering the effective value of Mtmaso +'^te elfcctivci value, ol the volUigo 
across cdiFig. 1) which is the same as that acioss cc(Fig. 21)) is given by, 

Ved = (0.0539—^2 0961 ) X 10 6082 volts 

=r 22.2433 Z. —88" 32' volts{22.1 Z yolts) 


and the required current is given by, 

= (34.9644-^14.1162) X 10.6082 x K)-^ amp 
= 0.0399 Z -21" 59' amp{0.0397 Z “2:^^ amp} 

From the above it ie seen that the values t.i the voltage and U,e current 

calculated hy other method (Mem. Staff. Dept. Elect Engg.,M • ., ‘•’Z"’!,™" 

within hraekets { } are in good agreement with those obta.ned 1-y -claxat.on 

method. 

DIRCUSRION 

This naner shows clearly how with the help of the method indicated in the 
This paper snows oiear.y i e uotcntials at the nodal points 

paper, values of a number of desned cjuantitHs i.e. pom 

5 and c, currents at » and e, and the re^ective ph^e angles oil 

taueondy. This method becomes useful particularly when the number of nodal 
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points increases in complex networks, where the conventional methods are seen 
to be laborious. 


Also in the method used here to liciuidato the residuals, a sot of operation 
groups (operation stops 5 to 8 in Table 11) as obtained may be found to be useful 
in keeping any particular residual unchanged in some operation if required. 


Further it is seen that V,.^ is greater than the voltage impressed by the source 
on the circuit. This is due to the fact that in A C. circuits the impedance of a 
part may be greater than that of the entire circuit as the imaginary compoitents 
may be either positive or negative. \ 
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ON A HOLE THEORY OF LIQUIDS. 

S. C. MLSIU 

Fa^KIB MoU/VN (JOLLIifiJil, MA1.AHOHI!! 

(Reertued Fchntary 24, ; Itesnbindted July 1?, lOOO) 

W« will eonRidor hove the iutorlatiico hohts of a orystal as iho rogiilav silos of 
a second lattice and also like Leiinavd -.Tones a\id Doveusliire (UKV.)), assiuju* that 
each atom of a moiiatomio, crystal is associak'd witli a hole, IJ])to the fusion 
point and oven at the heguming ol the liquid state this is the ]Do,sitn)n Tlie two 
lattices coiiu'ide at ahsolnte zero ami with rise of tomiiorature gradually the t wo 
are separaioil till at the fusion point the two are e.oinjiletoly dissociated. After 
tliis when the temperature rises, gradually the atoms leave ^lu^ lattice sites to 
wandei' as free particles and tho corresjamding ]iol(‘s dissolve in the iiitei'stidial 
space. When all tlie holes will dissolve, we shall got a jioifoot gas. 

All tho atoms are at thoiv respottivo ]joBitiou on the lattice (may he on tho 
minute crystals into which tho large erj'stal has lieon divided) at tJie melting point 
Those atoms oanuot produce any impact on tlie wall of the container and hence 
(‘an oxoi't no pre.ssuro At any temporatiiro T, hd tJiore ho A/ Ins) atoms 
and atoms fixed to tlio lattice situs. iSo holes must liavo been lost in 
the intorstotial siiaco and only holes must have remained at tlio regular 
lattice sites. 

At melting point (T,„) ATj = the Avogador’s numhor for one gram. mol. 
of substance. Witli iiicrooso of iemporaturo will go on decreasing till at a high 
temperature it reduces to zero. will change in a reverse order and will behave 
as a perfeiit gas at all temporatures. So the situation is as if a saturated vapour 
is ill contact with its coudenscjcl jihaso. Here N-^ paiiicles belong to one phase 
space and to another phase space and with change of temperature, partiedofl 
pass from one phase space to the other. Tlie ATj phase space corresponds to the 
ideal gas and tho phase space corresponds to the ideal solid. 

A similar situation we meet when particles come out of a radioactive subs- 
tance. One type of phase space controls the liehavioui' of the nuclei and another 
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controls tho boliaviour of the particles radiated. It is to be noted that the number 
of particles passing from one space to the other is found out by a non- mechanical 
statistics, determined by trial. Wo will also follow a similar procedure. 

Let dN be the number by which N^, decreases when temperature increases 
by dT. 

Let dN - -ONT-UT wlire N 

From this we get N ^ = N,^ (1) 

by introducing the condition that at N — L ^ 

Now = L~N = ... ' (2) 

The picture that wo have taken for liquids (and real gases), make it very clear 
that tho only elfect of tho heat adderl to tho system is to romo\ro the atoms from 
tho lattice sites and to increase tho kinetic; energy of tho particles in tlu; inter- 
stotial spaco. It has, so to say, no otlier (tffoct on the atoms at tho regular lattice 
sitos. So in order to determine tho energy- content of a liquid (or of a real gas) 
wo need only consider the effect of the particles. Since these partidos behave 
like particles of a perfect gas, w'e arc only to write L[l-~e~^ 0 (Ti —Ttni)i^ pUcc 
of L in perfect gas equations Tho variation of speoifit; hoat with temperature in 
case of four liquids have been explained successfully by the author (Misra, 1066) 
on this basis. It has also boon shown in another paper (to be published) that tho 
idea can be extondod to the case of nonuniform properties like viscosity. As- 
suming regular distribution of the holes, we can explain X-ray haloes in case of 
liquids. Attempts are being made to explain other properties of liquids and gaseS 
with tills idea. 
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RELAXATION TECHNIQUE AS APPLIED TO WHEAT 
STONE BRIDGE NETWORK PROBLEM 

S. N. DUl’TA 

DEPARTMJflNT OP ArPL110T> rilVHK'S. ('\iriJTTA I'NnLKSITv 
(Hmieivcd May 18 , IllGO) 

ABSTRACT. This i)unov donls wil.h the reluxntioniil hnlulmn ul tlu- jnuliUvie ol U'hoiii - 
btoiio biidfre network. Tn doirjg ko Lho lio.atiiig effecls of sleiidy curionls Ihwing iii IJie n.'t^ 
work have been eonsideTOd and tlieroartor the dosiicd tiimiil ilu«s mvl'nimd out e.iMly b\ nOiixu- 
tun) melhod. Tt alno ,shnw,^ how tint, jnethod > idds a Jiuiuber ol ll^,ellll ii.InuuiiluiuH at a 
time A oompariboii of the vodults obtained by this and other im-Uiods Iiuk Ix'on jnado. 

1 N T Jt O 1) IT (I T 1 C) N 

Bridges are one of the most widely used circuit anangpiin^il in the iield of 
measurement of circuit iiarametcrs, the simplest and important, form of wliie-h is 
the Wheatstone bridge. Here a general case of unbalanced Wh('atBl/Onc bridge 
(fig. i), is considered in which the value ol the galvanometer current has been 
found out. The normal methods of analysis of this bridge cortfiguraiion consisting 
of three meshes is somewhat complicated for general values of bridge paramettirs. 
But hero it will be shown that an easy and convenient solution of this problem 
is possible by relaxation method considering the equivalent Circuit diagram 
(fig. 2) of the network shown m fig. 1 



It was nrst of aU shown by Southwell and Black (1938) and afterwards also 
by Uutta (1966), how relaxation method con be suitably applied to solve the prob. 
lem of D.C. network. The underlying principle of this solution will reveal the 
utility of the technique in solving the network problem shown m fig. 2. 
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THE METHOD 

The heating effects of steady currents flowing in the network have been consi- 
dered in this method and an electrical theorem (Southwell and Black, 1938), in 
this connection lias been used which can be stated as follows : 

“In a network of conductors to wliich specified currents are supplied at two 
or more nodal points, the actual distribution of currents is such that the total 
generation of heat less twice the energy expended in supplying the specified cur- 
rents from a source at datum potential has its minimum value consistent with the 
satisfaction of Kirchoff’s second law”. ; 

If the two nodal points A and B of the Wheatstone bridge network sho\^n in 
fig 2, be joined by a conductor of resistance then by Ohm’s law a curreiit of 

y y 

IL will flow from A to B, where and Vjj are the potentials at A and B. 

Bab 

Lot the currents I a and flow towards A and B respectively and then, 

—Ia = In^ gAB{VA~yii), where gAB = 1/^42?- 

Also if all the conductors connected to the nodal point A be, considered it 
can bo written that, 

S (7^b(F2,— F^)4-/4o = 0 ••• (1) 

where I aq means tlie current supplied to A from outside. Hence the heat generated 
in AB is given by the expression gAiiiy a~~^ bY> and thus the total heat generated 
in the network is represented by 

2H gAu{VA-VB? ... ( 2 ) 

M 

where S stands for the summation extending to every conductor. Let again a 

7/1 

current be supplied to A from an outside source at datum potential Fq, so that the 
rate of expenditure of energy is measured by Iaq^Y a — ^o) total expendi- 

diture of energy is measured by 


S{/^q(F^-Fo)}=-^ ... (3) 

where ^ means the summation extending to every nodal point. Thus equation 
« ■ 

(1) is typical of the conditions for a minimum value of the quantity, 

Q = u^E ^ i s {gAB{yA-yBYnwAoiyA~yo)) i^) 

m n 

as it is equivalent to, 
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In this network problem as the source of ejn.f. (btiltejy) is present jt necfls 
some modification in having its rolaxational solul,ioii. In ordi-r lo do this the 
whole e.m.f. of the source may bo assiimod to be utilized to pass the euireut, 
to earth through the resistance of its own associated link and thiMi a dat-uni distri- 
bution in which the known currents enter and leave the netvrork at the nodal iioint 
can be obtained Thereafter merely the effects of the neutralizing eurrents are 
to be calculated and superposed at those points. 

Lot the nodal points B and I) be joined by a wire of zcio resistaure slunvii 
by dotted line in fig. 2. Now the current that will pass through ilui source from 
D io B will return by that wire and so in the datum distribution a current of 
enters the system at i) and leaves at B, Bjip being the I’osistance in the 
branch £D. Next it is required to calculate and superpose the current distri- 
bution resulting when the neutralizing currents EjRjij) and —EjBjijy are supjihod 
to the net-work at B and D after removing the battery e.m.f. 

If all the branches of the network shown in fig 2, be considi^red the I'xiires- 
sion for Q and the residuals can be written using the equation (4) as follows : 



+ + 2 /- {7o-r^-(7o-F^)l 


... (r>) 


Hence, 

_SQ 0 - 

dV^ ^CA 

SVn ' B^b ^bd ^cii Bbj) 


M = {Vo-yB) _{Vc-yD) ^0=^ Fa 

SyQ Bob ^cd ^csa 



(b) 


Liquidation of theae residuals (Ailcn, 1954), obtaiuod initially will yield the 
potentials at the nodal points A, B, 0 and D (fig. 2) simultaneously. 

The method is illustrated by the following caample worked out by Frank 
(1069), using a different method. 
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In the Wheatstone bridge network shown in Fig. 1, ^ = 28 volts, Rjjd = 100 
ohms, — 200 ohms, — 200 ohms, = 300 ohms, 7?^^, = 100 ohms 
and Epjj — 150 ohms, when it is balanced. It is required to find out the current 
flovang through the galvanometer if Rqd is changed by 4%, making the bridge 
unbalanced. 

The value of E^Ji) is found out to be 156 ohms when the bridge is unbalanced. 

Substituting the numerical values in the relations (5) and (6), it is obtained 
as follows : I 


20 = llAlJLjil 4 - iZn-Vn? . { Vq-V l? , {Va -Vp)^ 

^ 200 ^ 100 ■ 100 300 ^ 156 


+ +2x0.28(Fb-T^b) 


.?Q = _ _ (F^-Ed) , (Vc-Va) = 0 = 

8 Va 266 200 200 ^ 


_ {Va-Vb) _ {Vb-Vd) l {Vc-yB) 


SVb 200 


+ :: ^ +0 28 = 0.28 


(Fp-Ffl) _ {Vq-Vd) _ {V c-yA) == 0 = F 

SVq 300 156 200 ^ 

. jQ = (jWi)) + {Zirzln) + (Fo-7n) _o.28 = -0.28 = F^ 
SVd 100 ^ 100 ^ 156 ^ 


Now using the relations (7) and (8) the basic operation table (Table T) can be 
written from which the relaxation table (Table II) is easily obtained in order to 
liquidate the residuals Fj^, Fb, Fq and In Table II the initial values are multi- 
plied by 10^ so that on liquidation of these residuals the potentials at the nodal 
points A, B, C and D of the unbalanced bridge can be obtained nearest to their 
values on being divided by 10“, 

The galvanometer current is found out to bo 0.428 mA by relaxation method, 
The corresponding value of the same is calculated to bo 0.429 mA by a conventional 
method (Frank, 1959), which is in very good agreement with that obtained by the 
relaxation method. 

DISCUS vS ION 

In the Wheatstone bridge network considered here the resistances are included 
both in the galvanometer and battery circuits. This does not in any way bring 
about any complication in the relaxation method described here. But the conven- 
tional method of analysis becomes somewhat complicated and more particularly 
due to the presence of the resistance in the battery circuit, for which this resistance 



TABLE I 

Basic operation Table 



(a) [<5)xl 3133] 409 7496 163S.99S4 0 

(b) [(7) X 0 6225] 194 3-200 164 3490 613 5310 

603.9696 1S03 3474 612 5310 
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ig ignored in many cages at the cost of bridge performance, whereas in the relaxa- 
tion method the resistance in the battery circuit has got to be considered in order 
to calculate the current in the datum distribution. Also it yields the values of 
all the potentials at the nodal points simultaneously. Herein lies the advantage 
of the method described in this paper 
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MEASUREMENT OF THERMAL CONDUCTIVITY OF 
GASES USING THERMAL DIFFUSION COLUMN : NEON 

V. K. SAXENA, M. P. SAKKENA Ajtii B. 0. SAXENA 

PjJYalOS Dei'ARTMTENT, TJaJASTHAN VjsIVKUSJTY, .lAlPlMt, iNhlA 
[Rvaeived A-pnl 14, lOfiO; J{t\'iHhniitlcd Jmic I, l!MUi) 

ABSTRACT. A litit-wiro typo of thoiimil diffuhiou niliimn jk ciiiiiIun cil In nn'iisiirn 
tlionn'il o )aiiuctivity of gUKOB, ]\1rtrtKiiromouth <in i-('oji nrn inijcrtoil iii tlin urn run^'n 

IfiJ.J aud loi fivH (lilfnioiii vahioH of prosBUfc .■'jaHlIor lluin an alnin.spljt'u' 'I’lm valnit 
ugroo am^nigst tbemsolvoH wil-hiii n houttni of oliinit fi jn-i emit und nidi Ixsffnr udii Hin nllini 
nxisling liUmitui'R valiio^ obbiiinoJ from mtnblisljnd oonvn itioiiid toolniKiues Tho Mit’Pf'n i 
ohtfuuod iH parbioidarly gratifying vrhoii tho iirosfionb of thormid ntmduntivjb^ ninanurninnidn 
at higher toinfioraturos in rooidled 

INTRODUCTION 


Measurements on thermal conductivity of gases and ])artioularly al' high 
temperatures are of great importance to scientists as well RlS (‘iigiiK'erH. hor iJic 
proper understanding of the oxchaiigo of eiiorgj'^ between oxlernal and intei'iia) 
degrees of freedom of polyatomic molecules such an infoi’Dialion is basic. A 
variety of design engineers also very frequently and in an iinportant way iu'(>d 
such values. 


Tt has long been known that reliable and accurate measunanent of thermal 
conductivity of gases is probably tho most difficult amongst all tho traiisjiort 
properties. This is because many complicated corrections are to be considered 
and the job becomes increasingly difficult as the toinjicrature of miiasnicsnentr is 
increased. Purely on the grounds of need in the recent years sevinal very impres- 
sive efforts have been made for measuring thermal conductivity at liigdi tempera- 
tures. Here we report a part of our oontinuing effort to determine thermal 


conductivity using thermal diffusion columns. 

Tho use of columns for thermal conductivity measurements was first suKgested 
and employed by Blais and Mann (1960), who reported results on helium and 
hydi'ogen in the temperature range 1200-2000”K. The accuracy of these data is 
doubtful and it is believed that their values are systematically greater Uian ,ic 
actual values, Saxeua and Agrawal (1961). A few more argumimts m tavour of 
this possibility have been advanced by Saksena (1965). In this laboratory we have 
revived this work and very encouraging pieliminary measurements have boon 
reported on helium and air, Saksena (1966). He employed a system of wo 
columns completely identical except for length and measured the thermal eoi^um 
tivity in the temperature range 313 hH3»K. Differential measurements were taken 
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to avoid tho probable losses due to end conduction and these were also theoretically 
calculated and found to be always less than 0.6 per cent for air and still smaller 
for helium. These measurements conclusively established tho teclmique in this 
temperature raiigt^ because these values were found to be in good agreement with 
the directly measured values by tho conventional thick wire variant of the hot- 
wire cell, Gambhir (1965) Encouraged by the success of the results obtained 
wo have launched a full range programme to measure thermal conductivity of 
various pure gases as a function of temperature. This effort has to be preceded 
by carefully planned sots of crucial runs which may unambiguously establish 
the technique and provide a clear idea about the precision of mcasuremenis In 
tho present article we report the measurements on neon in the temperature'^ range 
323-72;i''K at five different pressui’es and compare with the existing data obtained 
from conventional techniques. 

THEORY 

Wc now present a brief and relevant account of the theory of this method as 
particularly applicable to our apparatus design. Assuming tho wire to be at a 
uniform temperature, its ends to be at the same temperature as the cold wall, 
convection to be absent and tho heat flow to be radial, we can write tho differential 
equation giving the heat flow as ; 

ggVf =0. ... (1) 

Here K stands for the thermal conductivity of tho material of the hot wire of radius 
a at a temperature 0 above the cold wall temperature*.. The wire material has a 
temperature coefficient of resistance a and /?o is its resistance per unit length 
at 0 = 0. I represents tho current through the hot wire and J tho mechanical 
equivalent of heat stands for the loss of heat from the wire per unit area per 
unit temperature differonco by conduction through the gas. Similarly Qf repre- 
sents the quantity of heat radiated from a unit length of the wire. 

If the column is highly evacuated so that h,, = o, eq. (1) reduces to 

na^K ^ = 0 . ... ( 2 ) 

0/Z^ J 

Hero r represents that value of the current which maintains a particular element 
of the hot wire to be at the same temperature in vacuum as a current I flowing 
through it does in the presence of the gas. 

Subtracting eq. (2) from (1) we get for the power conducted through the gas 

= ... ( 8 ) 
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Now two more reasonable assumptions get assooiatcd with equation (3), These 
are . (a) The temperature distribution along the length of the wire remains praoti- 
caUy unchanged with or without the gas, (b) the heat lost by radiation is inde- 
pendent of the nature of surroundings. For a sufficiently long wire the lengths 
at the two ends where the temperatmo may be appreciably different from Ibe uni- 
form temperature in the mid region will be relatively small and the first assump- 
tion will be reasonable The second assumption is also valid as under normal 
operating conditions the gas in the column is invariably transparent to thermal 
radiations. We therefore get for cylindrical geometry and radial heat. How 
conditions 


2TTahj9 = — 27raA 

— e 

In^hja) 



... ( 4 ) 


Here A is the thermal conductivity of the ga.s at the wire temiioraturo and 6 is 
the radius of the cold wall. Wo have consequently, 




^ 27rA Q 
~ln{hfa) 


... (fi) 


The oq. (6) leads to 

/ \ _ 27rA /(.V 

VdO Ir-a Mb lay 


and alternatively 


, ^ Iv^lcb) I ( 7 ) 
2'7r \ dO It 

expkkimjdntal 

The principal component of our experimental assembly consisted of a con- 
ventional hot wire type thermal diffusion column. In principle it consists of a 
precision bore tubing, along the axis of which is run a uniform platinum ^virc. 
Through suitably designed arrangements the electrical connections to this wire 
are brought out. A great care is taken to ensure minimisation and constancy of 
contact and stray resistances and in our arrangement their magnitude never ex- 
ceeded 0.02 ohms. The outer wall is maintained at a constant temperature by 
circulating thermostatically controUed water in the surrounding jacket. The 
relevant constants of the column are given in Table I. Thfi wire is maintained at 
different temperatures by passing appropriate currents through an arrangement 

2 
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which is energised by a number of high capacity lead accumulators, The column 
can be evacuated to high vacuum (10”® cm of mercury) by means of a metal pump- 
ing plant comprising of a two stage rotary and a high capacity oil diffusion pump 
etc. The potential across the ware and current through it are measured by a 
sensitive Tinsley vernier potentiometer type 43631) and other accessories. The 
constants A and B of the platinum wire occurring in the relation 

.... (8) 

are determined by a separate set of exporimonh^. These are also required jn the 
calculation of A and are reproduced in table T. The detailed description is given 
by Saksena (1965). \ 


TABLE 1 

Geometrical and electrical constants of the conductivity column 


Length of the platinum wire 
RadiUH of the wiie (a) 

Iiitomul diamotor of tho column tube (2b) 

External diameter of tho column tube (2b') 

Jte=iiHtanoo jior unit length of tho platinum wiio at 
0“C(/;o) ... 

Tho constant A ol' the platinum wire ... 

Tho constant B of tho xAatiiium wive , . 


91.56 cm 
0 024G3 cm, 

0.8544 cm. 

1 .023 cm. 

0.0064477 ohm/cm. 

;i8.26x 10-4/-C 
-49xl0-8/<=C2 


In nut-shell the procedure amounts to measuring the power required to heat 
the wire at any arbitrarily chosen temperature with and without tho test gas. 
To achieve this in practice measurements are taken, in vaouiun and then with 
gas, of the resistance of tho axial wire when a known current is passed through it. 
In Table II, wo report the computed power at our directly observed points as a 
functions of temperature for vacuum and for five different pressures. The tem- 
perature of the hot wire in each case is identified by its resistance and assuming 
this variation to be in accordance with relation (8). 

To compute A for each pressure separately, W and Wr arc plotted on a largo 
graph pax)er versus temperature and by point to point subtraction a third curve 
IS generated on the same plot for W,. as a function of temperature. Here W, 
Wr and Wc are the powers fed to tho wire, with tho gas, without the gas and 
conducted radially through the gas respectively. Next Stirling’s formula is em- 
ployed and the quantity computed for equally spaced values of 0. 
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TABLE III 

Values of 10®A, in cal cin~^ sec deg~^ for Neon at different pressures, 
p, in cm of Hg as a function of temperature in ‘'C 


Tomp, 

p = 10.2 

p -= 17 6 

p ^ 29.3 

p* 47.4 

P — 60.6 

50 

12.3 

12 1 

12.7 

13.6 

12.6 

100 

13 3 

14 0 

13.9 

14.9 

13 7 

160 

16 0 

14 4 

14.7 

16 9 

14 7 

200 

16.7 

16 4 

16.8 

17.2 

16.1 

260 

16.9 

16.9 

17.4 

17.7 

17.9 1 

300 

18.1 


18 1 

18 4 

18 2 ' 

360 

IS 8 


19.3 

19 3 

18.7 \ 

400 

20.1 


20.1 


19 3 

460 

20 5 




19 6 


TJiiH wet is somewhat uncortam due to the instability of the electrical circuit. 


The calculation of A is now straightforward on the basis of relation (7). These 
values of A are recorded in Table III and are shown plotted in Fig (1). It is rele- 
vant to point out hero that while taking measurements at 47.4 cm of mercury 
the electrical circuit was somewhat unstable. This, we feel, might have caused 
uncertainty in the readings of unknown magnitude. We therefore in interpre- 
tation of our results do not give any weight to this set of data. Nfevertholess, wo 
have shown them plotted even in Fig. (1). It is interesting to note that the obser- 



Fig, 1 : Plol/ of \X10S (cal om-iaeo~ideg-i) versus t{°C). Each sot of points refer to a 
particular value of the pressure (in om. of mercury). Thus, O, 0, 0>Q and • refer to 
10 2, 1 7.6, 29.3, 4r7.4 and 60.6 rospeotivoly. The continuous curve is obtained as a best 
compromise plot of all the other existing X values, 
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TOtions even at a pressure higher than this vahie viz., (io.fi cm of mercury arc in 
accord with the throe sets of diffci-eut observations nil at smaller prej^sums. We 
hasten to state that all the four sets of A valiu-s show no sysUmatio cliffereiico of 
any particular typo relative to each other as a fuuctiou'of temperature. The 
directly calculated A values show a scatter of about 5 per cent and at varioios tern- 
peraturea it is even smaller. Let us now discuss the important correctious to be 
applied to these computed A values. 

The corrections likely to bo of importance for measuromentH by Lliis method 
are : (a) convection, (b) tompcratui'o jump, (c) wall and (d) end elTeetis. To dis- 
cover whether the first two effects are involved in a partieulfir menHurnncnt of this 
type there is an entirely experimental procedure possible 'Phis has boon well 
known to experimentalists of this field and consists in taking ineasuri'nKMiis as a 
function of pressure. It was for this reason that we look measurements m tlie 
range 10.2 to 60.5 cm of rnereiiry and for five diffen^nl. values of pressure. While 
taking the measurements it was also kept in mind to detect if tlnne is any syste- 
matic variation, howsoever small, with the change in xiressure, In the previous 
measurements pressure dependence was observed only around 2 cm of mia’cury, 
Sakaena (1965). We thus conclude that for our axiparatus and these operating 
conditions both convection and iempcraturi* jumy) rlT(‘ets me negligible. The 
calculation of wall effect is fairly well known ajid js dcsisribeil in detail liy fSaksena 
(1965). This effect which arises because of the finite conductivity ol the material 
of the cold wall was found to bo fairly small for our moasnrcmoiits. To quote for 
a numerical estimate it is only 0.3 percent at 50'’C and rises slowly with torapera- 
turo assuming a maximum value of 0.5 percent at 450®C 

The last correction i.e. the end effect is probably the most imyiortant of all 
and unfortunate ly is least understood. This obviously appears because of the 
conduction of heat through the two ends of the hot wire and causes a nonuniform 
temperature distribution along the wire. As it is not simple to rigorously account 
for this shortcoming a brief discussion regarding its probable consequences will 
bo in order. It may be stated that for a sufficiently long and thin wire this 
complication is likoly to be small and we took the full advantage of this fact and 
kept the uncertainty on this score to the minimum Tlie calculations of Saksena 
(1965) based on the theory of Gregory and Archer (1926) yielded that at 100“C 
for air the correction is about 0.6 percent and further as the conductivity increases 
the magnitude of this correction decreases. Thus, lor neon it will ho still smaller. 
However, it is not possible to apply this theory as the temperature further iu- 
croasos. Saksena (1965) has fui'ther tried to eliminate tliis effect by taking dif- 
ferential measurements on two columns identical in all respects except length and 
connected in series. It is believed that under such conditions the measurements 
taken refer to a small central region of the longer wire at a uniform temperature. 
His work with helium revealed that till 100"C the effect of end conduction on the 
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finally calculated A values is negligible We propose to consider both these points 
in our work at still higher temperatures than covered in the present effort. The 
situation which prompted us to adopt this approach consisted in a comparison 
of our measured A values with those existing in the literature from conventional 
and accepted techniques. Gandhi (1966) has recently pooled together all the 
available data on rare gases as a function of temperature and recommended a 
.set of best compromised smooth values In the figure we show these values by 
a continuous curve, it may bo important to mention that there arc considerable 
scatters in the data at different temperatures and a serious guidance is drawn from 
the measurements taken in this laboratory by a hot-wire coll, Gandhi (I'pGG). 
Tt is particularly gratifying to note that the smooth curve posses well tlirougli our 
observed points lending thereby a very good suj)port and reliance in our present 
measured values. Wo hope to further extend this work and bring to light the 
intricacies, if any, by suitably ]3lanned programme of work Thus, this work as 
well as earlier, Saksona and Saxena (1966), tend to establish this technique and 
its successful performance only upto the maximum temperature of 713°K. On 
the basis of this promise we are extending the scope of these measurements to 
still higher temperatures and will therein take into account all those corrections 
which may then become appreciable and are negligible in this temperature rarigo. 
Our present experience based on the work in progress and going upto 1300°K 
indicate that this technique is capable of yielding sufficiently accurate and reliable 
values. 
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LIGHT-SCATTERING STUDIES IN SOLUTIONS OF 
ACACIA CATECHUIC ACID 

J. N. CHAKRAVOTITY 

PflYSTCAL CllKMISTRY LaR JUA-TOlUlCH. .rAnA\riiil J.imiJA , ('\n 

(Jtectuoeil Mail :i(l, 

ABSTRACT Tho olTocltj of addition ol noutial spIim hJa- KCl, T\n(M, iSiiCK iiad AlC 
• ai tho light HCHttoring propurtioa of Acuna Catn liuic And hiivo hocn iqinltal hi u|) ni^o 
IJie catioiiH appeared to havo marked influcnv ui induring the i.itimiiulivulm lepuli^io) 
'fho behaviour was anulogous as observed AVith the valoac^ ndo. Tia^ Ijeliuvimn ot ulummiui 
Avas, however, sUglitly ditferorit probably due to marked liydrolys .s ot idurmimmi sidl 
Although there was variation m the root mean squ.iie i>nd to end di,- 1 iuk e m dilfiMvnl cnHe 
tlie rnoloculnr weiglit more or lor,s appoared lo leiui'iii iilnr ist emiHlaiil, i e . abnul Ti '' lOn. 

IN TK () D II (’T J t) \ 

Acacia Caiocliuic Acid (ACA) is a gum acid obtaiuocl by the oloctrodialyniH 
of gum catechu and replacement of the cations by liydrogon ions. ProvitniH 
investigations (Kubshrestho ct al, 19d2; Chakraborty ot al, ]})63), of this gum 
acid revealed its poJyoleotrolytic behaviour. In tbo iircsont connnuiiication, tin's 
property of ACA has been tested further and its physico-cliemieal behaviour 
with respect to tho addition of neutral salts liaving cations of different valeneitis 
has been investigated with the help of light-scattering method. 

E V E K J M V N T A J. 

Weighed quantities of ACA were taken and required quantities of NaOR 
solutions were added to each for their complete iicutrabsaliou. They were next/ 
dissolved in 0.026iV^ KCl solution by sliakiiig and then allowed to settle foi* about 
24 hours. Both cateclmic acid solution and ()025A^ KCl solution were made 
dust free by repeated filtration through sintered glass lilters. Scattering 
measurements were made at angles -45°, —90°, —135“ and 0° m a Brice Phonix 
Light Scattering Photometer using a semi-octagonal dissymmetry cell 

The net values of turbidity and dissymmetry were calculated aftcM' siihtiucbing 
the values obtained for tho solvent in each case The specific i (tractive incicments 
were determined by means of a Brice Phoenix Differential lleliaclonu tri maintain 
ing a temperature of 28°C 

AU the above raeutioneil steps wcie repeated wliile cxainmmg the light 
scattering behaviour of ACA in presence ol 0.025if NaCI, h OlA' BaCl, and 0.00d9N 
AlClg respectively. 

. Physics Department, E. K. M. Naroadmpui- (24, Pargana.). 
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DISCUSSION 

The molecular weight M was calculated from the Debye (1947) equation 
— ^(90) = -1 +2SC ■ 2^(90) 

T Ju. 


where 




C is the concentration of the solution in grm/m/, B, tlui interaction oonstani, n, 
the refractive index of the solution Uq, that of the solvent, A, the wavelength of 
the incident light in cm, Nq, the Avogrado number, t, the absolute turbidity of 
the solution in excess of that of the solvent, («.— ?io), the refractive increment of the 
solution in excess of the solvent and P(90), the particle scattering factor at 90*’ 
angle. 

To examine the effect of monovalent, divalent and trivalent ions on ACA, 
the light scattering measurements were performed with chlorides of Sodium (and 
Potassium), Barium and Aluminium. The linear graphs of vs. <7 (Fig. 1) 


fli ‘02S N~kc/ A 
O -Of A/ -Bffc/z 



Fig. ] . Vaviat-ion of HC/t with Concjentration 


resulted in each case with NaCl, KCl and BaClg solutions. The graphs corres- 
ponding to NaCl and KCl solutions overlapped each other showing the identity 
of the effects of sodium and potassium upon the scattering behaviour of ACA. 
The slope obtained was very small which indicated negligible interactions between 
the ACA molecules. The molecular weight from this plot comes out to be 6.04 X 10® 
after making necessary corrections for the dissymmetry of scattering. The depo- 
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larisation effect in all these experiments were ftnind to bo very small and no correc- 
tion was considered necessary. 

HG 

The plot of ^ ■ vs C with 0 OIN BaCl^ solution almost ran juuuUel to that 

obtained with 0.026N NaCl or KOI solution which shows that tlie interaction coms- 
tants of ACA in presence, of these salts are of the same order of miignil-ude. Tlie 
molecular weight from tliis intercept cornea out to be 4.7 x 10** after making all 
corrections as usual. 

The behaviour of aluminium was slightly different probably due to marki;d 
hydrolysis of alumuuum salts. The non-bur ar plot of vs. C for AlCI.j solution 

involved a bttle uncertainty in the determination ol the molecular weight. Hoav- 
ever, if the mohicular Aveight is calculated from the linear portion of the plot 
neglecting the i)oiTits in the very dilute region, ihs value rrunains almost, the Bame. 

IjOt us noAV confine our attention to the plots of Z (dissynnnelrj^) vs 6 (h ig, «) 
fo ACA solutions in presence of the above mentioned sails It ajjpears that the 
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Fig. 

C (g'fTt/mf X 
2. Variation of Dissyniotry 

tff3) 

with Ooiinontratioii. 


intrinsic dissynunotry of ACA is 3.5 in 0,025N NsCl and KCl ^ 

BaCl, solution and 3.05 in 0 . 0030 N AiCI, — ,«em^ 
square end to end distance of the polymeric coll as 30 o - » i/ , ■ 

^ . 1 ■ 1 - a97 m// in nure water. (Chakraborty fit al lao.f). 

respectively as against 327 m/t in pure wavii. v 

The lo. values of rms end to end distance 
ments in the salt solutions indicate that a high 

macromolooule takes place in the presence o ^ between them becomes 

ions present screen the charged groups 

Z-. Lder these conditions the molecule undergoes contraction. 


3 
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It was, however, noted that the barium ion was more effective than Na or K 
ions in their screening action because the contraction produced by O.OIK BaClg 
solution was greater than that produced by 0 025N Kcl or NaCl solution. It was 
interesting to note that although the strength of the AICI3 solution was less than 
half the strength of BaCla solution, yet their intrinsic dissjunmetry values wore 
only slightly different. Hence it appeared that in all the cases, the cations had 
marked effects in diminishing the intramolecular coulombic repulsion and the be- 
haviour was almost analogous as observed with valency rule. 

The author acknowledges his indebtedness bo Prof. S. N. Mukheriee,lD Sc., 
for suggesting the problem and l endoring his valuable guidance during the progress 
of the work. Ho is also thankful to Hr H. K. Chattoraj and Hr, M. N. Has for 
valuable discussions. 
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THE STUDY OF THE DYNAMICS OF VIBRATION OF 
A CANTILEVER UNDER LATERAL IMPACT OF 
AN ELASTIC LOAD. PART V (Experiment) 

B, B. BANEKJKE 

Physios Depahtment, University College of ENniNEEiuEo, Uukla— Ohissa 
{Received Jamiary 27, 1966; Heaubjnitted May 19, 196(1) 

ABSTRACT. Oantilovora of dilTerent materials but of snmo longth and rtroHs nei-tion 
are transversely stmek at different points by hammers of different mnltinulH and mns^ios, 
poHSOsainy different striking volofities. Pliotogniphie method ol mniisairenKUit m adopted. 
It is found tliat tho duration of impaet changes discontinuously with stnkiiig diHlanee. Ordi- 
narily, the duration of impact for partioidar struck point decreases ni magnitude us tht' nnping- 
nig velocity of tlie load inoreases. Soon after impart begins, certain points of tlio cantilever 
(other than the struck point) move for a short while along negative direction before it can 
aoquiro usual forward mo(,ion. Vibration ensues soon after impact begins 'J’ho theory 
developed in parts I to III in this series )f papers has been voi ifiod wilh tho exTienm'uital 
results. Tho agreement between the theory and the experiment is remarkable 

EXPERIMENTAL 


Mason (1936), Arnold (1937) anclo thers have report(^(l some experimenU on 
supported beams using electrical method of measurement Some pxjierimonts on 
cantilever were reported by Banorjeo (1966). In this paper, the wriUd’ bus c'x- 
liaiistively investigated different aspects of the problem systematically. 

The experimental set-up is almost similar to that used by Banorjoc (1966). 
Tlie hammer of particular material and mass is released fioni a distance to ensure 
a desired impinging velocity as it perpendicularly strikes specified points ol' the 
cantilever (including the free end) at regular intervals of 6 cms. Light from carbon 
arc lamp, facing the narrow slit of a camera box vertically downwards, is obstrueted 
by the pointer of the tuning fork and the point of contact of the hammer and the 
cantilever to cast their shadows on the running photographic iiapci, pinnt( 


tho photocarrier. The photocarricr slides inside the camera box. 

In this way, the effects of tho striking distance, ‘mass ratio’, striking vrdocity 
and materials of the cantilever and hammer, on the duiation of impact as a 
the displacment of the cantilever and hammer are studied. The lesu ® ^ j 
psrimenta may be found in different curvee and a plate. The 
cantilever at any point other than the struck point is “ 

The slit in this case is brought under the point to ho photograp 


lamp and the vibrating tuning fork above it. 
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To reproduce Iho experimental time-disj^lacement curve for any point of 
the cantilever during and after impact, to any scale, the corresponding shadow- 
graph including the waves due to the tuning fork at the top is projected upon a 
squared paper with the help of an epidiascope. The curve traced out by the sur- 
face of the cantilever is drawn upon the paper. The number of waves due to the 
tuning fork of frequency 100 c.p.s. contained in the portion of the shadowgraph 
under study and lying within a known length of the time-axis gives the time scale. 
The depth of the shadow of the bar at rest, toAvards left of each shadowgraph 
(taken equivalent to 1.27 ems ) helps to fix the displacement scale. For measuring 
the striking velocity, the method used in part IV (Bancrjee, 196G) is acmpted. 
The maximum arc along which the hammer swings to strike the cantileyer is 
measured from the shadow of the particular outline of the hammer on a 
graduated ti'anslucent scale, placed very close and parallel to the path of the 
hammer. The length of the pendu- lum bob (hammer) and its arc of swing help 
calculate the impinging velocity. 

P A ItTICULAKS OF CANTlLFVKHS AND HAMMEKS 
Cantilever A, mild steel rod, length 95 ems, dia. 1.27 cms. 

Cantilever B, brass rod, length 95 cms, dia. 1.27 erns. 

Hammer C.sphcrical, mild steel, Avoight — 285.5 gms., radius at contact surface, 
2 cms. 

Hammer D, spherical, brass, weight — 285.5 gms., radius at contact surface, 
2 cms. 

Hammer E, spherical, brass, weight = 108.8 gms,, radius at contact surface,, 
1 cm. 

The curves Cj and Cg of fig. 1. show variation of the duration of impact 
(first contact) with striking distances for the same mild steel cantilever A, 



struck by mild steel hammer- C and brass hammer — respectively . The hammers 
have equal weight and possess equal striking velocity of G5 cms. per sec. From 
these curves, we find that the duration of impact fluctuates disoontinuously with 
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atriking distance. These curves differ due to a difference in the vahu'S of the 
elastic constant, {E 2 ) of the striking hammers. In most eases of striking distances, 
this difference is found to be verj*^ small, being mensnied in IhouRandtlis of a 
second, but for such striking diatance.s as 50 and 80 cms. iliis diffonnec; is large. 
For striking distance of 80 cms. the durations of impact is ,0S2S i sec and is not. 
shown in the curve. The lower magnitude of the duration of iinjjact in tlu‘se 
particular cases indicates stimulation of larger number of modes into activity 

The curves in fig. 2, each representing particular struck point, ar(‘ drawn to 
show the variation of the duration of impact (first contact) with the striking 


Yol* • ^ 
LoaA C 




Fig. 2 


rdooity of the hammer. It ia found that ordinarily the duration of impael 
first contact) changes with the striking velocity of the hammer. It ,s found that 
ordinarily the duration of impact slightly diminishes in magnitude as the striking 
velocity increases, and for striking distances such as 95 cms. and 00 cms, it 

appears that beyond a certain limiting velocity (at or around 79 25cmH/scc for 96 

cms., and 94.75 ems/seo for 00 cms ), the duration of impact abruptly changes. 
This is due to the higher modes becoming effective at higher velccilies 

The curves in fig. 3 show the variation of total duration of impact (measured 
from the time the iL comes in contact U, the instant it comp ctcly ^c 

region of vibration of the rod) with striking distaneefor different J"’" 

of the hammer It is found that the total duration ol impact fluctuates as stiiking 
distance, increases, hut maintaining the fluctuating character the “ 

of impact increases abruptly from about 56 cms. 

value at or around 80 cms. of striking distance. Abrupt increases m the magmtude 
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of the total duration of impact observed from 55 cms. show that, at the instant 
P = 0 (Banerjee, 1966 ; Part III) and for a specified number of modes being 



effective, HAg cos qj, (eqn. 13, Pt II) changes sign for a struck point near about 
55cms and this change is effected with absorption of maximum energy by the 
beam (Baneijee, 1966, Pt. IV). 

Fig. 4 shows the variation of the total duration of impact with the striking 
distance for two cantilevers of different materials but of same length and cross 
section, being struck by two hammers of different materials but of equal mass and 
possessing equal striking velocity of G5 cms /sec. It is found that the nature of 
fluctuation of total duration of impact with striking distance depends more or less 
on the material of the hammer. 




013 


The Study of the Dynamics of Vibration, etc. 

The shadowgraphs (fig 8) show that the rod beginH to vihnUo as soon as 
impact begins. Usually almost for all striking distaiici‘s, tlie phciiomoiioii of 
‘multiple contacts’ is observed. For corlaiii struck points (such as 80 ems) the 
form of time-displacement curve aiipenrs to bo more or It'ss sinusoidal but 
lor struck points, such as 47,5 cnis this curve is more undidaliiig showing impor- 
tance of the second mode of vibration. Thuss timulatiou of parlioidar number 
of modes into activity depends on the striking distance*. 

It is further found that for a short while from tlic instant impact begins, tlus 
motion of cei-tain points other than tlie struck point (vide, fig. SJl) is in m-gativo 
direction with resiieot to positive impinging velocity ol the lotul. Tins i.s also a 
mode effect Ti shows that the rod begins to vibrate soon after impact begins, 

VERIFICATION OF TTTE THEORY 

The values of y*, are required to use dilferent. expK'Ssions foi (lisplaeemeiit . 
pressure etc. (vide. Part L to 111, Banoijce, 1066) 'flie hammer is taken to be 
hard and it docs not materially affect the results The and y,, y^, (vide. 

Part IT, Barierjeo, 1966) curves for particular struck points may be drawn as per 
eqn. 7, Pt. IT (Bam^rjeo, 1966) Icnowmg and for the st/rnck point Snob n 
curve for x = a = i/2, i e, mid-pt , is shown for ‘mass ratios’, 3 71 and 3.29. 

(E'ig. r>) 



Duration of impact 

Thus it is found that the difference m the theoretical and cxperiincutal valuca of 
^ is very small and tlie experimental values are liaving higlx r inaoUitu e 
theoretical ones, showing usefulness of the extension of the theory in ig o ' 
theory of impact (vide. Part lU, Baneijeo. 1966). In app ymg Hertz s theory of 
impact, wc have considered the case of cartilcver A stnic > f 
80 ems from fixed end (vide. fig. 8D) Only the first term of the pressure 
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cantilovor 

load 

csombinaiion 

Mass 

raliio 

Hlriiung 
velotuty 
cms /aoo. 

striking 

distance 

no. of 

tYinfjpB 

Duration of 
impact (sees,) 

— DifCeronco 


Thoo. 

00 

Expt. 

0 

00—0 

A— 0 

3.29 

65 

a ~ 1 

2 

.011 

.0164 

-.004 

A— C 

3 29 

91.76 

a .= 1 

3 

.0044 

.0045 

-.0001 

A— C 

3.29 

05 

a = 1/2 

2 

.0105 

.0120 

-.0015 

A— D 

3.29 

05 

11. ^ 1 

2 

.011 

.012 

--j'.OOl 

B— 0 

3 55 

32 76 

a 1 

2 

010 

.020 

-1. 004 

B-Ji 

8.30 

05 

a = J 

2 

.0145 

.0175 

-10026 


eqn. 5 (pt. Ill, Bancirjoo 1966) is considorod as in this case the aouond term is 
very nearly zero and the higher terms are negligible. The variation of 0 with 
Vq is calculaLod as per cqn. 8 (parL III), is calculated in tlie usual way from 
pressure cqn. 37, in Tl. III. for P = 0 , and its value in this ease is .0695 sec. 
Both the experimental and theoretical variation of 96 with X)q are shown in 
Fig. 2 , Uq is taken as .434 cina. It is evident from those curves that the theory 
put forward (considering Hertz’s theory of impact) agrees nicely witAi experiment. 

Displacement of the struck point 

Fig. 6 gives the time-displacement curves (Theo and Expt ) for the struck 
point at the freo-end corresponding to the case given by shadowgraph C (fig. 8 ). 
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The curves are identical upto about .014 sec. which is nearly the lime of d.ualion 
ol impact. This is in agreement with the theory. While the Ihcorctical curve 
IS extended beyond the time of impact (fli-at coni act) with the help of cori es- 
ponding equation upto the time not exceeding half the period of vibration of the 
cantilever, jt is observed that the two curves fit in eloselv. TIic nudiilations 



(occurring almost iii similar regions m ilio gonoj*al body ol’ rrspeotive curves) 
are more pronounced in the experimental cui-vt^s. ’Hie difb'i'cnce l)cUv(*eii 
the two curves is duo to sudden change in velocity wuH’eii'il liy ilic‘ rod at 
the termination of a contactor separation, as aiiticipatod in ])ait 111 (Baiioroo, 
1966). In the same Fig, 6, the tlieoretical pressure -time curve (m azbilrary scale) 
shows that at about .011 sec. after impact begins, pressure becomes zero. Tins 
time is therefore the duration of impact. The experimental value is ,015 sec. 

For striking distance, x — a — ^0 ems (lig 8D), exiierimcntally tlu‘. time, 
measured for half the vibration of the bar is about 07 sec, and tluHin^tically it is 
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,0095 HOC. This is a remarkable agreement. Further the amplitudes for experi- 
mental tijnf3-displaccment curves for striking velocities of 32.75, 47.30 and 65 ems/ 
sec. bear ratios 5 : 7.1 : 10 respectively, which are nearly the ratios among striking 
velocities. This is in full agreement of the theory. (Banerjee lOfiO, Pt. 11). 

Displaceineni of any j)ovni other than the struck poini 

Kig. 7 shovi's the theoretical and experimental tinie-diaplacoment curves for 
mid-pt. of the Cantilever- A, being struck by haminer-C at its free end with a 
velocity of 05 ems/see (iig, 8B). The two curves are identical upto about 
.014 sec. which is almost the lime of impact (first contact) Tt is noted \that 
the two curves coincide in the region of negative displacement toward!^, the 
ca]'li(3Bt period of impact This is in complete agreement with the theory. Here 
also we have extended tlic theoretical cuive beyond the tunc of first contact 
and find that the two curves arc strikingly similar. Here also the difference bet- 
ween the two curves is due to altcr-iinpact effects, as discussed in Part III. 
(Banerjee, 1906). 

Velocity of the hammer 


slrikiiiK 

d islfdiia jO 

ttiutiloV\'r 
— liammoi 

Hlnlvuig 

volofjly 

i-'ins/sec 

Volority .it tlio ond 
of impart (cins/sor.) 

Observation 

iu ems 


Then 

Expt. 


95 

A - C 

65 

4 31 68 

-f30 15 

multiple contaot 

95 

B— G 

32 75 

-1 10 24 

4- 9 66 

-do- 

95 

B— E 

66 

+ 7.6 

-1-5 6 

-do- 

47 5 

A— 0 

65 

— 14.6 

—13.9 

Impact onds 


Here also the agi-eement between the theoretical and experimental values is 
excellent. Further works on the behaviour of the beam after impact is in progress 
and will be reported shortly. 

JVly best thanks ai“e due to Dr Mohini Mohon Ghosh, D.Sc., Vice -Principal, 
City College, Calcutta, for his interest in this work. Thanks are also due to 
Dr. A. K Sengupta, D.Sc., Head of Applied Physics Department, Calcutta 
University, and to Dr. S. P. Bhattacharya, D.Phil^ of the same Department 
and to Principal, B Maliapatra, U.C.E , Burla, for their extending facilities 
for the experiments. 
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A NEW LABORATORY MODEL HARMONIC ANAIA'SFJ?^ 

G LAKSH]\1AN akjj SVED ZIAITDDTN 

Dt<;patitmknt ov J'uysk'r, (Vn-i-kai. CojjAsri, 

BamuAIjOBE XlNIVl.liKlT’i , BaN C A l.OUl'- 1 
{Bcceived Jaimcmi 22, 19GG} 

ABSTRACT. An EloK.ron Rtiy Tnbn (EM SX) pojmlurJy ki\rA\n iin niiii’.M' i'\'( Im.'’ bi-'iji 
nrUiptofl .IS a (^anUnurju'? volkigo rofoi-tlingf (U-vi. c, 'J’liu. nciii (U-i nljn.s tbi' liM' i.( ll.i,, di'Vi, .- 
for tlifi Ijartnonic analyais of fompb^x wavoformH BiiinionifK wilb niujililudnn i ( id)ou[ fd*,, 
of tho funclaraorital oiin bo dotociocl, \vitl» (.onsidcrjiblo in rntiicy Kiuru iicul dula (.blmiK'd 
with tlio dovioo aro oomxjarod wil-b tiiai calcolaknl tbm.inlir-olly. Tln^ Himjdicdy ..1 I bo dovn o 
should rooomraoiid its oxtojisivo ubo. 

Sovoral oxporimonial niotlioclH arc dosoribod m liforatiiro wdiicli aro oltnu 
employed for tho harmonie analysis of a complex wavoform. Busk, ally tlios(» 
involve tuned eirciiits tunahlo over the range ol frcHpioni'ies enntaineii in tlni liar- 
monies of tho wavefonn. These motJuKls lliougli elalxirato givt' ir(^([ueiif!y 
resolution with a fair aeeuraey. TJio molliod dosorilKul by iSuits (15)110), is snn])le 
and direet but euffurs Iroin lack of aoonraey. Graphical methods are labovieiis .md 
timo-consumiiig and therefore cannot ho used for i‘a])id analysi.s of wa^ufevnis. 

A continuous voltage recording device using an Electron Hay Tube (J'lM Si) 
has boon put to use in this laboratory. Using the same tlevicc a laboraimy model 
harmonio analyser has boon dovolopofl which has siiico given promising roHiilts, 

The oxporimontal aTTangemoiit is shown in fig IB. Tlie eomjiles: voltaL';e 
to be analysed is fed to tho target and a variable fieipioncy oscill.iter (scan li oii' il- 
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lator) is coimeciod to the grid. The plato and target voltages are adjusted to give 
minimum separation of the strip-images on the fluorescent target, in the absence 
of any alternating input (fig. lA). The frequency of the search oscillator is 
then increased gradually from the minimum. When the fundamental frequency 
of the coinplox voltage and that of the search oscillator are far apart, the patterns 
arc steady and the separation between them is constant. But when the frequencies 
apiuoach each other the patterns osedUato rai^idly and when they differ sliglitly, 
boat-oscillations are observed. When the ftoquoncies arc exactly equaj the 
patterns get locked up vn'th minimum separation and are steady. The dial reading 
on the search oscillator gives the frequency of the fundamental of the tJOUfplex 
Avave. The frequency of the search oscillator is then varied to sweep the ofitiro 
range of tlie harmonic froquenoios involved. WJieii the oscillator frequency is 
so varied gradually, beat oscillations are observed wlionever its frequency ap- 
proaches the hai’iiKiiiic of the comi>lox wave within a few cycles and the patterns 
got locked up when the frequencies are exactly equal. The luocoss is repeated 
to swoop tlu'ough all the harmonics possibly asso(;iated with the complex wave. 
Using square waves Avhicli are ri(;h in haiinonic.s, as many as 37 harmonics have 
boon detected. 

When the boat oscillations are observed tlio corresponding amplitudes can 
be measured by a DC microammoter connected in the target circuit. 

If the grid input signal is = cos 
And tlio target input signal is 

— cos cos 

Then the beat amplitude of the w-tli harmonic and the grid input signal is 
—KEgEin appendix) 

where AT is a constant. If ijQ is the observed reading in the microammoter, then 
= 2KEgEtn 

Et„ = amplitxide of the w-th harmcaiic 

= Jh- “ ... (i) 

2KEg 

If the voltages represent the RMS A'^aluos, then the amplitude of the 9^-th harmonic 
= 

4:KEg 

The constant K can bo determined by calibration of the microammetor 
readings with known sinusoidal voltages at the grid and the target. This has been 
done for various anode and target potentials and also for different input signals. 

Before harmonic analysing a waveform, K is determined for the particular 
operating voltages, so that the harmonic amplitudes can he directly calculated 
from the eqn. (i). It is also observed that the value of the constant K and its 
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variation with the plate and target voltages vary with individual tubes. Different 
combinations— feeding the complex voltage input to the anode or to the grid— 
have also been tried, u^hicli generally give satisfactory results. 

Square waves and saw tooth waves have boon analysed from II c})s to 100 kiss 
and its ability to detect harmonics is reinarkable con.sidering the siiiqilicity of the 
procedure. Sarmonics with amplitudes to about 5 pei' cent of the fund aim *ntal 
amplitude can be detected with considerable accuracy. Numerical data given 
(Table I) are only illustrative and not exliaustivo. This method cannot tlaim 
the accuracy obiainablo from the soloctivo timed circuits and the HeLej'odyne wave 
analysers. However, the simple arrangement involving no tuniul circuits siioaks 
in its favour. 

One application that suggests itself is the following. Tii rour.se of any in- 
vestigation it may bo desirable to know when a particular information of known 
froquoncy appears on a background noise of coiiqilox wave input With tlie i ir- 
cuit arrangement shoAvn in lig. 1 . tlio frorgioncy of tlie Hoarih oscillator is fixed at 
the frquency of the expected information and the mjnit signal (after amplifiiiation, 
if necessary) is fed to the target The illuminated pattern on the target is sharply 
focussed into a bright imago on a recording film. Whenever the particular fre- 
quency occurs in the wave, the film shows up a trace with constant amplitude. 
With the help of time-markers, the lime and dui’atioii of ocourrance can be road off. 
This arrangement will perhaps come in handy in certain geophysical instrumonta- 
tion. 

With any disadvantage it may socni to have, this laboratoiy model of a bar* 
monic analyser strikes to bo ruggwl and easy to adapt for rapid analysis of any 
waveform. 

One of the authors (G.L) is grateful to the Council of Scientific and Industrial 
Research, New Delhi, for the award of a Rosoarch Fellowship. 


APPENDIX 

The instantaneous value of the target current i can generally bo given as 
e,) where e, and e, are the instantaneous values of the grid and target 
voltages. If eg and represent the values of the sinusoidal and complex voltages, 
thenthe total voltage on the target-grid can bo written as 

where n, and are the amplifioalion foctors of the triodo and target seotiou. of 
the tube, respectively. Developing i, into an infinite series m s,. we have, 

if = Oje,. + ^ ^ 
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TABLE I 

Target signal ; Square waves. 60 ops 


Search Oscillator 

Frequency. 

Measured 

amplil-udo 

Calculated 

amplitude 

00 CpB. 

9 90 

9.90 

] 80 cpa. 

3.30 

3 30 

300 ops 

1 99 

1 98 

420 cps. 

] 43 

1.414 

540 cps. 

I.IO 

1.10 ' 

GGO cps. 

0.86 

0 90 . 

780 cps. 

0.77 

0 761 \ 

900 cps. 

0.65 

0 66 \ 

1020 cps 

0.67 

0.682 ' 

1140 ops. 

0.63 

0 521 

1200 cps. 

0.48 

0.471 

1380 cps. 

0 44 

0 43 

1.000 ops. 

0 40 

0.396 

1C20 cps. 

0.36 

0.3G7 

1740 cps 

0 33 

0 341 

1800 cps. 

0 32 

0-319 

1 980 cps. 

0.29 

0 309 

Detectable upto 33rd hamvonie. 

Target Signal: Square Waves 300 cps. 

300 cps. 

6 20 

6 20 

900 cps 

2.10 

2.066 

l.'iOO cps. 

] 24 

1.24 

2100 cps. 

0.89 

0 80 

2700 cps. 

0 60 

0.688 

3300 cps. 

0.66 

0 .503 

3900 cps. 

0.48 

0.476 

4600 cp.s. 

0 42 

0 413 

6100 cps. 

0 36 

0.361 

5700 cps. 

0.33 

0,326 

6300 cps. 

not accurate but detectable. 


Detectable upto 2lBt harmonic. 

Target Signal ; Square Waves. 10 kce. 

10 kos. 

4.0 

4.0 

30 kcs. 

1 40 

1.33 

60 kcs. 

0.82 

0.80 

70 kcs. 

not accurate but detectable. 


Detectable upto 7th harmonic. 

Target Signal : Square Waves. 20 kcs. 

20 kos. 

4 8 

4.8 

60 kos. 

1.4 

1.6 

100 kos. 

0.92 

0.90 

140 kcs. 

not accurate but detectable, 


Detectable upto 7th harmonic. 

Target Signal : Square Waves. 100 kcs. 

100 kcs. 

6.0 

6.0 

300 kcs. 

not accurate but detectable. 



Detectable upto 3rd harmonic. 

♦(Calculated omplitudeB are obtained from the Fourier Analysis of the Square 
Waveform) 




= /r _|. 2a^ ^ .. (v) 

r2 1^2 l^z 

Only the last torm of this oxiirossion contains the hoat-freqiMmi'y of the t^^'o volt- 
ages Cy and, Gf because, ^^ii-'j„[oos <Oo« (jos if tlio search oHcillatoi' 

frequency co^ boats with oiui of the harmonics say, the rt-th, harjiicaiK’ 

lyl tp 

^ («^o— Oi„)«+co.s (wo+ co„)iJ 

Since the sec(JU(l term refers to a high froquoiicy component, the l)oiit inuplitiKh^ 

rp jp 

is given by [cos (coq— ci)„)<]. If the observed swing of the microam meter 

needle, between the rnaxiimini and minimum values, is donotod hy then from 

{V) 

i,„ = 2a^f‘^S,lS,„ ... (Vi) 

/^2 

as it swings twice the ^amplitude’ 

itQ = 2KEgEtn where K ^ . 

1*2 

Etn = Amplitude of the w-th harmonic 

„ % ... (vii) 

2KEg 


If RMS values are measured, then 

JP “^lo 

^KEg 

If there is a phase difference between the two voitagos c, anil c„ it can 
shown that this does not affect the reading ohtainod as per fcht. Lqu (vi ) 
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S-WAVE NEUTRON STRENGTH FUNCTION AND THE 
OPTICAL MODEL WITH VOLUME AND 
SURFACE ABSORPTION 


CHHAYA GANGULY N. C. SIL 

DKPAnTMENT OP Thkoueticai, Physicb. 
Indian Association foii thk Cm^xivATioN op Sc-iENd. 
Jaiiavpuh, riAl.CUTTA-a2. 


{Bcc&ived October 17, 19G0) 


Recently Benezo (1966) has obtaine.1 the exact analytical 
Schrodinger equation with a complex potential of the form 


Holliiion ol’ tho 


V{r) = _ 


r-H 

1+e *= 




(l+. « ) 


( 1 ) 


for A'-wave neutrons and has given tho oxpheit exprossioii for tho iSfe-niatrix eloinont 
as 


SJIc) = Vj'^i ka) 

r(— 2iia) b—AB 

where 


(2) 


i=(— ] 

\l+6/ 


Ml+6)- 


1+A— 1+2A ; j) 

F (-A+/«-: 


ika^ \~^—IL~ika, 1— 2A 


(3a) 

b 


F denoting hyporgeonietric functions and k being tho wave nninhor, 

r(i-2AT 

r(i— A— V{—X-\-fL-\-ika) 


r(i±2Aj 

r(A+/t-|-^^®) T'{i-{-X~~/i~\-ika) 

r*(iH~^A) 

r(l+A— /«— r(A -{-/«— 

r(i~2A) 

r(— A+/ a— lAa) r(l“-A— /z— ifca) 
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(3h) 

(3d) 

(3e) 


6 
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in which 




... (4a) 


J^„ ~ neutron energy 


(4b) 


In the above potential the first part represents the usual Woods-Saxon poi^en- 
tial and the second part corresponds to its derivative We shall utilise tlic above 

p 

results for the calculation of the A‘-wavc neutron strength function ~ (the ratio'of 

the average neutron width to the average liivel spacing) and the potential scatter- 
ing radius It' using the same form of neutron-nucleus jiotential with ™ 0. 
According tfi Foshbach, Porter and Weisskopf (1954) 


^ Jte(l-S„(k)) 


( 5 ) 


for kit' < <1 

Sin.-.c {l-S„(«i)}*^o = -■K„( 

the strength func;tion normalised to 1 ev is given by 


r ® 

_*L 

I) 


kn Re 


/ dSo(k) \ 

\ dh } *«o 


and 


JJ' = - i Im 


/ \ 

\ dk /fc„o 


where k^ is the value of k for 1 ov neutron. 
Now 


( 6 ) 


( 7 ) 


( 8 ) 


dS„[k) _ 2iJJ-6' (*1+ 1 I 1 1 . r’(-2i*») . s (j., 

-dk IditrFma) I J Tigi&T ' 


+ [e- 


r{ 2 ika) ] 0[){D-AE)~(AB-C)(D-A'E-AB')'] 

- 2 ika)\V~^~ ■ {D~~-^AEY~’ ~~ “ J 


r( — 2ika) 


(9) 



ii-Wavc. Niviicn Strtngih Function and the Optical, etc. G2H 

wliere clasli denotes differentiation Avitii rosjw'ot to /(■ 

We not-o that = Bf, 

^'0 - />o 
'^^(0) 1 


and 

where the suffix zort) iiidioates tlie value of the eorresnourli 
Further we have 


• ■ ( 10 ) 


and 


dh 

dC 

die 


1 dk , 

A=o 'fc 0 


'Hpoiulijijr (niantity at k () 

^(1 -A -/t)-|-vW-A+/0] 

~ I ->aC„ i 5KA+/<) I vVd +A-/()1 


dE 

dk 

dD 


(lla) 

(llh) 


where ^(z) = ]og r(s) 

Using (10) and (11) and the relation (1940) 

^(1— a) — ■^r{z) I'^rcotTTz 

we get from (9) 


whore 


I ~ ~~^iR—^ym—2ia'Q 


(lii) 


fli)'” ( its) I' d- a!?^ rl"’ A,d- 


I-/') 

e()t(7r(A„'l-/0) 


■(l+fc) A„+/^, 1 A, /«, I 2A„; 


4/0 

not {ni -A„+/0}“ 


(r^ft) I Tb) rd - a!-/,) 

L“(iT 6) ^" ( frOrd-t-Al-rtrlvi/d 

y == Euler’s constant and Ao 1^1^^ value of A at fc = 0. Our exprossjon is syin- 
metric witli respect to ± A and fi and 1 -—fi Separating (12) into real and imaginary 

parts we get the expressions ^ and Bf ciorrespouding to a inujlear poten- 
tial with both volume and surface absorption as follows 


Eo* ^ iro (Q) 

D 

B' = B+2y(t4-a Ilc(Q) 


(13) 

(14) 
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For Woods-Saxon potential without surface absorption we put /a = 0 in (12). 
Further taking the limit a— > 0, wo havo for the square well ease 



= -2*B+— tan pR 
dfc |t-o p 

(15) 

where 

p-(r„+iir.) ]* 

(16) 


r„® sinh sin 2Xi 

n 7T (cos2Xi + cosh2X2)(X2i+J:2^) 

... \(17) 

where 

pE = Xi-{-iX2 



Tlio expression (17) for is identical wntU the analytic form given by Feshbach 

et al (1954). The detailed comparison of theoretitial and experimental results is 
in progress. 

We are thankful to Professor D. Basu for his helpful discussions. 
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ASYMMETRICAL RAMAN SCATTERING BY WATER 
AND SULPHURIC ACID 

N. RAJERWAKA RAO and K V. RAMANAl \H 

DEPAHTKTiJNT. OK PlIYHlOS, OBmAK^^ UnIVEUSJT'V . JH \ \ JlAli 

(JJeceiuetZ February 22, 196D ; Resubmitted Noremlur 20, lOfifi) 


Sokolovskaya fiTid Shiiova {196‘.i) o])srvvi‘<l. lotfitlv, that in tlu* ciihkh of 
C^HgCHg, CS 2 and 001^, tlic int(‘n«ity of the RaiiiaiL linr-s asyiunicij-ical, 
i.e., scattering at an angle 6 is different lioni wdiafc it is at ISO— This is Mir- 
prising as Raman st.attering is gem'.rallv considered to h(* incoherent. A similar 
observation had boon rcpnrfci'd r.iinli ('arlier by P()ko*’o\Yshi and Gordon (lOIlO) 
in the case of water. 

Rank (1948) ohsorvod another tyjie, of asymmetry in the case of CGI 4 , OITGti, 
CgHg and GS™. Now, if lick t is polarised with its electne xeftoi' along the axis 
of the Raman tube (li) is im-idi'ut on the saiu])le tuhe <nid ih'' scatiei’er) liglit 
aual^^sod, the component in the ])lane of ohservatioii and incifh'me and the 
one porpondicular to it (Hp) are generally c-onsidm ed to be eipial if om^ considers 
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that Raman fl(;atteiing iw incoherent. Rank obaorvorl that in the above cases 
Hn Hv 

If incident light is polarised in the vertical jilane (V i.e. perpendicular to the 
jilaiK^ (jontaining the directions tif incidence and observation) and the scattered 
lig.it analysed omi gets V„ and \ ICrishnan (1934) ha; shown that even in the 
case of colloidal solutions, for which the Rayleigh scattering is asymmetrical, 
H„ — V/, This is called the reciprocity relation. 

Now, A^'e report that for the water band at 3400 cm“^ and the Raman iliiies 
rfv = 410 and 560 of suljihuric acid, the differently polarised c.omiioil^cuts 

show that all the x>i‘‘'J*iutioiis are taken to guard against experimental erftois 
and tliat the above results are not due to any snob errors. A fuller description 
will be jniblished elsewhere in c.onnecdion with some other results. 

Now, to show tliat Hji -/ ^ any particular Raman Imc,. very 

stringent juecautions should be taken, and preferably, photo-electric recording 
should be resorted to But, in the case of dv — 3400 of wat(!r, the matter is mucli 
simidifiod. It really consists of two components at about 3200 and 3400, the for- 
mer being weaker According to the prcs(‘nt Hiuiple theory of Raman scattering 
by liquids, the three pedarisation c,oinpoiionta should bo (squal for both the parts 
3200 and 3400. Hence, the structure of the e.oinpositc band should retain its 
shape in all the tliree spectra The structural differences demonstrated in the 
fig 1 can only be* due to the fact that either one of them or both must be violating 
this requirement. Tt is very difficult to think of any cxiierimental (u-ror that can 
bring about this differential behaviour of the two parts of the band. Similarly, 
dv — 410 and 660 of sulplniric acid are also of (;omposite nature, the former due to 
the .sxjlitting of a doubly degenerate line and later due to a trijily degenerate mode. 
Differential behaviour of these lines in the two spectra is seen more conspicuously 
than in the case of water. 



Fig Miorophotometric traces of Raman spectra of H3SO4 showing 
structural differences between V/j and H„. 

It may be mentioned in this connection, that dv = 3400 of water as excited 
by A4046 is used in this invo.stigation. On this is superposed a very weak band 
of frequency about 1600 cm~^ which is excited by A4368. Its intensity is of the 
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orde. of 6% of * = 3400 Thm do™ „„t bn„» about tbo 

ob««rved o. thi. band also »l->l<Hollu«-tb.Ua«.Utat,bo,broo,b;f;™ 1 
r.ao<l compononla ato equal. To tbiu i„v™t„atum « filU,.. ., 11 , i,,,!,,.' , 'w ' 
IS UBod to reduco Uio intensity of ^4358 to about J /3 ' * 

15 -X I’ K U ITNl E N T A L 

Light ,8 allomul to paaR tlu-ougU a syuto,,, or,„M-„||„i , „„„ , 

one inch long an<l bo iiiclent on a „.,l,vroia 8(,r,p ,.„t tl„ 

either F or H conponeiits. Light, thus ,..,„lcr.-.l pa.alU.l „ 

oil the Riuiian tube. Scattured hgbt w a,ialy««l by a split p„l,„'„i,l 
touching the Hilt of the speotrograpb, so tiu.t o„„ pu.t trims, oils I, ,„„1 tl„. ,,11,,., 
the V ..omponont. The pair of photogi-aphs F. ami F, II, au.l //* ar,- tl,i,s 



P H. Htimaji Spo('(,ruiu oi'(.!(;i 4 wil-li infidtvui hph( H jiolinsf'if, (n ili'innjisli.iU' 
tho abaoiif.e of d— 459 wliuli in very aouhitivo to t ojiFurpouci', loult nf 
the iK)lai'ou( m the ijioitJeut light, oxlmuoouH ligUl otf 

(’xposod aiiiniltaneouRly, To eliminate, error duo to dil’ferential traumiuBHioji of 
tlu) spectrograph, tho arrangoment, including the split polaroid is jotahifl l)y 4r>'’ 
so that, light is incident on the sample at an anghf of 45'^' to thi', hu/i/iontal plum* 
A S])ec,truin of CCI 4 taken under these couditions and showing ///, anti //„ conipo- 
oerits shows that dv = 459 is ahmist ahseiit (fig. 3) It is about 1 % as inti'use 
as d!v — 313 while these two arc ofecpial iiitenyity in a spof;triim taken uifch incident 
light unpolrised. It will show itself prominently, if the airrangirumt is defiutive 
liy way^of ( 1 ) convergence of the incident light ( 2 ) convergence, of the scattered 
light (3) leak ol the polariod in tho incident light and (4) cxtramoiiH light (of 
nupolarised nature) failing on the sample tuhe. riv “ 217 and 313 .appear identic » I 
m and showing the absence of ( 1 ) difforoiitial tiansmis^ion ol tlie .speeti i 
graph for v and h componeiitB and ( 2 ) polarisation of scatte-i ef] ligh(< liy reflection 
on tlie walls of the sample tuhe 
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INFLUENCE OF INTER-ELECTRODE SEPERATION IN 
HIGH FREQUENCY TITRATION 


J. N. CHAKRAVORTY 

Dtjpaktmicnt ok Physics, i 

Rvima Kbishna Mission Resident] ai, P-oLiiEOE. \ 

Nauendbapuji \ 

{Received Sej^ttinhar 14, lOOB) 

TIio inUii-olcotrodo separation (Mukherjee ri al, 1963) inflnerioos profoundly 
the response in titrations porforniod in the hi^h frccpienoy Hold A titration of 
O.OOIN HCl with 0.025N NaOH was studied with the hc'-lj) of a high fiiujjuoncy 
titrinioter working on 8 Mc/s. The electrode distance of the titration cell was 
gradually varied and the total change in the condenser dial reading pertaining to 
the end point ibr each titration was not(‘d. The result was shown in figure 1 
whence it is (wident tliat the response is poor at lower ekujtrodo distances but is 
quite satisfactory beyond 3 5 cm. where the variation in the (japacitance remains 
constantly maxiinuin 



Fig. 1. 


This observation can be interpreted from the properties of the circuit as 
follows In the present case, the titration coll is connected in parallel with other 
capacitors. Hence a parallel equivalent circuit is considered as the best representa- 
tive of the situation whose capacitance (Delahey, 1954) is given by, 

' - A2+(u»((7,+C7;)> 

whore Cp is the parallel equivalent capacitance, is the capacitance duo to the 
dielectric properties of the walls of the container, that of the solution, K the 
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actual low frequency conductance of the solution and 
quonoy in cyclcs/sec. 
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f l)cing the fro- 


From the above equation if iT = 0. O, =,^3. ““1 if A' = oo. Uk, value of 
Cj, = C^. Hence the change in G (AC’p) represented by C in the following is given 


n 2 

"'■‘'-crS!.' 


Here ^ = 0 represents the case of empty well without solution and tbo other 
case represents a cell filled with highly conducting (dectrolyte solution A^^it)( 
the same solution and the same cell the gn^atcr the value of this G with ^'a^yiug 
electrode distance the deeper will ho the titration curve, (Middierjee rd, rr/, IDb:!) 
If we assume this change in G to be maximum at the optimum olectrodo separation 


denoted by x, then at the point of optimum separation 


dc 

dx 


~ 0 whence, 


2{ G-i-\-G^ . (fi \n \ 

Gy dx dX^-'^^ 


( 2 ) 


Here we may regard as the i-ajiaeitance when the coll is emi)ty and Cg) 
the cai3acitance when the (lell contains the solution. 

In order to test this relation, the capacitances of the empty cell and the cell 
with O.OOIN NaCl which is the end product of titration was measured at dilfcront 
electrode distance. Results obtained have boon shown in figure 2. The slojius 


CLBCTHODC OtSTANCB IH CMS —*■ 



^ and-i^^ii^Lhavo been obtained from tho reepootivc curves at a given value 
dx dx 

of * and the vaUdity of the oquation (2) was checked for each electrode distance, 
6 
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It is interesting to note that the oquatioh fits quite well above a separation of 
3.6 cm. Since the equation contains Cj, the characteristic of the cell wall, Cg 
that of the solution and their changes with electrode distance, it is clear that it 
thro^VB sufficient light to the influenco of the electrode distance which appears to 
depend upon the diameter (Chakravorty et al, 1964) of cell, the nature of the 
glas^ and that of the solution. 

My best thanks are due to Prof. S. N Mukhorjoe, D.Sc., Hoad of the Cheinistry 
Department, Visva Bliarati University for valuable discussions. My thailks are 
also due to the authorities of Jadavpur University and Rama Kiishna Mission 
Residential College for giving me laboratory and other laeilities. Financial assis- 
tance from University Grants Commission is also gratefully acknowledged, 
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ON A CONDITIONAL ASPECT OF THE J-PHENOMENON 
IN X-RAYS 

H. 1C. PAL 

H K. M. Vidyamakdika, Bbltjb Math, Howrah. 

(RecBived July 29, 1966) 

While comparing experimentally the ionizations produced by a lieWogoucouH 
primary beam of X-rays and its scattered beam in a direction at right angles 
to the former for different incident wavelengths, Barkla and Kliastgir (1027) 
observed that the graph drawn with the nnintorcopted ratio of ionizations 

against the mass-absorption coefficient the primary beam trans- 

mitted tlirough the scatterer, was a horizontal straight lino parallel to (///p)^ -axis 
with a bending down at its harder extremity. This feature was tlioeretinally 
explained by the writer in a previous paper (Pal 1 965, p 110) . It wa.s also pointed 
out in that paper that this was not a general feature of the graxili, siuce it di^peiided 
on certain experimental conditions. 

The author repeated the experiments employing unfiltered radiations witli 
thin and thic5k scatterers of the same material and with apertures of rlifferent 
sizes for the primary beam. The object of the present communication is to roxiert 
the results of those experiments and to explain them. Exporbnonts worii per- 
formed with (i) paraffin wax of thicknesses 3.2 ram. and 18.5 mm. (ii) filter paper 
of 10, 20 and 50 sh g ts and (iii) aluminium of thickne88e.s 0 38 ram. and 0.87 mm. 
as scatterers and with apertures of different sizes (having diameters ranging 
from 0.2 mm. to 2,05 mm.) for the primaiy beam. The results can be stated 
as follows: 

(a) For thin scatterers and narrow apertures, the graph showing (i?/P)„o“ 
against the mass-absorption coefficient of the primary lioarn was found to be liori- 
zontal in the proper region (as described above) but with a definite dowiward 
slope in the softer region. 

(b) For thick scatterers and larger apertures, the some graph was a curve 
descending steadily towards longer wavelengths. 

The results are illustrated by some typical graphs in Figs 1 and 2, where 
ratio (S/P),,- is plotted against tho exciting peak voltage instead of against 

(Jlphi- It may be noted that all the grapiis bto reduced to the same scale of 
reference by taking the maximum value of the ratio (^/P)bo‘’ ®ach as unity. 
From these graphs it appears that a smaller scattering tluckiwjss (soo Fig* 
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a narrower primary aperture (see Fig. 1) favours a greater length of the horizon- 
tal part of the graph*. 



o dszmm >td=io2min «d= 2 ‘ 05 m.m 
Fig- 1. 




10 sKeels , 


FILTER PAPER 


50 shed?" 


L ALUMINIUM 


90 BO 70 60 50 

— KILOVOLT 
d sr ro2ni m. 
Fig. 2. 


To explain the above experimental results, wo have to refer to the following 
equation deduced in the previous paper mentioned before : 

(/S7P'),o° = ■«■' [1-30.0° + 

whore {S'IP')gQ^ denotes the ratio of ionizations when the scattered and the 
primary beams are each intercepted by a thickness x of the absorbing material and 
the other notations are as given in the author’s previous paper (Pal, 1965). We 
shall also take into account the following facts : 

(i) Even though the beams compared are unintercopted in the ordinary 
sense, they have to pass through a small thickness (.01 cm) of aluminium foil 
covering the window of the ionization chambers receiving the two beams compared. 


♦Graphs of the samo nature war© obtained also by other workers in the same laboratory- 
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(II) Thfl abaorbmg thicknosaas inaido the acattaier, for U.a Wo baaiaa aoin- 
pared bei^ equal on account of ita apedal aotting with roapact to the inridont 
beam (method of Barkla and Ayroa, 1911). tUo effect of the ttnckc„oa.s of the 
aeattenng when conaidorod. may be regarded aa oqu.valeut to a aemll addition 
to ae abaorbing thiekneaa * of the alundniion foil of tlie loni/aliou chambeia 
m tile above equation. 

' A 


Since ; 


“ , wo can rearrange the equation as 


{S /P ^ K [1 {•i^(C90°A®)<JAan'' — (yl— afl')]rr] 
where a: is the equivalent thickness of ahuniniinn iiitcn cipting Iho im> beams 
compared. It is to be noted that of the throe varialiles (i) (ii) {^l 

and (iii) a;, the first increases as the wavelength A w innroaseil upLo a, eerUiin nuixi> 
mum. value (Backhurst 1934), the second depends on the ,si?!e of the pri)»iary 
aperture, increasing as the size is dimijilshed (Bachojji 1023), the size of ilio aper- 
ture for the scattered beam romaiuing conshmi, and the tlnnl incroiiseH as tJm 
scattering thickness is increased TIio quantity within the curled hi acKet is usually 
positive and when this is multiplied hy rr, the product roprosenis a general lowering 
of the graph in question below the horizontal lino drawn through the iiuixinumi 
value of {8'jP )gg“. The extent of lowering in any particular (.ase will, hewercr, 
be determined by the relative magiuUidos of the thvm) \^ariahlcs ivderroil to. Thus 
for very small firimary apertures the quantity Avithin the curled hrac'ktjfc may turn 
out to bo vanishingly small, particularly in the harder region of the rays and if, 
in addition, x is small too, the lowering of tlit> graph may he trivial, thus accounting 
for the horizontal course of the same obtained exporimontally. With a larger 
value of X, of course, the horizontality will cease earlier. If on tlie contrary, the 
aperture is large and so also x, the lowering becomes appreciable even for harder 
rays. In the case of moderately long wavelcngtlis, A“ is much greater than 
{A— A'), oven though the aportm’os for the primaiy rays are very narrow, so that 
the corresponding descent of the graph is very marked despite the smallness of 
ar (Fig. 1). 

The author takes this opportunity of expressing his inclohtodness to late 
Prof. C. G. Barkla, F.R.S., N,L. of the University of Kdmhurgh for his guidance 
in the experimental part of this work. His best thanlts are also due to Proi. 
S. R. Khasigir, D.Sc., F.N.I., Head of the department of Physics, Boso Institute, 
Calcutta, for valuable discussions. 
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BOOK REVIEWS 


“AN INTRODUCTION TO CELESTIAL MECHANICS”. By Tlicodoro E. 

Sterno. Number 9 of Interscience Tracts on Physics anri Astronomy, cilited 

by R. E. Marshak. 206 pp. Interscieuce Publisliers Inc. Now York, 1960 

On going carefuUy through the book, one is impressed by the learned and per- 
suasive style of this work. There are many books on astronomy or on mochaiiics 
and more on geophysics. But a book with su(;h well- chosen topics as aria of 
general and specific interests, is undoubtedly a timely contribution to the literature, 
and Professor Sterne, who is himself an authority on the subject, has indded 
done pioneering work in writing this text. 

In recent years with the dawning of the space age and with the groat strides 
that have already boon made in this field, the problems of close earth satellites 
are of great interest to the people of various disciplines. Our impression is that 
the book is of value for roferentio to the specialists and will bo useful to the ad- 
vanced students not only of physics, astronomy and engineering (to whom the book 
is primarily addressed) but also to those of geophysics. • 

The book is divided into six chapters. The principal aim of the book appears 
to be to prepare the reader for an understanding of the various problems connected 
with the artificial earth-satellites which arc taken up in the last two chapters. 
Authors has adequately discussed about his fuvn m(>thod as well as these of others 
for treating the various perturbations involved. 

Chapter I discusses gravitation and planetary motions and their orbits. 
Chapter II is a good account of potontiiil theory for irregular bodies and may 
be of interest to nuclear physics also, since such gravitational potential is closely 
analogous to the electrostatic potential of deformed nuclei. In Chapter III the 
reader is given some glimpses into such complicated topics as the units, orbital 
elements, time, various processions and nutations which are primarily the topics 
of astronomy but have boon rendered quite suited to the general readers. 

Chapter IV is on classical dynamics dealing with Lagrangian and other equa- 
tions of motion! This chapter will undoubtedly be the center of interest for many 
readers. Wo are however, unable to see the special advantage of the figure 4 
over the conventional diagrams generally used to illustrate the Euleriau angles, 
particularly because the angle ^ is not indicated in this diagram. 

The stylo of the book is throughout simple, precise and helpful with many 
oxmamples and hints. Besides, the printed text is kind to the eye. 

Einally, it may be mentioned that we have heard about 'printer’s devil’. 
But it appears that the ‘binder’s devil’ can also sometimes do more mischief. 
The copy of the book given to the reviewer has duplication of the pages from 53 
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to 84 and unfortunate omission from the vages 85 to 110, Hope this hos haimonoa 
only to tlio reviewer who did miss those pages. 


U.l a 


PROBLEMS IN QUANTUM MECHANlCiS^I J Golcbean and V. U Kvivohon. 
kov. Pergamon Proas. 

The book under review, an English translation from the original lbi,ssian, is 
an excellent contribution whie.h will bo undoubtedly highly holplid lo tlu‘ stuchMita 
who like to acquaint themselves with tln^ niathematii-al lerlmu|ues of ((iiatitnni 
mechanics. As the name suggests, the book contains a large uiiiuhi'r of workinl 
out probloms of ijreliniinaiy and medium sto-ndard, (Uivering almost all the io))icK 
of quantum meclmnios, usually found in standard textbooks Altliough tlie authors 
in the preface have stated that the problems are iuiendod hn the students ivlio 
use the hook of L. T) Landau and E. M. Lifsliitz as then- hasn- text braik, tlm 
present contribution may also be fruitfully utiliziMl by tbosc^ who follow (dber 
standard textbooks. Of course, the authors have follcjwed the nolations snnilar 
to those used by Landau and Lifshitz and I think, m some (iasos niori* eoriveni('iit' 
notations would have been preferable. However, tlie working out of the problems 
is so logical, methodical and clearly expiesscd, and the siapience of the ehaplei's 
and the iirohloms in a chapter are so nicely exxiosed that even a student having a 
very preliminary knowledte of quantum mechanics finds no diflieulty in going 
tlirough the worked out examiiles. A feM" remarks lu^ed mention for an unbiased 
review of the book. Although the worked out examples extend over a wide range 
of varieties, the treatment would have boon more coinplcio to specialist readitrs, 
if it could include some more sophisticated jirobloms, such as those involving the 
use of time dependent perturbation, pornintation of identical jiarliclos, the method 
of second quantization etc. On the whole, the book \dll undoubtedly benefit 
those interested in strengthening their basis for handling the intricate niatheiuatical 
techniques of quantum mechanical calculations. 

U. S. Ghoah 

PHYSICS OF COMPUSTION AND EXPLOSION— by L. N Khitrin. Pp.456 
Published by the Isreal Program for Scientific Traiivslations, Jarusalon, 1902 
Price $ 12,00 or 84s. 

The present book on the physics of combustion has been composed on the 
basis of lectures, delivered for many years at the Department of Physics of Mowcow 
Univorsity. Tlio original book in Russian language has bc ii t anslatod into 
English by the Isreal Program for Scientific Ti’anslations. 

Recently, the problems in the theory of comhuBtion have acquired an hn- 
portant field of investigations, since many technological fields including the space- 
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ships, can not bo fruitfully developed without profound knowledge of the nature 
and laws of combustion of the various combustible substances. A large number 
of Universities in the U.S.S.R., U.S.A., U.K. Japan and TVanoe are now carrying 
on extensive resoarcli work on combustion and explosion. The present book will 
not only provide a substancial lielp to those who are engaged in combustion re- 
search, but also to the beginners on this subject it will be regarded as a teacher of 
such qualifications who can make very difficult problems easily understandable 
to his pupils. 

In accordance with the physical and chemical processes involved in (;om^us- 
tion of different combustible substances, tlio scienc() of combustion can bo divi^|led 
into thi'oo parts : conbustion of gases, combustion of liquid and solid fuels, amd 
explosions. Of those, the combustion of gasevs has been treated in detail in tlio 
present volume. The science of combustion in solid and liquid fuels has occupied 
the last tlireo chai)tors of the book. The physics involving explosion has not been 
included in the book. Starting ■with the short outline of chemical kinetics, the 
chapters dealing with the combustion of gases include (i) ignition jjrocjoss, (ii) 
the process of flanio propagation and (iii) the combustion problems in internal 
combustion engines and gas turbines. At the end eight plates have bgieu presented 
showing flame propagations under different conditions. 

Though a book of advanced study in the physics of combustion, nevertheless, 
it provides a pleasant reading. It is possibly the best text book on this subject, 
at the same time it will bo treated as a very helpful guidance by those Avho are 
interested in combustion resoarcli. 


M. M. M. 



ERRATA 

Dielectric absoi-ption of 3.14 cm microwaves in sojno polar licpiids — Part 11. 
Hubstituied halo-benzonea and napbthaione. 

J. Bhattacharyya, S. B Roy and G. S Kastlia 
Vol 40„ No. 4, April, 1966 

Page 188 6th line from the bottom read e" and e' inatoad of c", 

4th line from the bottom read “Infinite frequeney” instead of “static’’ 


Page 191 Table VI 


In the 6th. column read the heading as ^ nahef.,. instt^ad of innhef 


Pago 196, Cai^tiona to Pig. 6a- curve (v) and curve- (vi)- “The scale of r values 
given on the right” refer to both the (jurvos. 

Page 196 Pig. 6b— The Roman numerals on th(^ curves in tlio body of the figure 
are to be interchanged. 
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ELECTRONIC ENERGY-STATES OF ONE-DIMENSIONAL 
MIXED CRYSTALS 

0. L. ROY 

Djspatitmbjtt oit Phtsics, Indian Institute or Teciinolooy, K,n ARAonnt. 

{Received May 10, 1966) 

ABSTRACT. The oloBtronic onorgy-aLaioa of mixed linear laitioOR Imvo boon invoHli- 
gated by a matrix method Which is tho same as uao'd by IJio author in a proviouH ptiiHir 
(Referred to as T id the toxt) for studying tho olootroiiio cnorgy stuitis of hiintir m uui.iIiuiim 
lattioe.s. As in I, tho models iu this paper have boon coiistrnctod in (ho riamoAViij'k of i-i'f- 
tangular potential well. Explicit equations for allowed oloctronio ouorgios liavi* boon given 
for several perfect and disorderod oases. The results for tho disorderecl ouhih have hwMi givuu 
only upto first order. Some of tho results are in a form suitable for numoncul eomjmtiitimis. 


INTRODUCTION 


By using a matrix method, the author (Boy 1966) has invc.sLigafce(l in an carluT 
paper (Referred to as paper I heiicefonvard) the eloctroiiie onorgy Hlales in one 
dimensional monoatomio crystals. In this paper, thi^ same nu'thod has been 
used to study the electronic energy-states Jti one dimensional mixed orystiils. 

James and Ginzbarg (1953) and Landaucr and Hellaud (1964) have studusd 
in a practical way tho electronic energy-states of mixed linear lattices in winch 
groups of different species of atoms arc connected in a cliam with vaiying (legi(*eH 
of complexity. A theorem of Saxon and Hunter (1949) answeifl to sonu^ I'xtejit 
the question as to what properties of a mixed lattice can he in^elTt^d Irom a know- 
ledge of the separate band-structure of the pure lattices Tin's iheorem sUti'S 
that tho common forbidden energie.s of two jiure d-fuiiotion lattices 0 and 0 remain 
forbidden in any mixture of 0 and A proof of this theorem in a Honuwlmt 
general way has been given by Luttinger (1954). Howev.T, limibations have been 
pointed out about the validity of the theorem as well as its proof. dameH am 
Ginzbarg (1953) have analysed the theorem by applying the method ol modi*, 
oounting while Kernel* (1954) has used a matrix method. These investigations 
have brought out that the theorem of Sanon and Hunter is true only for A-potcmiials 
Kei^er-s analysis has broadened the condition for tho persistence ol the M 
denness of any energy simultaneously forbidden in pure 0 and <}> crystal. The In > - 
ledge ot the electronic energy-bands of the 0 and f crystals f Z^^acd 

Nation only on a Umited scale about tho electronic 

crystal. The best way to get such informafon would bo ^ toow ^ ui«a 
dons gi^ng the allowed electronic energies for the parbcular type of ma.ug 
oohsideration, 
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In this papor, investigations have been made about the electronic energy- 
states in some one-dimensional mixed crystals within the frame work of the recta- 
angular potential- well model. Explicit energy-eigenvalue equations have been 
derived for various ordered and disordered models. Some of these equations are 
in a form suitable for numerical computations. A matrix method has been used 
for investigation of tho problems of this paper. This method, as mentioned 
before, is tho same as used in I whei’e a thorough discussion has been given about 
tJio iniportanco of rectangular potential well model compared to the (J-funotion 
model. 

E taENVALUE . EQUATIONS FOR PERFECT \ 

INFINITE LATTICES \ 

Mixed lattice of general type, we consider tho derivation of the energy eigen- 
value equation for a mixed lattice as shown in the Fig. 1 below : 



r/g. j 

Rectangular potential- well modol for a oxio-dimensional infinite mixed 
lattice of a general typo. 

The model is formulated with an infinito ‘no of’ two types of atoms Q and 0 
producing potentials of rectangular woU type. The parameters with suffix 1 
refer to tho l?-atoms while those with suffix 2 refer to the ^-atoms. In the modol, 
wo suppose that the sequence with ? no of ^ atoms followed by m no of 0-atoms 
is repeated infinitely. The distances a^, separating respectively two 
61-atomB, two 0-atoms and the groups of 0 and 0 atoms are all different. This 
makes the model somewhat general. The period x lattice is obviously 

given by : 

X = (Z— l)ai+(?w— 1) a2-l-?6iH-w&g-l-2aa ... (1) 

Referring to equation (34) of I, wo find that the eigenvalues for the present model 
are given by : 

... ( 2 ) 

T is defined through the equation : 
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A and B have meanings as in equation (4) of 1 As explained in T, T can be wriil en 
as a product of some other matrices in the following form : 


T=f 


exp ia(a3— tta) 0 

0 exp — ia{a^~ 


■<*2) 




exp iix{a.^—-ai) 

0 oxp ' 


0 


... (4) 


In equation (4), Tg and arc the same as ^’-matrix of [ with approjn ioti' piira 
meters for 0 and tp typo atoms. Thus following equations (10) to (22) of I, we 
find the following expressions for the elements of the Tg -matrix : 




( 0 ) 

(^0)21= -4^^ [(»a+A)(*“-^i)cxp(-«Wi){exp(/?ifci^ ''xp(-VVh)}l (7) 

(^0)12 = (^0)21* 

The elements of T^-matrix are given by expressions exactly similar to tlioso of 
(6) to (8) with suffix 1 replaced by suffix 2. Since det Tg — det — 1 , we notice 
from (4) that det T = 1, Now if ^trTg — cos c^, the eigen values of Tg arc 
exp (ih^c^). Following equations (50) and (51) of T, wc tlicn find the lollowirig 
expressions for the elements of {TgY : 

ISxactly similar expressions are obtainod for the clcmonts of by i * placing 

1 by m and the suffix 0 by With proper expressions for the clcTneiiie of {Tj 
and (T,)", wo get from equations (2) and (4), the following equation for tho oloo. 
tronic energy-eigenvalues : 


cos fix = a(2o,— 204-01)— (■f/rH-J'A)' 

sin a(204-04-»i)+(Wr+«<i^r)’®''" “(“1-““) 

where, 

(^^0*)u ” 


... ( 11 ) 

... ( 12 ) 
... (13) 
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si^Cj ^ (^+l)‘'«-(®’»)ur sin K) 

... (14) 

sin Gq 

... (15) 


... (16) 


... (17) 

etc, are given by similar expressions with replaced l^y 


Cp and I by m. 

fc^pocial cases : We can noM'^ get some results as special cases of equation (11). \ 

Case T : Let us consider tlio model as given by Fig. (2) below ; 

4 vfxj 
A. I 




ftg. 2 

Jlectangulai’ poioiitial-woll mudol of » special type of infiuiiu mixed 
littico {li,©rner’8 model). 


Here the atoms of one Itind say the 6>-type occur in groups of one and the group 
to group distances are the same as the interatomic tlistancos of the other group. 
Thus in this case I — l,a 2 = a, = aa — a(8ay). From (11), we get for the present 
case : 


cos iiix -T-i — I sin (m+l )<5p cos c^— sin wc^[cos A/?i6x 

sin Cp v L 


- s™ Wi VA] } ■ ■ ■ ( 18 ) 

Eqiiation (18) is th« same as derived by Kerner (1954), starting with the model of 
Fig. 2. 


_TLri£jl_rW’_ 




Bectengnlar potential-well mode, for a one-dimensional infinite 
perfect diatemio 
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Case IT ; Wc now consider the model givon by Kig H bt'l(nv • This ih h nunU^l 
for an ideal diatomic crysLal in the framework of rectiuiguUu \>c)ti>n(ial-\voll. 

Obviously for this model, = a^ — a (say) and I m — I . Thus for 
this case, we get from (18) : 

008 /i{2a+b,+b^) = . ein h fi,b, «in h fiM, 

PlPi 

— _ . (Z?!®— a‘^)(/ya^~a“) sin sin cos 2a(T 

4a,-Pi/h 


‘1- o-^ /; • LAal/V-a^) cosh fij). sinli /Ui>-k/?i(A/-a^)'Cosh 

. sinh y 6 fa 6 a]sin 2 aa+ cosh cosh cos 2 aa ... ( 1 0 ) 

Under the conditions 6 i-> 0 , 63 -^ 0, so that b^x^ and l oinain (ii\ite (fJ-])otcnl.nvls 
for both 0 and (f> atoms), equation (19) reduces to the form given by the jjreseiit 
author (Roy 1964) as Avell as Saxon and Hutner (1949) 


EaiENVALUt] EQUATIONS EOlI p I S 0 It D li H D MIXED 
D A T TIDES 

Case I : Let us consider the model given by Fig. (4) below. The model contains 
‘a’ no of (9.atoins and ‘it’ no of ^^-atoma. The distances betvMt'n any two 
potential wells are arbitrary. Wo suppose that =- disianoc be- 

tvveen thc^'-th T.^-atom and ^-th ^-atoin, ~ ^ 1 in distance 


T /A ce// 



Ft0. 4 

KeotangulQT potential- well model for a- one-dimonsiorua fliulo diatomic 
lattice with a general type of disorder. 


between j-th 0-atom and (,;+l)th ^-atom. ‘a’ 
Following equation (4), we find that the T-matnx 


is the average of all 
Tj for the j-tli cell in the 


present case is given by : 


/oxp iu{a-{-ej,j. 


exp--iot(»+<g.j+i 


\m / /exp e^.j) , ^ T',, 

' /ooi 


where, 


Tg' - {Rvr)g 
T/ == {Rvr)f 


(21) 

( 22 ) 
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^J"lio jimlricos 7^ v, r have the same meaning as in 1 and (livr)g means that the 
product has been taken at a iiotential well Now following the same argumoiit 
as nsed in deriving equation (40) of (1), we sec that for the present case — ^tho 
allo'^^'ed energies are given by the condition. 




<2 

... (23) 

Retaining only ujilo tlu? first order terms, we get from (20). 

i 

1 

1 


2V = {T'+K^,j, 

yT’ -]rTgKj)jT,f) 

... \(24) 

whore, 



\ 


m 1 exp iota 

0 

0 U, 

exp(— ia(»)/ ^ 

... (26) 


/ exp (iota) 

^ \tj 



0 

cxp(— laax) / ^ 

... 


K i 

0 

" ) 

... (27) 


T' ^ Tj T, 


... (28) 

Hnbsiituting (24) 

in (23) and lelaining 

again only upto the first order terms, wo got ; 


n 

2 ... (29) 

J- 1 t= 1 


Equating th(' zero and first order i.crms separately to zero, we get from (29) : 


trr«<2 ... (30) 

tr • Ify,j 

T^-T'^-^)] = 0 ... (31) 

Now if cos c' ~ itr T', the eigen values of T' are oxp (zh^c') ■ ['.■ det T' — 1]. 

The elements of T'" are thus given by the same formulae as (9) and (10) with 
Cq rtqdace by c' and I by n With proper expressions for the elements of 
we get from (30) : 

— ri-p- [sin (?i+l)c'— sin Tic'T'iirl < 1 ... (32) 

sin c 

where, = {TgT^)ii = r'ur+^T'ii r 

Also using the proper expressions for the elements of and retaining again only 
upto the first order terms, we get from (31) : 

r f—P 7 — P s}] = 0 


... ( 33 ) 
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la equation (33). etc. are rather complicate.! c,prea»i.,u„ 

real and imaginary pai-ts of the elcinente of the matric es (7''» -J) I'f 
They can bo worked out by stiaightforward miiHiplicrtiou of (1,.. 
Booond term of tho bracket [ 1 m equal..,. i (31). To iialical.. ll„. 

of these terms, wo write in fall only Pj ; 


conlaiDHio i\^^. 

T^j ami 

nialiiurs III Hu, 


r(2'fl I )ui(P'^ ')n<-l-(P'^ ^).II(7\),., I 

l‘L(2 (.)iir(r (Pr)ii/(2^*^~')ii7l ' 

r(3''^-')l,7(?'„)„r-|-('/"”-’).„(T9)„7 1 

The ooimcctions betavcon (T'"-’),*. (2''"-')ia . (7’„)j„, (J’„),„ et,, ,vl„el, a.e 
tho I'oal and imogiuai-y parts of etc .ire .-.Npicssr.l by tl,' lel|.,«„.o 

equations : 




- (2''”)n,+.(2''").., 

. . (35) 

(2’"‘)i2 


= (P''*).„+.(T'”),„ 

... (:i(i) 

(^ 0)11 



... (.*{7) 

(^^0)12 


('^0)121 1 ^('^’0)12/ 

... (:;s) 

(n)ll 

- (2'r)*« 


.. (.3!)) 


- (n)*« 


... (.10) 


The full cxin-essions for (Tp)n ...etc are given by erjuatioJLs (5) to (S) 

fi, V — and p,v — for 0 and 0 typo ol aloiii.s icvsja'otively and rq - 

<5^2 — 

Case 2 : Disordered molecular solid . we consnloj' now Uie niotlel of llu‘ .solid aa 
given by Fig. (G) below ; 



^JC 

5 


llootangular potontial-woll jii'>dol ior a one-fliiuoTjHional iiuiO" 
disordoi’od rnolooulnr solid. 

This model corresponds to a disordered one-dimcnsional molecular solid like NaCl 
whore the potential at each molecular site is given by a pair of two diffci cnt icci-. 
angular potential- wells. Thus we see that for the present model, Cj,j - 0 for all 
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f&. The allowed energies in the present case are given by equation (32) together 
with another equation given below : 


■ {r^)nr)] - 0 ... (41 ) 

J =1 

Equat ion (41 ) follows from (41) with £iyj = 0. With the full expression for (5’'”"^)ii/ 
etc,, equation (41) can be further simidified to the following form . 

^ 11/ — % — 1)*^^ — . \ 

^■*1 \ 


eoa (w~2j)c' VT\^i co.s («. — 2^+ J )c'— 

j^n \ 

S J [ cos —T\yf cos nc*) — 0 

JmI f 


... (42) 


DISCUSSIONS 

In the work of this paper, wo have used the matrix method of paper I to study 
the oleotroriic energy-states of mixed crystals within the frame work of the rect- 
angular potential-well model. We have derived the equations foi allowed ener- 
gies of several types of mixed lattices — both perfect and disordered. The allowed 
energies for the disordered models of Fig. (4) and (5) are given by two equations. 
One of those [Eqn. (32)1 just gives the band structure of a perfect diatomic lattice, 
with a finite no of atoms (??) of both types. The other [Eqn. (42) for Fig, (5) and 
Eqn, (33) for Fig. (4)] gives additional energy- values due to disorder of the system. 
The additional energy-states duo to disorder of the system affect the electrical 
conductivity to a great extent. With the help of a Green’s function method the 
author (Roy 1964) has studied the models corrsponding to Fig. (4) and (6) in the 
framewoj k of fl-fuiiction potentials. As has been discussed in I, the <J-function 
model suffers from several limitations compared to the rectangular potential -well 
model. Moreover to get the equations for allowed energies for the models of 
Fig. (4) and (6) using the matrix method, as is done in this paper, wc have not 
used any particular equation connecting the wave functions at any two lattice 
points. Such an equation has been used in getting equations for allowed energies 
with the Green’s function method. Thus the results obtained by the matrix 
method are expected to be more general than the results of Green’s function method. 
It would be worthwhile to make numerical computations about the allowed elec- 
tronic energies for various models, using the equations given by matrix method and 
Green’s function method and compare those computations at least qualitatively 
with the experimental observations. An investigation in this line is under 
author’s contemplation and the results will appear in later publioations. 
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PHASE FOLLOWING BEHAVIOUR OF AN AUTOMATIC 
PHASE CONTROL CIRCUIT WITH RESPECT TO A 
SIGNAL IN PRESENCE OF A RANDOM NOISE*t 
B. N. BISWAS 

Depaktmknt of Physios, Univeksity of Burdwan, ' 

West Bengal, India. \ 

[Rficcivcd Juli/ 8, 1965, Beimhmitted May 30, 1906) 

ABSTRACT. In this paper the response of an automatic phase control circuit to sovoral 
diiferont classos of signals has boon studied in tho presence of noise. The effects of variation 
of the equivalent gain parameter of the phase lockmg loop on tho system performance for 
various viiluos of tho input signal to noiao ratio have also been studied. Tho concepts of loop 
noiflo bandwidth and root-moan-squaro phoso error have been briefly reviewed with parLic-ular 
roforerico to a band limited noiao. lilxporimental resultB regarding the performance of the 
APC circuit ni relation to tho receiption of a FM signal have been presented and found to be 
in good agreement with tho results of the analysis. 

A ~ amplitude of tho incoming signal. 

01 2 = angular frequency of the free running local oscillator, 
oil = angular frequency of tho incoming signal, 
fi = open loop frequency error in angular measure. 

X{t), Y{t) = uncorrelatcd Gaussian variable of angular bandwidth oij . 
r = correlation time. 

variance of the input noise. 

— - index of modulation at the input. 

7 «o — index of modulation at the output. 

e(() = phase modulation of tho VCO due to noise. 

= sensitivity of the VCO. 

K — maximum possible synchronisation range in_angular measure. 

0-^ = variance of the noise at the input to phase detector. 

(T^ = variance of the noise at the output of the phase detector, 

Bj, — loop noise-bandwidth. 

Us ^ equivalent linearised gain of the phase detector for the singal. 

= equivalent linearised gain of the phase detector for the noise. 

INTRODUCTION 

The automatic phase control circuit is essentially an oscillator, tho phase 
of which is locked to an input reference oscillation. It is a narrow-band feedback 

*This work was done at the Institute of Radio Physios and Electronics, Calcutta. 

■f-Part of this paper was presented at the "Symposium on Telecommunication and Elec- 
tronics, Feb. 26-27, 1963 hold at the Institute of Radio Physics and Electronics, Calcutta entit- 
lofl a.** ‘‘On tho Performance of an APC Circuit” {unpublished). 
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(ICVJCO and consists of a phase detector, a linear filte,- and a voltage controllcl 
osoiUato. Ihe, analysis oi such a system, oven if it is noise-free, is rather dinienlt 
because of the mohmion of an error sensins device wiiich is a sinnsoidal function 
of the error .tsell. But it simplifies considerably if the phase error is small heo„„se 
then the behaviour of the loop can be predicted from a linear imalysis of tlie loop 
Tn such a ease it is known that the system can be made to synchi-ouise « itli respect 
to the reference input if the open loop frequency error lies within tiie l„„it„ of 
synchronisation range. But somtimes it has been found that flu; systom may 
not be synchronised although well witlun the synchronisation range. This is 
becanso of the fact that the ‘pull-in" range is different from tlu' ‘ pull-out” range 
and this retpiires a non-linoar analysis of the looj) to doternnne almost f‘Xiii;tlv 
and completely the perfornaiice characteristics of the looj) Jt is 1o b(« furlljcr 
noted tliat because of the narrow-band feedback prfjcess it reduces internally 
generated noises as well as uncontrolled disturbancos that may acoompany the 
input signal to the system. The present jmrpose of this paper is to develope 
an analytical method that will help us to know the signal liarulling cii])aeity of the 
system as well as to evaluate the output SNR of the system in terms of tlie input 
SNR. This, in turn, can be used to find the threshold criterion of the loop Thf‘ 
response of such a circuit to a signal contaminated with stationary random noise 
has been studied by many authors (Viterbi, A. J. 1963, et aL), A convenient 
appi'oaoh in such studies is to replace the sinusoidal non-linearity of the pliaso 
detector by a linear one whose gain is the quivalent gain of the device, apfilying 
quasilincarisation techniques. The other approach employs Fokkcr-IMank oi‘ 
continuous random walk techniques to find the statistics oi random jn'occ'ss. 


Tn section 2 a general method for studying the response ol an APCl circuit 
to a FM signal contaminated with stationary random noise ha.s been dcvclopufl. 
The approach utilised here is to find out the equivalent lint'arised gains ol the pliasc 
detector for the signal and noise separately and once the values of the oquivalenl- 
gains /is /ij^ are known the non-linear system can he analysed as two linear 
systems— one containing the parameter /ig and the other incorporating the. piua- 
raoier However, it is to be noted that since the system is a nonlinear one the 
value of /is and /ijs do depend on the strengths of the signal and noise at the input 
to the phase detector. Expressions for the equivalent linearised gam of a geiici al 
type of non-linear clement have been developed 

The response of the APC circuit to a I'M signal only has been studied in section 
3 utilising the concept developed in section 2. An expression for the maximum 
permissible input modulation index in terms of the modulating frequency, filter 
parameters and maximum value of the locking range has been develope 

Section 4 deals with the response of the APC circuit to - 
signal which is contaminated with stationary random noise, t a so ea s 
evaluation of the variance of the noise or the m.s. phase error at t mpu 
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phas(^ fl(5toctor wlion tho, APC loop is closed through a low-pass filter This is 
followed by a discussion in section 5 of the effect of noise on the looking behaviour 
of the APC circuit. The probability that the system may fall out of lock has been 
calculated and depicted graphically for different values of the input carrier to 
noise ratio. 

The resjionse of the APC circuit to a FM signal contaminated with stationary 
random noise has been studied in section 6, particularly when the carrier is in tune 
with the centre frequency of the voltage controlled oscillator. Due to the diffi- 
culty ill the analytical computation of th(i output tSNR, in terms of the input 
8NH, a graphical method for the evaluation of such an expression has been des- 
cribed. The effect of variation of the gain parameter on the performance of sq^ch 
a circuit has also been studied in this section. ^ 

In section 7 the concepts of loop noise bandwidth and r.m.s. phase error 
have heen briefly reviewed with particular reference to a handlimited noise whicli 
IS common inpractice. This is followed by a description of the experimental 
results with regard to the response of the APC circuit to a FM signal and noise in 
section H Tlioso are in good agreement with the results of the analysis presented 
in the text 

Ttei^pomc of an APC circuit to signal contaminated with stationary random noise : 

In this section a general metliod of analysing the response of an automatic 
phase control circuit to frequency modulated signal that is contaminated with 
a stationary random noise will be developed. Here the oases of interest arc (i) 
when the centre frequency of the voltage controlled oscillator (VCO) is in tune with 
the incorniag signal and (ii) when the centre frequency of the VCO is slightly out of 
tune with the incoming signal but the difference of frequency between them is not 
so high as to cause the system to fall out of lock during the phase f ollowing of the 
modulation cycle by the VCO Tn this case, i o., whem the input to the system 
consists of signal and noise, the presence of the noise 'will cause a phase jitter at 
the output of the VCO over and above the so-called slow variation of tlie output 
phase of the VCO duo to the frequency modulation of the input signal. The 
amount of phase jitter will depend upon the close loop noise bandwidth, locking 
range of the system and tho amount of initial detuning of the V CO from the incom- 
ing signal These parameters again, on the otherhand, will limit the maximum 
permissible value of the input modulation index. If the input signal to noise 
ratio (SNR) is high the amount of phase jitter at the output will almost be the 
same as that at the input if the noise power be taken equbl to that in the close-loop 
noise bandwidth. This can be found from a straight forward feedback theory. 
If, however, the noise power is comparable to the signal power, the noise will also 
cause a change in the equivalent gain of the phase-detector, which is essentially 
a nonlinear device. The equivalent gain for the noise, in turn, will bo affected 
by the value of signal power. 
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The nonlinear oharaoteristio (‘xhibitort by a phase deteetoi- in not, a very usual 
one in the sense that the output is a sinusoidal i'unction (d the input Anah sis 
of such a system is ratliei difficult and one has to lain' leaovl to appropriate* ap- 
proximations. A convenient approach is to replace tlu* sinusoidal nonlinearity 
by a linear one whose gain is the expoctod gain of tin* actual tli‘vio (3 a()plymg essen- 
tially Booton’s quasi-linearisation technique 


l(’ig 1 





€i - /I Sin (-OTj t / r?; Si f, U fj f- N; (t) 

Cos (cj^t / nt„ w/ y ({()} 


Hloolt diagram of a tyijinal aulomatic phase (‘(lul.vol cirianl Tlio input tn tlii' systi'in. 
(sonHiRts of a FM signal fonluminaiod with n, hI alioinvry iimfloui noisi> 


Let us consider the automatic phase control civnnii as riepicted in Fig I 
The input is a frequency modulated signal which is accomjianied by a stalionaiT 
I'findom noise The noise possesses a Gaussian amplitude jiroliahilil disinbut ion 
with a mean zero and variance and has powei* spc'ctral density v’ln(>li is rt|Ui- 
valent to that obtained by passing ‘white’ Gaussian noise through a siugb* tuned 
1 F liltor having the centre frequency equal to that ol Uk* VCX) ami nngulai hand- 
ivalth t*),, The not input can, therefore, be written as 

(t) =: A sin sin tvt) 

sin cogi-l” T{t) cos (^1 ) 

where X(f) and Y{t) are iincorrclatcd Ganssian vaiiahhi of aiigular bandwaltli 
The auto- correlation function of X{t) and y(0 can he assumed to he given by 

fl.[X(()J = lfi[r(*)] = 0-,® rap ( - ■ ■ (2 2) 

where t is the correlation time. Corresponding to this autocorrelation iiinction 
tho power spectral density of the input can be writti'n as 


= 4a, ^ 


to* 

6)2+ 


(2M) 


Assiimihg the output of the voltage controlled oscillator to be of the 

e^it) ^ 2 cos [ 6 ) 2 «+mo sin 6 )«+e(«)l, ”• 

where Wq is tho modulation index at the output and e(^) is the phase modulation 
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of tlK‘ VCO duo 1.0 the noieo, Thevufore tho governing equation of the loop is 
given by (see Appendix A) 

= n + (m,- mniat)-~fiF{P)\ji si.n4+Jir(«)], ... (2.5) 

where 

^ = Oil — cog -}- (w.j — w o) sin o>t ~-e{t) 

12 — Wi— cjg 

N{t) = — Jr(^) sin [w-o sinc«)<+c(#)] 

+ Y{i) cos [Wo sm(o^+c(^)] 

and ft is the sensitivity of the V CO, It can he shown that N{i) is a stationary proc<^ss 
process with exactly the same autocorrelation function as X.{t) or Y{t) (Vitoryi, 
1963), Eq. (2 5) suggests an analytical ecpiivalcnt of the APC circuit that is sliovAi 
in Fig 2 For tho in-tune canier, the corresponding loop equation is given by 



P’lf? 2 Equivalent analyt-KJal repreaentatiou of the automalio phase oontrol circuit of 1. 

= “(w sinu;O-/?i^(P)MBin0-fA^(OJ (2.0) 

at at 

where » — (’w»— e(() (2 7( 

As stated earlier ih this case a convenient approach, although approximate, 
is to find out the equivalent linearised gains of the phase detector for the signal 
and the noise separately and to break the signal loop into two equivalent analyti- 
cal loopsone for the signal and tho other for the noise (see— Fig. 3d) for studying 
tho signal and noise respeonse of the APC circuit. Now when the system is in 
lock it was seen that the instantaneous loop error consists of a signal error, a noise 
error and steady state phase difference that depends on the locking ratio. The 
noise at the input to the phase detector will again be assumed to a stationary 
random noise the magnitude of which is normally distributed with a mean zero 
and variance cr^. Specifically assuming that the nonlinearity can be represented 

by 


F+(^) = S for 0 > 0 

F_(0) = S for ^ < 0 


( 2 . 8 ) 

( 2 . 9 ) 
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One can show that the equivalent linearised gains of the phase detetitor for signal 
and noise are respectively given by (Sawaragi and Sugai, 1959). 

^ [ 2 ^ 1 exp (- 

0+ 

+2^ [ F-{3^)Ii{jwM)oxy{-~la^oi^)dts] ... (2.10) 

0- 

0 + 

H ? I jwF4jw) Jo(jMjJi) exp(- ,y‘-2co“)rfMT ... (2.11) 

c— 

where M is the modulation error and C_ arc integral paths along the straight 
lines from —jS — co to — j(^-l-co and from jy— co to jy hoo I'espcetively. /j(.i,) 
is the modilied Bessel function of order one and argument a*, A\^(j(o) and F, (ja) 
are respectively the Fourier transform of the nonlinearity when i) anil <j) (» 

and they are given by 

F43^) = Y, 

At this point one can physically argue that the equivalent linearised gain of 
the phase detector with respect to the signal in the off-line case will be smaller 
than in the in-tune case. Therefore, the jjrobability ol' loss of look ])(.t cycle for 
a signal with low modulation index in the off-tuned cas(i will be, larger than m th(^ 
in-tune case. 

Tn the sections to foUow wo shall discuss in detail ihe pcrfoi maiicc of tlic JVl’C 
oifcmt particularly wlien the incoming signal is in tune with tlic voltage controlled 
oscillator. 

Response of a Frequency Modulated Signal Only - 

A method baaed on the principle of quasilinearisation technique for analysing 
the response of the APC circuit to an J?M signal is prcscntrxl here. The method 
is limited to the case of in-tune carrier only. In this case if the lookmg range, 
system bandwidth and the modulation index of the input signal arc properly 
adjusted, it is reasonable to assume that modulation error as well as the durtortmn 


(2.1 la) 

(2.11b) 



664 


B, N, Bisudaa 


oomponentK at the output of the VCO wiU be small Th^r^f 
linearised ,aiu of the phase detector isglon by 

A 1 7 

0 

= 2 ^ i W 

M ... (3.1) 





w 


tig 3 (ii) Equivalent aimlyUualrepveHontation of tho automat ip 4 i • 

for iho s,g„al oompo^rn, ™Jy The ‘ ! T? ’ 

ha, boon .pleeea by a l.noarL whoaTg^ wth” ZL", ^ 

gam Ol the device iteolf. ^ ^ ^ expected 

Pig. 3(b) Em-ivalent oalalyticU i^oproamutioa ot tho automatic phase coutrol circuit of Pic . 

ior the noise component only. Tho amuaoidal nonlinearity of tlm „hl« f f a . 

iias boon roplaced by a linoM- one whoao gain lor the noise (a 1 is II ‘ " a 

ol the device itself. '^^1 expected gam 


M_ 

m{ 


(3.2) 


M P 

Thus knowing tho value of tlie modulation eiror M for a definite value of the input 
modfoation mdex it ia easy to find out a relation between the input modulation 
index and the output modulation index K) in terms of the loop parameters 

from Ea 73^37"^“^!“ found 

Wma. =r >r/a |[ 1+0.7X j ^3 3 ^ 

It 18 important to note that the above analysis, although not very aoourate 

Z7rf°7 7" ’"/V™”™* <»“fponents, gives an idea about the 

nature of variation of the maximum permissible value of the input modulation 
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index with modulating froqucm^. The analysis given abov.. ean. houevo.-, be 
extended to the slighMy off*timod canior depomling upon tlie locking raiige ot tiio 
aystem. In tliia case it is only to bo remeinbonMl that the nuixiimnn penni.ssible 
input modulation index will bo smalkM' than that of the ju-lnne earner. Ihe amonnt 
of which IS essentially dependent on the locking ratio and the tyiie ot tilter vised. 

Jlesponse of an APC Cncmt to a CW iSifjnal (Jonlamnuttvd with SUiiinnrrnf h\nulofH 
Noi^e . 


In this section a stud3^ will bo made ol the j’esponsc ot the ant.oniutie jiIiumv* 
control circuit to a CW signal contaminated with slatioiiiu y raiuhjin input I mu' 
function. The amount of phase filter at the output of the VCO caused b^- tlu' input 
and the amount of initial detuning of the V(V) from the incoming CW signal 

The input to the system consists ot the signal and random statiomiry noist , 
the projierties of which have been describetl el.seiilicre in tlu' text. la( ns assume 
that t,he output of the VCO is of the form 

eo(0 -- 2 cos f(01 (^.1) 

where e(t) I'epi'cseiits the phase ptter of the Y(/() output, mtrodueed by tlu' mnsc' 
Ji IS easy to show that tlie govt’i'iimg ecpiation of the loop is givi n hy. 


I [«(<)]= KF(l>)!,mr(l.) 


(4 2) 


when the noiso-iibaso variation is such that (.{!) remains within the sliet.eh Ix'lAsei'u 
—71/2 and +77/2, one can approximate (he sinusoidal nonlmcaiity hy the folloMing 
relation 

sin ^ — F 

where 

F|(0) --- 04(0) + .71(0 WMW 0 r 0 . (■1^1) 

-- .04(— 0) + .71(-0)'‘/-'' for 0 0 ('I b) 

Tt is to bo noted that if c(() goes beyond the ntieieh fiom 7r/2 1.. I a/2 (he., 
one has to find out a suitable reiaiioii l« aj.inoKiiuate (,lie siruiHoiilal nou hiieanly 
Therefore with this apiJroximatiou and rcmemhoring tliat 

one can camly show from Eq. (2.11) that the e.puval.'nl. linear.si.d gain of ll.e pl.ase 
detector with respect to the noise is given by 


i jo.) exp 




(4.7) 


(4.7a) 


3 


= 0.04+0 32(cr)- 
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where 0-2 is the variance of the noise at the input to the phase detector. The 
variation of the equivalent linearised gain of the phase detector for noise is shown 
in Fig. 4. From the equivalent analytical loop of Fig. 3(6) it is easy to show that 


and 


where 


-J- f 

471 A'^ J 


KF(jA) 


f JK:[.04+ .32 (o-)-/3F(» 


0^{w)dw, 


KFjjw) 


jiit;+X[.04+.32(tr)“^/® F(jw) 
K = A/3 


\Qi{w)d(a 


(4.8) 


(4.9) 


\ 


and is the variance of the noise at the output of the phase detector. From above 
equations it is possible to find the values of cr^ and in terms of the pnpiit vari- 



Fig. 4. Variation of tho equivalent lineariBod gain of the phase detoctor for tho noise 

in. prosonco of a CQW-signal of omplitiido A. 


ance and loop parameters. For reasons of difficulty in analytical computation of 
the above parameters it is sometimes advisable to take resort_to graphical method 
of computation. 

For example, taking the case of an APC circuit with a low pass filter having 
the transfer function given by 


F(Ju/) = 


1 

i+j<or 


(4.10) 


and comparing Eq. (4.8), (4.9) (4.10) and (2.3) one can easily show that 


A^ _ K l + 

^ “ .04+.32((7-)-^/» ■ £[.04+.32(o-)-i'»J+w;<(H-M»fT) 
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[.04+.32(o-)-*'=‘J+ 

K 

From tho plot of Fig. 5 one can easily find the value of rr^ f)i‘ a i)artit'ular luop 
parameter and hence linowing (r“ it is easy to find the valiK! of cr^- from Eq (4 10). 



Fig. 5, lUusti'atoa a graphical method (or ovuluaiiag the value of tho voTjanco of (ho jiniHo 
(c) at til© input to the phase dotootor in ionns of tho viiriimoo of llio uoIho nt tho 
input to tho system (vide Eq 4.11). 


Effect of noise on the locking behaviour of an aulotiuttio phase control eirimif. 

If tho input to on automatic phase coutiol ohouit is corrupted with haiul. 
limited white Oausaiaii noise with mean zero ond variance af, there will be pliBHt. 
jitter in tho output of the voltage controlled oscillator. Tho amount of phase 
jitter will, however, depend upon the input signal to noise ratio and the system 
bandwidth. To understand in physical terms how noise ader.ts the locking beha- 
viour of an APC circuit one may study the nature of the instantaneous variations 
in phaso-difforonce f, between the reference osoiUation and the 
When the input SNR is high and the detuning is smaU compared to the 1 ,eUm^ 
range, the amount of phase jitter wiU net be large enough to make the system 

fall out of look. 

If however the input SNR is low there arc chances of losing lock of tlio 

.r. a. .a. I w r.'-" 

and input SNR. In order to investigate the case we will have 

bability of tho phase difference ^ at the mput "“"for the iLse to be in 

circuit exceeding the phase stretch ® J J cumulative probabilities 

the unstable region. This means that one has to s y 


= Prob {-\-7Tl2-'(f>o < 5^ < ^) — 


f p(m> 


(5.2) 
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and 


—irhi—V 

/-J = Piob. (-TT < -^4 <'-7r/2-(i„) = ; P((4W ; ... (5.2) 

—TT 

where ia the steady state phase differeiico and P{<l>) is the steady state distri- 
bution of phase at the input to the phase detector Jf, however, the carrier is in 
tune with the voltage controlled oscillator the above cuatioiis reduce to the fol- 
lowing simple forms : 


- ’r/2 

—TT 

It IS to be noted that the relevant SNR is obviously not the input SNR 
(b(Miaus(' of filtering action) but ia related to it m a manner that depends upon the 
filter chaiaetoriatdca and the input SNR 

The probability distribution of the phase when the carrier is in tune with 
the VCO calculated on fhe basis of Fokkor-planlt technique (Vitcifei, 1903), for 
the first order toop is given by 


^6.3) 

1 

(5.^) 


= 2?r/o(a) ■“ 

where Jq[<x) is the modified Bessel function of oidcr zero and index a. Where 

a - ... (5.5) 

where is the power of the input carrier and N is the power spectral density 
of the input ‘whito‘ noise and Kx, is the of the sensitivity of the VCO. Expanding 
as 


exp (a cos 0) = /„(«)- l"2£/,i(a) cos Jiij), ... (5.6) 

n 

the values of and P.j^ can be easily seen to be given by 

n-m [ ] - 

The plot of the cumulative probability P. is shown in Fig. 6 for different values 
of input carrier to noise ratio (CNR). 
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Fig 0 ShowH tho variaiiou of iho oiunuliil iv’o ])r«ibal)iljly (/’) with rliftV'H'nl valiu*n of ihi^ 
input oarrior to tioiae ratio ((.^NK) 


Jh^sponse of am A PC CircuH to a FM sinfilal vov laminated willi hlalionanj mndom 

Noise 

Here tlHi roMpoiiwc ol an automatic plia.se control circuit, to ii KM Hiupal that, 
iu contaminated with stationaiy randoni iioi.se and i.s in time witli llu* cenlM! 
tiequency of the VCX) will be consiilored Tlie character of llu* noiwc luir> already 
has already been given elsewhere in the text l^ow in Ibis ea.se it is w'cn that, tlu 
nonlinear clement is a .symiiietrieal one i e | F+{(p)\ - \ A’. ( 0 ) | and (lieri'bn e the 
exjiressions for the equivalent lineuri.sed gains ol tlio phase didcctor can be* vriiten 
as (see Eq. (2,10) and (2 II)). 


- 4 

A' M ^ 


2 r { 1 

\ 


t){1) 




-J/n 


Jl/« \ 
2 rr“ / 


(() 1 ) 


and 


F'N 

A 







)(• 


l/n 



AP \ 

2rr‘- / 


(b.2) 


whore iFj(x,y, -z) is tlie confluent. Hypcrgoomclric funciioi. .lelincd ns 


y. -2) = 1- y 


Z I »(J' I']) 2“ _ 

1 1 ‘''yoy+i)' 2 ! 


(fl 3) 


and rte) is the Gamma function. Now in the case when the phase variation docs 
not exceed the stretch from -7r/2 to nji we can with rcsonahlo accui'acy replace 
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sinusoidal typo of nonlinearity of the phase detector by Eq. (4.3) to Eq. (4.6) and 
therefore the above Eq. (6.2) and Eq. (6.3) reduce to the following simple forms 

= .04+ ( V6. 2, - ^“ ) ] ... (6.4) 

and 

M^ = A[M+.32(tr)~V\Fy(^ll6, 1. - ^“ )] (6.5) 

The plots of the equivalent linearised gains of the phase detector for the signal and 
noise are respectively shown in Eig. 7 and Fig. 8. The equivalent analytical Ibop 



Fig. 7. Vanution of Ihe oquivalont liaearisod gain of the phase detector for the oignal with 
tho variance of the noiflo at tlio input to tho phase dotoctor for difforont values of tho 
modulation error (M), 



Fig. 8. Variation of tho equivalent lineariaod gain of tho phase detector for the noise with 
the variance of the noise at the input to the phase detector for different values of the 
modulation orror (M). 

have already been shown in Eig. 3(a) and Eig. 3(6) NdW it is a simple matter to 
show that the modulation error M is given by 
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whorz 

Denoting tlje power npeotral density of i\r(p) as G(,„) so,,,,,,. 2), (he variance 

of ih© noise at the input to the phase detector is given h\ 

^ ... (« 1 ) 

where 

K2J — fiuN- 

Therefore the modulation index at the output of tlio VCC) is given by 



K F( hv) I 

jw+ir}(Jw)l 


( 0 . 8 ) 


Analytical computation of the output SNR in t(‘rms oJ' tlie input iSNJI is rather 
dilEeult because equivalent linearised gains depend botli on (t“ and Jl/ in a way 
given by Eq. (0.4) and Eq. (6 5) and again and M depend on and wqin a 
Eq. (6.6) and Eq. (6.7), Therefore it is advisable to employ graphical methods 
for computation. By Avay of illustration one may take the cxanijilo of the AlH" 
circuit with a simple lag filter of the form . 


where 

= (]+«, iT)|([ .04+.32«r)-iV’.( ) ] [ ■<'‘^ 

+ ,32M-=V\( 1/6,2- + • ('>>") 

and 

Jf2 ^ ' ^ 

£(.04+.7((r)->« iJ*, (i. 2,— ■■■ 

Now taking WijK = 6, «i/i' = ), N = 2 x 400 rad/Bce and W =-- 2.0 X 400rad/Hoo 
one can easilyshow that Eq. (6 li) reduce to 

^2 2 _ 

1, - £t) ] [•«*+ •32W-rJ^r(l/0. 2, fJ, ) ] , 

... (6.10a) 
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and 


[|.04-|-.:{2(«t) ^J/6, 2, - -2j4l]‘ (Bllft) 

The ])lois of Kq, (6.10a) and Eq. (0.11a) aro shown rcsppt;ii\roly ni Eig 9a and Fig. 
91). Proni ihcsft plots it is oasy to lind the value of and for a jjarticiilar 
value of cr“ and and hence the value of the output SNR can be found out in 
terms of the input SNlt. 




Fig. 9(a) Plots of Eq. (G.lOu) and Eq. (6.11a). Fig 9(b) With tho plot of Fig. 9(b) yields 

A coiiipariaoji of Fig 9(a) the valuos of noiso error and tho modiila 

(loji oror in teims of vanam e ol' input 
noise and input modulation index. 

Tlio analysis of the off-tuned case is not, however, difficult. In this case one 
will hav (3 to take into account the steady state phase difference between the VCO 
and the incoming signal and it is quite logical to expect that the gam of the jihasc 
detector with respect to the signal will be smaller than the in-tuned case. There- 
fore the probability of loss of lock per cycle for a signal with a definite modulation 
index in the off-tuned case will bo correspondingly larger than the in-tuned case. 

Lot us now consider the effect of the variation oT the gain parameter 'Vi’ 
v^ith input signal to noise ratio on the system performance. From linear feedback 
theory it is known that the closed loop bandAvidth is always larger than the open 
loop bandwith. The closed loop bandwidth is again a function of the gain para- 
meter To understand the effect of the variation of the gain parameter on 

the system performance we may consider what happens if K is moroasod from 
a nominal value. If An increase in K results in a smaller modulation phase error 
and a large modulation loop bandwidth. The proportion of the noise phase output 
to signal phase output will now be smaUer than before although the loop band- 
Avidth has increased. This Avill be clear if wo compare the output phase 
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“zi““::zrr7;:r ^ 

The leductioJi factor wlH ,io1 he. as lar.ro 
the noise j>oAver accepted will now be laigor bcoaiiso f * ^ 

Ih. m-»e- bittd-Idll, 1. "" 

Rom the above dieouseion it appears that it »-,ll p„s„,|,l, 'l„. 1 „ |i„.„ 

.emax.mumvalueolthe,„puttothoVCO Ao „l,endaio.eapp..mlnl ie ‘ 

h mtoi parameters i,i Bn.di a way that the clesed le„p hu.idn uith does „oi, , .,rv 
sigiiihcantly with signal strinigth. •' 


Noise-Bandividth iwd 72oor.-9j».ean-«./«,i<j P/ia.sr hJnoi 

In this section tlic concepts of noisc-handwidth ami root-jm!an-s,j„a.e 
phase error of an automatic phase control circuit will be biiol'ls reviewed willi a 
view to designing an optimum system The eonccjits ol noine liandwidth and 
r.m.s phase error arc imjiortaiit in studying tli.‘ perforniaiiee of an automatic 
phase control circuit particularly when it is tracking a signal that is coiit.uimiiated 
with uncontrolled disturbances. The performance ol’ an aidornat.ic phase conlrol 
Circuit in tracking a noisy signal will be judgiul best, when th(‘ output pliase of ihe 
\ oltago controlled oscillator faithfully follows that in])iit pliiisc vai'iations and at 
the same time ignores the uncontrolled di.stiirbanecs as for as poshiblc^ 


When the AVG circuit is in lock with the input signal and is tracking a noisy 
signal it is reasouable, although not very accurate tts.suinptioii, to eonsidei th<‘ 
phase detector output to be linearly dependent on the jihaso ddfej-i'iuM^ la twi iai 
the signals at the input to the phase detector. Thix gives the Imeanscd version 
of the APC circuit. 


The concept of loop noise-bandwidth will enable one to have an iisehil in- 
formation regarding the propagation of noise through an AkC circuit and (wimi 
to design the required from of ihe loop filter which will result in Wieiuir optmium 
linear system. The looiJ noise-bandwidth can he defined as 


B„ - r oiM '^df 


(7.1) 


where 0(jw) is the normalised closed loop transfei- function of tlie linearised moihd 
from the output phase to the iniiut phase oi the voltagi’ cunti’olled oscillator, 
Eq. (7.1) can also be written as 

B = L f"” 0ip)0{—p)dp (7-2) 

inj -900 


4 
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Tims li„ is the bandwidth of an ideal square cut-off low-pass filter which produces 
the same amount of noise power output as does the linear system with transfer 
function G{p). It is to be noted that the very basis of this definition dei^ends on 
the assumption that noise power spectral density at the input to the linearised 
model IS constant over all frequencies (white noise) White noise cannlt occAir in 
practice. The more realistic approach is to consider the bandlmutcd white uojsc 
at the input to the linearised system and the more useful definition for the looii 
noise bandwidth is given 

1 jWc 

/- / Gip)0{-p)dp ... (7.3) 

4711 0 , 

\ 

when^ wj27r is the cut-off frequency of the input filti'c to tlui APC system. Cor- 
respondingly the r m s. phase error or the variance of the noise at the input to 
the phase detector can be defined as 


' — \nA^ I 


KFpw) 

jiv-\-KF(jw) 


Gj{iv)dw 


... (7.4) 


where the symbols have their usual significance as stated elscwher<j in the text. 
The limits of the integration as stated earlier for the most jDarctical case should 
be taken over the input bandwidth. But if the input bandwidth is large compared 
to the close loop bandwidth them the limits of integration can be taken from 
—00 to -| 00 without introducing much error to the computed value. 

For purpose of comparison the expressions for the noise bandwidth of the APC 
circuit u ith the simple lag filter (see Eq. (3.10) of section 3) obtained from the 
Eqs. (t) 2) and (6.3) arc given below : 

= ... (7.5) 




K 

4 



(wA 1 

' K T" kT 

kT \k)^ ~KT J 



From the above expression it is soon that Bj, tends to as w, tends to an infinitely 
large value. 
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For the second order loop, i.c. taking the filter transfer finn lion of I he form 


F(P) = 


l^xpT 

l=l-(i4^)P7' 


(7.7) 


the expressions for the iioise, bandwidth and m s. ])haso (mtol me respeelively 
given by 


“4 ’ (l+a:)(l+a;A:"/') 


(7.H) 


^ (l+x)KT-\-(i +*KJ’) ^ +{xKTr 

0-2 — *^L * ; 

{J+xKT) [(1+*)^ (AT) + (H.a.-A'7') f ^ (1 -| xA'7’) ] 

The plots of /i„ and o-^ are shown in Fig. 10. 



Experimental Set-up and remits 

Fig. 11 shows the experimental set-up for making J . 

band-limited stationary random noise 1 he nanmu 



ITig. 11- ExperinftO»»^“^ Bet-up. 
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l)y passing white Gaussian noise through an I-F filter with the centre frequency 
of 600 Kc/s Incidentally it is to bo noted that the centre frequency of the IF 
filter must be equal to the centre frequency of the voltage controlled oscillator. 
The detailed circuit diagram of the APC circuit has been given in the reference 
(Chakrabarti, N. B. ajid Biswas, B N., 1964). The input amplifier feeding the 
phase detector should have a flat top response. Presence of dip anywhere in the 
characteristics, is likely to produce spurious effect and sometimes a tyiie of oscil- 
lations (Biswas, B. N. 1964). 

Experimental results regarding the performance of the APC circuit in relation 
to the Teccptiori of a FM-signal with different values of input SNR are sholwn 
in Figs. 12(a) and 12(1)). Fig. 12(a) shows the capability of the APC circuityii 



Hoii</i/fT/m r/ffQi/f/vcr/.w r/5— 

' Twa- * 

Fif?.12(ii) l<jXpornnontal ob-sorvationa regarding tlio perforinunfo of ilio iuitomalic phaso cojj- 

handling a FM signal with maximum xicrmissible input modulation index at 
different values of th(' modulating frequency. The variation of the output noise 
l(wel of the APC system with the input noise level when the system is tracking a 
low index FM signal contaminated with stationary random noise is shown in Fig 
12(b) These experimental results are in good agreement with the results of the 
analysis. 

00 KCbU SION S 

In this paper the response of the automatic jihase control circuit to a CW 
signal coiitamiual'cd with stationary random noise and a FM signal cont aminated 
with random noise has been studied, and the performance of tlie APC circuit 
with respect to such signals has also been studied experimentally. It has been 
found that the conclusions of the analysis presented in the text give a resonable 
estimate regarding the behaviour of the APC circuit with respect to signals cor- 
rupted with random noise The response of an APC circuit preceeded by a 
limiter to a FM signal contaminated with random noise will be taken up in a future 
communication, 
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G07 



Fig.l2(b) <-rol circuit iu rospcnt of venopf of u Kigmil. Fig J3(u) ishowH t he viuiiih.ui 
ol maximum porraisaxblo value of the input niodiilniion unlo'c amIIi iiioilulnl ing fui 
Lpioiioy and Fig. 12(b) hUow.s ilio vurudiou of tho output uoiho level with mpn* uoihiu 
level when tho APC circuit is inwkuig a low index FjAT sigiial coritimumdc'd viili 
stationary random noise. 
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APPENDIX 

A.l. Derivation of the (lovernifu, of the APO Loo,. V’heu the In<:o,„m,, Si„ml 

U Contaminated with stationary Bandmn Noue. 

I^t V.S coiiBider the APC circuit as sl.owa in F.g 1 Tl.o input to ti.c uyutem 
has boon assumed to be of the form 

c.( 0 sin K^|-»^Hin«’0+^W no 

where symbols have their usual «ig.rifica„cc as '!^rr’ 

output of the voltage controlled oscillator .s assumed to be of th. fo.m 

e(0)(O = 2_cos sin wt+e{t)) 


... (A.2) 
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TlK^rpfoi r, tlio output of the phaRC detector, wliioh \h a multiplicative device, is 
given by 

— A sin sin wt-\-€{t)\ 

[^A sin Wo) sin f.(<)] 

sin [ 2 a’ 2 «+w^ sin w)<4-e(i)]+ r(<) cos sin wt-\-c{L)] 

—X{i) sin [w,, sin ivt-\~e{t)]-\- 7(0 cos [m^ sin W7f~he(0] (A.3) 

Since a phase detector is followed by a low pass filter one can easily neglect the 
liigli fnHjueiicy term in Eq. (A. 3) and can write the actual output of the x>haB0 
detector as 

l^{i) = A sin wt—fit)] i 

— X(0 sin [mo sin 7eH"^'(^)l“l ^^(0 <*^9 [Wo sin wt^ ^(01 ■■ ■ 

Therelort*. the governing equation of the APC loop is given by 

'^-^s:i-/lF{p)[Jsm</>+N(t)]+^^{m,anwl) ... (A.5) 

where the symbols have thcii- usual significance as stated elsewhere. 
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STUDY OF LIGHT ABSORPTION IN 8 HYDROXY-l-METIIYL 
OUINOLINIUM HYDROXIDE ANHYDRO-SALT IN 
STATE OF SOLUTION 

S. V TANDON*, K. TANDON** and J J\ NAXENA** 

ILnIVKHSITY OF JoilHPUl!. .JoDJllM i:, 1 m»J\ 

(Rccdvvd October I HMIfi) 

TJiougli tliu general ieaturc.s of the Kiioctniiu oP sonu' (if llio plu'iiol-lx'UniK'N 
hav(3 liHoii (losuribcil (Phillips arid Kiuiwii, 1951 ; Saxena e( nL 195!)). no Hystojiialin 
study of the characteriKtius and assiginiuMits of their ahsorplioii hands has been 
roiiortcfl so far. Tho pivsiuit (*oiinmmi cation luports jirobiibli* assigninonts lor 
tho baiuda of 8 -hydroxy- l-inethjd quinoliniuiu hydroxide an hydro-salt, observed 
in tho region 185-600m// based on charai'teristics anrl inlluence ol solvi'iil- on 
them . 

Four bands at IShSO, 29670, IU480 and 4ll50(;nri n,((H(ji>d Avith an 
UVISPEK spectro])hotomctcr in the ease ol 8-hydroxy-l-nietliyl i|iiinohniuni 
hydroxide anhydro-aalt prepared by the method describi'd by Saxe-na (4 iil (1959) 
dissolved in chlorofoini 

The intensity (molar extinction coefficient, l — 10-, osiillator Htrciigtli /~I0'‘*) 
coupled with blue-shift ol the 18180 cin-i band ~ 3560 cm ^ in c, hanging the sol- 
vent from chloroform to ethanol clearly indicates it to he dm* to a Ibihidilen 
transition. The >i-orbital is presumed to be localised predominantly 
near phenolic oxygen Henc.o this transition diminislies electron density ncai 
the region of ?t-orbital. The presence of hydrogen lionds jilaces a positive cliargc 
near oxygen atom making it more difficult to remove th<' electron from the nou- 
honding orbital. This explains the hJue-shift of the hand Jn hydrogeri-hondmg- 
solvents (Strickler and Kasha, 1964 ; Mookhorji and I’aiidon, 1965), 


♦♦Chemical laboratories. 
♦Physical laboratories. 
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The band at 26670 has intensity (c --v-- 10®;/ ~ 10~®) suggesting it to bo duo to 
an allowed transition. The solvent effect is similar to the 18180 cin“i band. 
Hence the band may be assigned to an allowed transition. 

The bands at 34480 and 41160cm~^ are intense (c ~ 10‘; / 10^^) and 
exhibit typical red shift in solvents of increasing polarity and having large hydro- 
gen bonding power (McConnell, 1962). Hence they may be due to allowed tt— > 7r* 
transitions. 

The study of these bands using polarized light in solid stati*, and teclmiipie 
of diffuse reflectance in jpoAvder state is in progress. An attempt is also being 
made to evaluate the various niolecnilar orbitals involved. 

The authors wish to thank Prof. K. C Kapoor, Head of the Chemistry Doparliw 
iiient for providing the facih'tnjs for the nnrk ' 
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A NOTE ON THE ABNORMAL MAGNETIC BEHAVIOUR 
OF A TETRAHEDRAL COPPER (II) COMPOUND 
AT LOW TEMPERATURE 

S. LAHIRY, D. GHOSH (nfe GUHA TIIAKURATA) 

AND D. MUKHOPADHYAY 

Djepabtmknt of Maqnktism 
Indian Assooiation fou thi: Cultivation 
O ir SCIENOK, CAIiCUXTA-32. 

{RecRived Novtmher 29, ]966) 


In a previous publication CBoso, Labiry and Ghosh lOtif)) ^\o di;rjvud Uio 
ligand field theory of a flattened tciialiedral copper (11) compound GsdIuOb, 
where the coiiiplox anion [CuCl,]^- haa the ayinractry D„, We now loiiovt the 
preliminary maguetio stnclics on a few more Wlrahoilinl coppiKT (U) l•olnlK)un(lK 
of the general formula [CiiX J (wheiv, M' - Oa or (OH,).>i ; X - Cl or B. ) 

Tho compoutuls ((CHaljNIjCuCl, and Cs.CuBr, have been ahowu Irom X-ray 
analysis (Moroain and Lingafollor, 1960) to belong to tho apace gnmp Pmna ami 
tlio coordination Utrahedron is ilatUsned along one of tho Kymmetry axm, . j. 
Tho other compound [(0H,),NJ,l0uBr,] (Morsin and Lawson, 1961) is ».mon.hon« 
with tho others but its complete structural data are not yet avadahle. 

The principal orystalline anisotropies and tire mean susceptibihties of tlmso 
emupounds have been measured by the metlusl of Grrha Thakurata .I d ( .166) 
and of Bose e« al (1963) respectively, at a largo miinbor oi haupua u i. 
range 300°K to 68°K. Assuming uniaxial symmotiy tho ionic aiiiso lopie 
calculated from the relation 

... (J) 




where a. /I. y are the direction 

anion with respect to tlie a,h,c axes of tli . y A* . „ ( v - Vi ) 

in this ease can be more simply oalcnlated using ''j t, .Jm- 

+(Y.-») has been found ^ measurements we 

pounds, so that with only (K„ix.)without recourse to tho values 

oan determine the value and the g ( U example, wo cun dcteriuine 

of the direction oosinos ohtamod from - y .detailed X-ray 

the ionic anisotropy of the commune I ,^i,eeti„,i cosines calou- 

Structure has not yet boon I'opor o . temperature are found to 

lated in this manner for the above compound at room P 
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be close to those of the other isomorphous ones mentioned earlier. Further, we 
can determine the orientation of the ionic axes with respect to the crystallographic 
axes at all temperatures from the anisotropy measurements only. It may bo seen 
that there is no direct relation of the relative magnitudes of K\\ and Kx with the 
elongation or flattening of the tetrahedron. 

This particular compound showed some magnetic anomaly at about 238°K 
in shai'p contrast to the others. From 300®K down to just above 238°K, with 
the crystal suspended in the magnetic field about axis, the value of 
increased from 110.6 to 161.6 units and “c” axis was along the direction of the 
magnetic field. At 238°K the crystal sharply rotated in the horizontal plamj 
through 90° so that the “a” axis was then along the field and the value of the j^rin-i 
cipal anisotropy i.e. (Xa~Xo)i foimd to be 80 units. The setting direction! 
did not change any further on cooling down to 68°K. The above cliango was ^ 
very sharp and has been found to be reversible with respe(!t to tenrperature. 
The thermal variation of the other two principal anisotroiucs i.e. (Xe—Xb) 

(A?a — /Yfi) ^^so showed some pecularitios at the same temperature 238“K, tho\igh 
no change in tlio setting direction of the con*csponding suspensions along “a” 
axis or “c” axis was noted for either (Fig. 1). It is therefore i)robable that tlie, 


? ? 
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a 

i 

\ 
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Fig. 1., Principal Crysballino Aniaotropios 

(1) (Xa-Xc) X 10®, (2) (Xb-Xc) X 10® (3) (Xa-Xb) X 10® 

V. B. Tomporaturo ("K) curves of [N(CH3h]2 CuBr^. 

sudden reversal of the principal magnetic axes in magnitude is not accompanied 
by a crystallographic change from orthorhombic system, unless the change over 
is pseudo-orthorhombic in character. Again, if the if,, axis, i.e., the symmetry 
axis undergoes rotation with decreasing temperature so tliat the angles subtended 
by the A",, axis with the crystallographic “c" and “a” axes respectively change with 
temperature and cross the value of 7r/4 at about 238 °K, then it is easy to show 
from eqn. (1) that the sotting direction will change by ir/2^nd Ax will be greater 
than A",,. But the angles, made by A^n axis lying in ac plane with the “c” axis 
in the temperature range SOO^K to 238°K, calculated using the experimental 
values of anisotropy and eqn. (1)', have been found to lie between 34'’39^ to 34®6^ 
thus precluding this possibility descisively. The value of the mean susceptibility 
of this compound was found to remain constant in the temperature region of 
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240'’K to 230'’K (Fig. 2). Although at room tcmpt^ratmc no detaih'd X-ray 
results have been reported as yet, preliminary X-ray study at lov^■ teinpi>ratnre 
('arriod out in this laboratory showed a marked change in the iuteusily of spds 
which may be correlated to shifts in th(v co-ordinato.s of somo heavy atoms, pro. 
bably tins ligand Br atoms. But wo cannot say at tliis stage, whetlier tin* [ym-o 
group of the crystal, or tlie symmetry of tire complex anion umh'rg(je.s change 
bolow 238'’K. Wo are waiting for more detailed X-ray diila tt) ehu idate tlie 
nature of this change. 



Fifj 2-4 MoHii_Grom Jonic SusceptibiJity X lO®. v. s Tflmporatui o 

(“K) of (1) [N(CHghl 2 CuCh. (2) Gfia CiiBr^. (3) [N(OH.ihhCnBi* 

Measurements of anisotropy and mean magnetic moments of the compounds 
[(CH3)4N]3 [CUCI4I and CH2CuBr4 did not show any abnormal magmstic hchavumr 
irith yariation of temperature. However, the ionic anisotropies at 300”K a« well 
as at 68”K for the first compound are found to be smaU compared to the second 
compound. Those aspects wiU be discussed in details in a future paj»r. 

Polarised crystal spectra of C»,C,.Br. (Karipides and Piper, 1««2) ^ 
and of [(CH,),!?]^ [CnBrJ in orgamc solvents (Fnrlam and Morpng.096») m. i- 
catos the presence of an orbital singlet »B, to lie lowest and a doublet It separata 
by about 5000 em-i above the singlet. Paramagnetic resonance 
at 77-K of [(CH3),N], [CuClJ in [ZnClJ- (Bharnof and — ■ 
the approximately axial g-valucs as = 2.462. and g, =(2^78, ^ 

i -I ui -Prwf tiin nther two We have observed resonance 
resonpee temperatures in our laboratory winch will 
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tic anisotropy, mean suscej>tibility and ry-valuca, where available, appears to indi- 
cate a lowest lying orbital singlet including the effects of the anisotropic 
orbital reduction factor and S--0 reduction factors. 

Full details of the tlieory and expel imontal results for tlieso compounds will 
be published in due course. The authors express their gratitude to Prof. A. Bose, 
D.Sc., F.N.I. for helpful criticism and advice. 
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ANOMALOUS MAGNETIC BEHAVIOUR OF COPPER 
ACETATE monohydrate 

R. N. BAGCHl AND P. SENGtTl^TA 
Magn-btism: Dbi-autment 

ImdUH A8SO0IATI0K rott Tlrj! Cm,TIVATIO» 

[Iteceived Novimher 30. 10(50) 

Kocent attempts (Mookherji at al ]ft03, Culm ]!I65, 1960, Matin,, 1966) („ ,.,v. 
plain the obRej-vod anisutropy in parainagneiie wiRccpl ibilitv of fopi,,., aoclale 
monohydrate by postulating tomjmraturo riepondent valnoa „f g.t..„R,„. an.lW 
the exohango mteraction oo-officient hare b«.n ImRcal o„ (l„. ,w„„„,p,,.„„ „r 
symmetry, li, i,s known from elocirmi spin rcHonanci* w[)f'utro.sco]»v (Bkaney 
etal 19.52, Abo etal 19,57)the .qyjnniHry ik hwcv uinl wp C,, s^mmirlry 

{Koko,szka et al 19G5) to explain the jihenoinenon inoip Hiiopps.slully, 

The ground state for each half unit of the sysliom can tbon be writi eii an 

|a> + ... (1) 

where 0 r: 2 —j /2 and ^ 2)2 are the respective d-orhitalB mochfipcl by suitable eonilu- 
nation of ligands s and p orbitals The mixing eo-cffieienl // and v will be 
functions of ligand field parameters. The oilier higlu'r lying stiileM will be 

(ii) 

and I h > = /^^cs-v 


The different valence bond configurations will be . a^a.;, (lyh^s (hjjx (‘ie uherc 
ibe siibscvijits T and ‘2’ refer to the two centres. By opiNaiiiig on the ground 


configuration with —Zefji — + 

will be a function of one and two electron integrals involving 0.rJ -ip, and the 
mixing coelficients p and v Expressing the suni of spin-orbit ami niagintic 
perturbation in the form of .spin -Hamiltonian it cun be shown that the spectros- 
copic sph'tting factors and the jirincipal ionic susceptibilities are given by 


, 9 fi 2 (/^-v/3H v)^nMd 

!7flj = ^U— -jp jp 

_ 2 f 1 2 1/4A/3-v)H^y•fe„■f,d 

I Eac-liina 




9t 


= 2{l_,«vW} 

I "rtc ^aa J 


} 

1 
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■" 1 -I- e-J 7*2'. |_2e-*' '+D/*T 


^ l->}-c--^'/*^'-| 2erJ'^Jy,kT 


%T ^ -3a2e-'^7*2’(i_|_2e-J>/*:r)_ia^ 


J'-J+D.+D, ... I|3) 

where i?/,s and A'/’s (i = a', jy, 2 ) are the spin-orhit and the orbital reduction factoVs 
respectively, a’s denote the high frequency terms (the superscripts ‘1’ and ‘3’ 
indicate wlietlior they originate from the singlet or the trqjlct levels); is the 
A?— 0 couiding coefficient for the dimer; Z>/s are the spin Hamiltonian parameters 


and D^D.— . 

" 2 

15y adjusting the ligand field parameters, the mean susceptibility and the 
anisotropy data (remeasured by us) in the temperature range 90"K— SOO^K as 
also tlio j 7 -values and the optical absorption bands at llOOO om“^ (Garddon, 1961) 
14500 cm"^ and 28000 cm~^ (Tonnet et al 1964) can all bo fitted within an outside 
limit of 2%. In doing so /t and v come out to bo 0.124 and 0.984 respectively. 
Using these values of /i and v and the table of integrals calculated by Ross and 
Yates (1959) one obtains J — —138 cm”^. 

It is concluded that ; 

(1) Mooldiorji and Mathura’ (1953) magnetic anisotropy data, which is very 
close to ours, can be made to correspond to the observed e.s.r. data if the effect 
of orbital reduction is considered in the high frequency term. 

(2) J, calculated thcortjtically is of the right order of magnitude and sign, 

considering the rather severe approximations namely, that the integrals involving 
onty the d-orbitals have been considered through the ligand orbitals may contri- 
bute appreciably to J, that the integrals involving products of and e?s 2 have 

not been considered and that the effect of superoxohaifge interaction, transmitted 
through the tt orbitals of the carbon atoms have not been taken in to account. 

(3) The larger value of J in copper thioacetate is due to the additional ortho- 
rhombicity introduced due to the replacement of two of the four oxygen ligands in 
each half unit by sulphur atoms. 

(4) The bonding is neither a pure cr-typen or d-type but a mixture of the two. 
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(6) The band at 28000 om-i is of Laporte forbidden type from 

^ab^->^aa^ and ia6p-> transitions (both the levels Spiin ,'lj repredenlution). 
The large separation may be attributed to a strongly auisoLK^pie ligand tield. 

The details will be communicated within a very shoii ju nod. 
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The authors arc grateful to Prol. A. Bose, 13 Se , T N.l Dept ut .Magnetism, 
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r-GENTROIDS AND FRANCK-CONDON FACTORS FOR THE 
BANDS OF A^S SYSTEM OF PO MOLECULE 
S. SANKARANARAYANAN 

BispAnTMJiN'i' OF Physics, 

Indian iNa'cixuTis ok Soiisnob, 1?anciai,ojie 12. 

PwESENT Ad1)IIES.S P.S.G. COLLEGE OP TECHNOLOGY, CoIMBATOEE) ' 

(Meccived June 10, 1966) \ 

'1 

In continuation with the work of tlio author (1963, 1963a) on tho r. centroids 
and F C. factors of A^n—X^h system of PN moloculc, a study of tlie XV 
system, of PO molecule was taken up. Tho molecular constants needed for tho 
calculation are taken from tlie work of Siiryanarayana Rao (1958). Both tlio 
and ‘^jT states wore found to obey very closely tho Morse potential ])y calculating 
tho values from Pekoris relation (1934) and by comparing them with tluj ex- 
perimental values. 

T’Centroids. Tlie r-centroids wore evaluated by tho graphical and quadratic 
equation methods outlined by NiolioUs and Jarmain (1956). These results are 


TABLE I 

r. centroids (A) and wavelengths (A) of tho bands of (A^S— XV) 
system of PO 


1.466 1.401 

0 1.465 1.400 

2477.9 2656.05 

1.617 1 462 

1 1.618 1.462 

2396.3 2468.3 

1,683 1..624 

2 1.584 1.626 

2320.6 2387.94 

1.689 

3 1.692 
2313.7 


1.347 1.290 

1.346 1.290 

2636.3 2721.5 

1 408 1.366 1.300 

1.407 1.353 -- 1.297 

2643.94 2623.42 2706.81 

1-469 1 410 1.364 

1.469 1.414 1.360 

24.68 96 2633.00 2616.7 

1.630 
1 633 

2379.9 


1.309 
1 304 
2692 4 


4 

6 


1.596 

1.600 

2306.9 

1.603 

1.608 

2300.4 
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entered in Table I along with the wavelengths ef heads token from the \v ork 
of Gihosh and Ball (1931). 

First row by graphical method 

Second row = ru'„« by qiiadratic equation niotliod 

Third row = Ad'u- wavelengths of the J'j band heads. 

These Morse constants employed in these oaloulations are 

= 2.0916^-1, aa = 2.0211 A-^ ard a = 2.0506.4 K 
The quadratic equation method involves the roiilaccMuoiit ol anti a. b}' a mean 
a and an equivalent adjustment of all a-dopendoiit parameters. TJjo r.conirojds 
obtained by both the luothods compare very favomubly for this moloeiile and are, 
in fact, identical for the (0, 0) sequence. Slight departures observed in olT-dia- 
gonal sequences are duo to the approximations involved in the (juadraLic ecpialion 
method. However, as the maximum deviation is of the order oj 0.4% cuily, 
the method of a-avoraging of the Morse potmitial functions is valid foi- this hand 
system of PO. 

Franck Condon factors. Further, j j ~ ^ l%j Franck (Jondon 

factors defined by the eipiation g,;/,,- — 1 ^ we.ro determined by the 

analytical method of Fraser and Jarmain (1953), using tie*, computation technique 
described by the author (1963a). The Franck Condon lactors, tlms calculated 
are given in Table II along widi thosi' values in paranthcBis as c.altiulatcxl )>y 
Bates’s method (1962) 


TABLE II 

Franck Condon factors 


\ v " 
v ' \ 

0 

1 

2 

3 

4 

0 

.600 

.244 

.060 

.007 

.003 

( 695 ) 

(. 240 ) 

(. 049 ) 

( . 008 ) 


1 

. 258 : 

(.256 

.280 

(. 282 ) 

.318 

(. 307 ) 

.108 


2 

.041 

.353 

.185 

. 235 

.027 

3 

4 

(. 042 ) 

.004 

(. 004 ) 

.000 

(. 360 ) 

.094 





luaplotofr against V - 

ourve and r. decreases mth ,8 ^ th„ 

should expect for a ;„y urdiermonic as can eW bo 

mean of r^x ftnd re2 aiitl potentials ar y 
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seen from the magnitudes of the vibrational constants. Table II explains the 
absence of (0, 4) and (3, 0) bands in the spectrum of this band system. 

The author’s thanks are due to Prof. R. S. Krishnan and Dr, P. S. Narayanan 
for their guidance and constant encouragement during this investigation. Ho 
also wishes to thank the University Grants Commision for financial assistance and 
Principal G. R. Damodaran, P.S.G. College of Technology, Coimbatore, for his 
interest in this work. 
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PRELIMINARY CRYSTAL STRUCTURE DATA OF SOME 
AMINO ACIDS DERIVATIVES AND METAL 
COMPLEXES 

N. N. SARA, S. K. MAJUMDAR, S. C. BHATTACHARYA, P, N. ROY 
E. HANDA AND S. GUHA 

Molecular Hiolooy and CRvsTALLAQiiAMiy Division 
»Saha Institute oh- Nuclear Physjls 
Calcutta Univeiisjty 

{Received October JJ, 1900 ) 


The determination of crystal structure by X-ray rliffiactioii incj.lioils of the 
derivatives and metal complexes of amino acids, jicptidcs and ol otlicr «!()in|)oun(l8 
of biological interest foi’ms a major part of our research inogramiue on the, study 
of the structures and functions of biological molecules by various jibysico-c hemii al 
methods. In this project, we have ah-oady undertaken the sl.ructuri^ diderniina- 
tion of sarcosino hydrochloride, sarcosmo hydrobroinide, glycocyamiiK^ hydro- 
chloride, glycoeyamine hydrobromide, ornithine hydroehloridi^, copiier-lysinc and 
calcium EDTA and the present cominumcation reports sonni of our prcluninary 
structural data, e.g, unit cell dimensions, space groups etc. It may be noted (hat 
the fliructuro of sarcosino hydrochloride has already been solved in our laboratory 
and reported in the Sixth International Congress on Crystallography Jiold in Mos- 
cow in July, 1966. The structuroB of th(5 rest of the ahovo mentioned crystals 
are at different stages of progress. 

Rotation and Woissemberg photograplis of those crystals worii tahon using 
GuKa radiation. Density measurements were made by th(j method of floatation 
using a mixture of bromoform and benzene. Morphological studies were made 
by two-circle goniometer. 

Sarcosine hydrochloride {G^H^O^NMCl) 

Single crystals of this compound wore obtained by allowing the solution of 
sarcosino in 40% hydrochloric acid to evaporate slowly at room tom])erature. 
The crystals thus obtained were nceiUe shaped, transparent and hygroscojiic. 
For taking X-ray photographs the crystals were scaled in special glass capillai M S 
of 1.6 ram. diameter and 0.02 mm wall thickness. The crystals helong to the 
monoclinic system and the space group is P2,. Work on the three dimensional 
rejBnemont of the structure of this crystal is in progress. 

Sarcosine hydrohromide .UBr) 

68 | 
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Single crystals of this compound were prepared in the same manner as saroo- 
siiK! HCl. In this case also the crystals were found to bo transparent, noodle shaped 
and highly hygroscopic. The crystals belong to monoclinic system with space 
group P2Jc. 

Olycocyamine hydrochloride^ {GgH^O^N^.HCl) 

Single crystals were grown from a solution of glycocyamino in 40% hydrochlo- 
ric acid by the method of slow evaporation at room temperature. Needle shaped, 
transluHcent crystals wore obtained which belonged tf) tetragonal system. The 
spaco group is either l42d or I4inid. 

Olycocyamine hydrohromide ^ 

Though thci method used for growing the crystals was similar to that of ^ 
glycocyamino HCl, two types of crystals were obtained. \ 

Type I is isomorphous with glycocyaminc hydrochloride, i.e. tetragonal 
with space group l42d or I4^md. Most of theses ciystals were found to be twins. 
Type IT crystals belong to monoclinio system and the space group is V2^fc. 
Both types are unstable wlum exposed to air. As before, the crystals were mounted 
inside sealed glass capillaries for taking X-ray pliotogra])lis. 

Ornithine, hydrochloride {(J^Hx^O^N.^.HCl) 

On evaporating a solution of omithiuc hydrochloride in water at room tempera- 
ture, transparent and needle shajjed single crystals were obtained. The crystals 
hclong to the monoclinic system and the space group is V2y. 

Our grateful thanks arc duo to Messrs Kochlight Laboratories Ltd. , England 
for making us a free gift of 5 gms of extra pure ornithine hydrochloride for our 
work. 

Copper lysine Cu (C'o‘^i 4 '^ 2 -^ 2)2 

The compound was prepared by refluxing a mixture of lysine hydrochloride 
and cupric carbonate taken in stoi(;hiometric proportions. The crystals were 
obtained by evaporating a solution of the compound in alcohal and water (50 : 50). 
The crystals thus obtained were blue and needle shaped. They belong to mono- 
clinic system with space group P2i. _ 

Calcium EDTA {GaC-^QH^^O^N^.nHfi) 

Calcium — EDTA was prepared by adding ethyl alcohol to a solution contain- 
ing calcium carbonate and othylcne-diamino-tetra-acetate (EDTA) in equivalent 
molar proportions. Crystals wore grown by slow evaporation of aqueous solution 
of Cfl-EDTA. They were plate shaped and colourless. The crystals belong to 
triclinic system with space group PT. Values of a, and y were obtained from 
zero layer Weissonberg photographs taken about [100], [010] and [001] axes 
respectively. The positive directions of a, 6 and c were chosen according to a 
® < 6 < c, 
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The results are given in tabular form in Table I, whieb coiUainK the space' 
group, dimensions of the unit cell, number of moleculoR ])ei' innl cell and tlu' 
morphology of the crystals. 


TABLE T 

Unit cell dimensions and space giou]) 


Compound 

Spa(;o 

group 

a(A) 

b(A) 

Sarcoemo 

Hydrochloi'uJo 

P2, 

9 00 

n 93 

0 lycocyammo 
Hydrochloride 

I42d or 

1 diind 

15.70 

1.‘) 70 

Glypooyamino 

H ydrobroinid e 


5 .53 

13 52 

Omd/hine 

TTydroohlondc 


4 90 

8 01 

(Ju-lysiiU) 

V2, 

IJ 4K 

10 83 

Cit— EDTA 

PI 

9 88 

11 \4 


TMuj'pho. 
Nuinlx'r Iorv- 


c(A) 

X 


7 

r 

['/A 

Ncedlo 

(iMH 

ivldllg 

llddl 

■> 11 

90 

90' 

90- 

2 

1010! 

11 03 

90 

9(r 

9(1 


lOOlj 

9 21 

90' 

i)2 ' 

•10' 

1 

IJOOJ 

19 10 

90 ' 

99 33' 

90 

2 

llOOl 

5 21 

90’ 

9:V‘39' 

90'- 

2 

1001 1 

CO 

CO 

1315 8' 

11 1' 13' 

7 7'" 2' 

0 

11001 
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MAGNETIC PROPERTIES OF a^SILICON CARBIPE 
CRYSTALS 
D. DAS 

DicFAnTMiaNT or Magnetism 
Indian Association fob the Oudtivation on Science 
Caloutta-32, India 
(deceived November 28, 1966) 

Silicon carbide is obtained in different polymorphous modifications showing 
different body colours owing to different impurity contents. Commereiai, 
variety of silicon carbide crystals were obtained from Switzerland through tho\^ 
kindness of Prof. G. Busch of E.T.H. Zurich, It has been found that some of the 
samples are diamagnetic and two varieties are feebly ferromagnetic. For ferro- \ 
magnetic varieties only magnetic susceptibility of the paramagnetic part has been 
determined at room temperature. The magnetic susceptibility and anisotropy 
of all the diamagnetic varieties have boon measured at room temperature. 

Only two varieties of these have been measured from to about 1000'’K. 

It has been found that the principle susceptibilities for those two samples increase 
with temperature whereas the anisotropy remains practically the same. The 
temperature variation of susceptibility upto a certain temperature has been ex- 

AE 

plained with the relation x — D{hT)"‘e’~ 2 iT with a — —1/4 The room temperature 
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Sample 

Colour of 
tho sample 

Crystal class 
of the sample 

Orientation 

of the c-axis 

w'.r. Lo the field 

Ax X 100 

por 

gni.inol. 

X |1 X lOo Auiso- 

per tvepy per- 

gin. 7111)1 cent 

A 

Pale green 
trausperent 

Hexagonal 

6H 

a=3 073 A“ 
o=^lC.08A“ 

C>axis 

II to hold 

0 01021 

-10 (118 

8.1% 

F 

Light green 
transperont 

Hexagonal 

CH 

a= 3.073 A‘' 
u= 1.5.08 A“ 

C-axi8 

II to hold 

0 U3111 

-12.050 

7 . 0% 

1 

Deep blue 
transporoni/ 

Hexagonal 

6H 

a =-3 073 A^ 
c^.^16 08 A" 

(’-HXl.S 

II to field 

0 S7140 

-10 370 

7 . \)% 

0 

Blade 

opaque 

Hexagonal 

OH 

a- 3 073 A” 
0=^16 08A“ 

C-axis 

II to field 

0 00312 

-7.331 

11 3% 

H 

Deep green 
transporent 

Hexagonal 

OH mixed 
witli Ithombo- 
hodral 1.5K 

t!-axiH 

II to field 

0 77K0 

-7 321 

9.9% 

E 

Light groon 
tranajieroni 

llhombohcdral 

21R 

a- 3 073A‘’ 
0=52.78 A‘' 

( 5-axia 

11 to hold 

0.03031 

-5.739 

14.0% 

B 

Black 

opaque 

Rhomb ohedr al 
mixture of 

15H and 21R 

C-axis 

II to hold 

U. 82279 

-4.200 

17.8% 

D 

Cl 

Yellowish 

green 

transporent 

Deep blue 

tranepBrent 

Rhombohedral 

16R 

a-- 3.073 A” 
0=37.70 A" 
Hexagonal 

6H 

a=3.073A® 
0=16.08 A“ 

tJ-axis 

j^r to held 

C-axis !»■ 

to held 

“ 

Xx- 123 744 

Xj.= 20.030 

A AO/ 


Sigomony’s green mol.- 

Sarople 13.lXlO-'« 

0.82X10“" 


of two varieties are shown graphically^ fig n i Uv Sicamonv (1944) a-re 
pendent average suseeptibiUty and anisotropy as found by S.gamony (1»«) 

also given in Table I. 




68G 


Letters to the Editor 



Fig. 2 

Tompernl-uro vanaiion of fausi'OpUbility (x,i) and aniBOiropy (Ax) of sample — B 
• Experimental vahioe of Xn X 10« 

O Thooroiically oalculntocl values of Xn X 10“ 

A AmsijLropy (Xii"X± ) X 

The details of those investigations are in course of publication. 

The author wishes to express her sincere thanks to Shri A. K. Butta for 
suggesting the problem and guidance throughout the course of the work and to 
Prof. A Bose, for his kind interest in this work. 
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ADVANCES IN UPPER ATMOSPHERE R.ESEARCH : EdilodPy B, Umlniailv 
and Published by Pergamon Press, on behalf of Agarcl Prioc', 80 .s. not. 

The volume consists of nearly twenty papers presc'nied at the NATO Ad- 
vanced Study Institute at Corfu m July 1060 The subjeei. matter presented 
covers a sufficiently wide range of topics, such as, the* theory of mamietic- stoims, 
the gco])hysical effects of high altitude nuclear detonations. eU'ctroniagnelie waves 
in plasma, ionospheric studies, whistler propagation ete Thi‘ I'utire volume is 
somewhat loosely devided into eight sections, each section dealing with a si hH-li’d 
topic. Each section is followed by a summary of disensaions on the r('li‘\anl t nim- 
by the partieijiants Thus in the first section we find two articles liy Sydiu*y 
Chapman on the theory of magimtic storms in the form of an inlioduetioii to tie- 
subject The next section contains thive papers by Newman, Dyn- and Thomas 
and Taylor on the effect of high altitude nuchiar detonations on a number of giav 
physical phenomena as studied both by the ground-based and satellite teelinuiues 
The third section contains only a single paper by A. P Mitra in which he sur\ey 
the various loss-processes which contribute to the effeefivi- recoinhination coidli- 
cieiit ill the ionosphere In the next section wo find two purely theoretical pajieis 
by iSuclii <and Napolitan on the electromagnetic wave* interactions m plasma 
This section also contains a paper by Vassy on the phonomenon of liglit emission 
in the atmosphere, The paper gives useful inforation regarding ih(* nature ol 
emitting particles, their distribution etc., The fifth section contains Ihiei’ fmpers 
on the ^’-regkm of the ionospheric. TIii' one by Kawc'r .gives an exhauslivc 
account of the j^^a-layer ionization distributions and presents a lot of uscfiul expei i- 
mental data Fcjer gives a review of the different iheoricH ol the P-luyc^r forma- 
tion, and there is a small note by Bibl dealing with the fiiietuations of ionization 
ill the F,-laycr Storey’s lone paper on Avhistler propagation constitutes tin 
next section and is introductory in nature. In the seventh si'ction are iiicliuh d 
three jiapers on scatter-problem. Hagfors andl Landmark in their jiapei show 
how the theory of diffraction from random screens can bo used to assess the rela- 
tive importance of scattering from the irregularities caused by turhulanco ^ and 
that from meteor tails. They also conclude that the continuous signal compo- 
nent is always caused by iurhulant scattering. Eejer give.s a brief account of 
“incoherent scattering ” as a technique in ionospheric studies Ka"! adas 
with auroralbaok scattering. 

The last section contains four papers which deal with solar activity and .onos- 
pherio absorption measurements with riometer. Xanthalds shows analyt.eally 
that the maximum of solar activity as a function of time of rise obeys a para ju ii 
law. Anastassiadis, Ilias and Coroumbalos report some systematic measui * 
of ionospheric absorption obtained by riometer studies. They also m \ g 
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correlation between solar activity and cosmic noise on 27.6 and 58 Mc/s. Reid’s 
paper concern with polar cap absorption. Hultquist’s paper discusses the relation 
between the riomotcr measurements and the absorption cross-section of electrons, 
electron density profile etc. 

On the whole, the collection is a mixed fare, some being purely theoretical 
in nature, some experimental, some reviews and a few in the form of introduction. 
Perhaps the main distinguishing feature of this volume is that it contains papers 
dealing with quite advanced researches along with the papers which are somewhat 
introductory in nature. Thus the volume serves the double purpose of intro^" 
ducing certain topics to young roserchers and of catering to the needs of advanced 
research students. The presentation and the get up arc in a line with the higl^ 
standards set-up by the Pergamon Press. ] 


S. B. Khastgir 



